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1. Introduction

In this paper we introduce a new, non homological, ap-
proach to flatness in commutative Noetherian rings of char-
acteristic p>0. The problem was first raised by Sally and
Vasconcelos [9], in terms of derivations of a ring into a
module. More concretely, let A be a commutative ring, let
I be an ideal of A and let d: A-M be a derivation of A
into an A module M, Sally and .Vasconcelos proved that a
flat ideal I satisfies the following property: (D) for
every two elements f and g in I, g(f)g-ﬁg(g)EIzM. In the
same paper they speculated that the converse might be
true for A=M=k(x,y], the polynomial ring in two variables
over a field k, with d = -- and . Condition (D) was

ox ay

used in [2], to find a differential criteria for flatness
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of ideals in rings of characfteristic 0. The condition
fails to imply flatness for rings of characteristic p>0.
As an example, let A = k[x,y], a polynomial ring in two
variables over a field k of characteristic p>0, and let
I= (xp, yp). Then for every derivation d: A-M, _q(xp) =
g(yp) = 0 hence d(f)g - £d(g) ele for any two elements
f and g in I but.I is not flat.

To study the problem in rings of characteristic p>0
we introduce Hasse-Schmidt differentiations of the ring A.
Let A be a commutative ring of characteristic p>0, let B
be a ring containing A, t and indeterminate over B and E:
A+B [[t]) a differentiation of A into B, i.e. a ring
homomorphism satisfying a =E(a)(mod t) for every element
a of A, There is a one to one correspondence between
differentiations of A and sequences of the type D ={DO,D1,...},
where D P A+B are additive homomorphisms with DO = inclusion,

and Dn(ab) = Di(a)Dj (b) for every a and b in

z:i. +j=n
A and every n, given by E(a) = XmoDn(a)t:ne B[[t]]. If I

is an ideal of A, Dj a" c 1" 3B for 0<j<r therefore each

term D, of a differentiation D is uniformly continuous from

|
the I-adic topology of A to the IB-adic topology of B, so

that D can be uniquely extended to a differentiation from
the I-adic completion of A to the IB-adic completion of B.
If B=A, D is called a differentiation of A, which is said
= (1]
o

to be iterative if DioD for every i and j.

3 143
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Note that the term Dl of a differentiation D is a derivation,
and in certain important cases a derivation Dl of A can be
extended to a differentiation of A, although this is not
always the case. For a differentiation E(-)=n§o Dn(‘) ti denote
by S(-) = I>1 Dn(-)ti, and by S the set {S(a)|acA} € B[[t]]

A useful result on extendability of derivations to

differentiations is give by Matsumura (71.

1.1 Theorem. (Matsumura [7]). Let (A,m) be a complete.

regular local ring with maximal ideal m, dimension n and

characteristic p>0. Let XpseeesX, €m and Dl’ ces ’Dr € Der(A)

: r ¢ €L
be such that det(Dixj)i, j=1 m, [Di’Dj] za=1ADa and

DI;_EZZ:J_ADG, then there exist a subfield K of A and elements

xﬁl,...,xnég such that:

ST TITTP: 3

(i1) XyseeesX) form a regular system of parameters for A.

(i) D]_""’Dr vanish on K and on x

(iii) K is a coeffieient field of A, so that A = K[ [xl,..xn]]

)
T = I —
a0y = 5l AGE).

and Zi=1 i =

As a consequence of this theorem it follows that the

derivationg Di= % can be extended to a commutative set of
i

iterative differentiations of A, namely Ei : AxA[[t]]

satisfying Ei(xj) = xj + 6.t

ij

For an ideal I of a commutative ring A we introduce the

following conditions:
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(Dl)p For every ring B containing A every differentiation E

E : A->B([t]] and for any two elements f and g in I,

AE(f,g) = fE(g) ~ gE(f) lies in I E(I) AS, where E(I) denotes

the image of I under E.

(D2)p For every iterative differentiation E: A-+A[[t]] and

for every two elements f and g in I, AE(f,g) lies in

IE(I)AS. .

If I is a flat ideal of A, I satifies (Dl)p. The
question investigated in this paper is to what extent the
converse of this statement is true. We give a fairly complete
answer for regular rings and one dimensional domains and some
reflections on the general affine case.

Since flatness and conditions (Dl)p and (D2)p are local
properties, we will assume in the following that (A,m) is a
local ring with maximal ideal m, and to eliminate trivial
cases we will also ask that A be a domain. Over a Noetherian
local domain an ideal is flat iff it is principal, hence
this paper is investigating the possibility of characterizing 4

principal ideals in terms of differentiatioms.

2, Regular rings

Let (A,m) be a regular local ring of characteristic p>0,
maximal ideal m and dim A=n. The m-adic completion of A,

A= k[[xl,...,xn]] where A/m = k and XyseoesXy is a regular
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system of parameters for A. Let f be a non-zero element in a
ring of power series k[[xl,...,xs]], over a field k of character-
istic p. Define deg f = r where f = fr + Fr’ fr.is the homogeneous
component of f of degree r and Fr the sum of the homogeneous
components of f of degree higher the r. Put deg(0) = « , and for

a subset V of k[[xl,...,xs]] put deg V = inf{deg £,f€V}. Let

E;: A+A[[t]] be the differentiations of A described in the

introduction, and I an ideal of A.

2,1 Lemma. Let A, I and Ei be as above. There exists

and element f of I such that Ei(f) does not lie in I&[[E]]

for some 1 < i < n.,

Proof. By the above discussion A= k[[xl,...,xn]], set
r = deg I,r>0 and let f be an element of I of degree r,
Assume Ei(g) lies in IA[[E]] for every element g in I and
every i. Let f=fr + Fr and say x; appears in fr with
S

highest power s, O0<s < r. We expand fr = Mr-sxl +
s-1

Mr-(s-l)xl + ...+Mb; Mr-s # 0, and r-s<r. Calculating
the coefficient of E? in El(f) we get an element Mr-s + ...
in I, contradicting the minimality of r.

We conclude that for an ideal I, there exist an element

- (1) , (@)
f of I such that if Ei {D0 3 D1 ’...}’ where Do(i)= in-
clusion, Dl(i)= 32—, then Dj(i)(f) does not lie in IA for
i

some 1 < i 5 n and some j.
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2.2 Theorem. Let (A,m) be a regular local ring with

maximal ideal m and characteristic P>2. Let I be an ideal

of A satisfying (Dl)p, then I is flat.

Proof. We pass to the completion of A, A= k[[xl,..,xn]]
chk = p>2, Let I be a nonflat ideal of A satisfying (Dl)p.

The ideal IA satisfies the following property: for two elements
f and g in I, AE.(f,g) eIEi(I)EA[[EJ]. We will make use of this
property to conciude that I& and hence I, is nonflat. Thus
we replace A by & and I by Ii in the proof below.

We first prove the conclusion of the theorem in case I
is generated by two elements. In this case, we may assume
the generators of I have no common factor, hence form a reg-
ular sequence in A and thus i(I/IZ), the second exterior
power of I/Iz, is an A/I-freg module [4 page 142,remark].
By lemma 2.1 it suffices to show that Dij)(h) annihilates
iI, for every h in I, 1 < i < n and for every j.

Fix E = Ei’ E = {DO,Dl,...} ; let £ and g be elements
of I. AE(f,g) lies in IE(I)tA[[t]], hence there exist elements

uj in A[[t]], zj and h, in I such that:

3

i,
I, (D (g} - gD (£))t" = Iy qu(Zj-)hji

1
Iy ushgt( LD, (20L7)

Comparing coefficients of E} on both sides one gets:
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) D@ - 80,(5) = 7; uhy (I D ()0 € a

We will show D‘i.(h) annihilates AI using induction on i. For
i=0, Do= identity map, thus:

h(fAg) = hiAg = hAfg = hgAf = h(gAf) and 2h(frg) = 0. Since
ch A>2 we have h(fAg) = 0.

Assume Dk(h) annihilates iI for hin T and 1 < k<i.

D; (h) (fAg) = D, (h)fAg = hD; (£)Ag = hAD, (g)f = hD, (g)Af = D, (h) (gAf)
where the equalities above are justified by the induction hypo-
thesis and equality (1). Hence Di(h) (fAg) = 0 as ch A>2,

We now proceed with the general case. Let deg I =1r>0
and let £ = fr + Fr be an element of I of degree r. The
degree of IE(I)tA[[t]] as a subset of k[[xl,...,xn,g_]] is
2r + 1.

Let g = g, + Gr be an eiement of I of degree r. Then:

(£,,6,) + 8 (g,,F,) + o (F,.6)

(2) A (f’g) = A (f 8 )+ A
E; B Ey 1 i

Since AEi(f,g) lies in IE(I)tA[[t]) we have AEi(fr’gr) =0
and thus by the case where the ideal is generated by two
elements 8, is a multiple of fr'

Let g = 8 + Gs, s>r be an element of I. If fr

divides 3 for every such s, I € (fr + Fr) + _n_zl for every

i, hence by Krull intersection theorem [6 page 69, Corollary 2],
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1= (fr + Fr)‘ So assume there exists s >0 such that fr does
not divide 8o and pick s minimal integer, with this
property.

We proceed to list a possible generating set for I. The
generators of I of degree r are of the form fr + F;. If
h = hu~+ Hu is a generator of I of degree uc<s, fr divides hu
hence by subtracting suitable multiples of £ from h, we can
replace h by a generator of degree higher or equal to s. We
then have a finite number of generators of degree higher or
equal to s.

We expand AEi(f,g) as in formula (2), and set it equal
to a proper summation of generators of I and E(I) with
coefficients in tA[[t]]. Comparing homogenous components of
minimal degree on both sides of the described equality we con-
clude that AEi(fr,gs) lies on FrE(fr)EA[[E]]. Applying
the result of the case where the ideal is generated by two
elements we obtain an element h = afr + bgs, deg h<r, a
and b in A which generates the ideal generated by fr
and Bg» and thus an element h + aFr + bGs of degree

strictly lower than r lying in I,

2.3 Corollary. Let (A,m) be a regular local ring of

characteristic p>2, satisfying that the canonical differenti-

ations E, of the completion of A map A into A[(t]], and I an

ideal of A satisfying (D2)p, then I is flat.

s
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As a consequence of corollary 2.3 we obtain that for
localization by maximal ideals of polynomial rings, convergent
power series rings and complete regular local rings condition

(D2)p implies flatness.

3. One dimensional domains

Let k be an algebraically closed field of characteristic
p>0{ and let (A,m) be a one dimensional local k-algebra es-
sentially of finite type, with A/m = k, which is an analytically
irreducible domain. The m-adic completion, A, of A can be
finitelly embedded in k[[x]] - the power series in one variable
over k. To see this pass the C, a localization by a maximal
ideal of the integral closeure of A in its field of quotients.
By Krull-Akizuki theorem [8, page 115]: C is a discrete
valuation ring with residue field isomorphic to k, and hence
its completion is a power series k[[x]], where x is the un-
iformizing parameter of C [6, page 210]. Since completion and
taking integral closure commute [10, Chapter VIII, §13] we
obtain the desired embedding. Let xN k[[x]] be the conductor
ideal of k[[x]] into &; then A/xNk[[x]] is generated as a
vector space over k by the classes of {l,hl,...,hk} where
hi are power series in k[[x]] with n; = deg hi = initial
power of x in hi’ strictly less than N and we may assume
that 1 <nl <n, <... < nk<N. Thus every element of :; can

be written as a k-linear combination of {l,hl,...,hk}plus an
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element of xNk[[x]]. For a subset V of k[[xl,...,xe]] put
v(V) = {n;n = degf, £€ V} and note that v(@&) = {0,n;,...,
nk,N,N+1,...} A

Let J be a nonflat ideal of :i. wich satisfies (Dl)p, and
let f be a nonzero element of J of minimal degree n>0. Let
g be an element of J of degree m # n which is not a multiple
of f. The Krull intersection theorem [6] allows us to pick g
such that u = m-n £ v(;k); let m be minimal satisfying this
property. We then readjust a set of generators for J, by sub- [}
tracting suitable multiples of f from necessary elements, to “
consist of f (necessarily in every minimal set of generators of
J) and{Gi}a finite number of elements of degree higher or equal
to m. In particular we will be concerned with ideals J = II\:,
where I is an ideal of A satisfying (Dl)p.

Let E: A+k[[x]]1[[t]] be the restriction of the differen- 3

tiation of k[[x]] satisfying E(x)= xtt, let s={S(a)|a€A}. Consider
AE(f,g) an element of JE(J);..;» of degree nim = 2n + u. Note that 4

every element of JE(J)AS can be written as a linear combination with '

.

coefficients in A§ of fE(f), fE(G,), G E(f) and G,E(G,).
Since AS does not contain 1 we necessarily have AE(f,g) =

fE(f) ¢+ F where ¢ éﬁé, deg ¢ = u and deg F >nim.

re

3.1 Theorem. Let k be an algebraically closed field of

characteristic p >0, and let (A,m) be a one dimensional local

k-algebra, essentially of finite type with A/m = k, which is 4
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an _analytically irreducible domain, Let I be an ideal of A

satisfying (D1) , then I if flat.
1 4

Proof: We may replace A by A and I by J = Iﬁ. To prove the
theorem suffices to prove that v(A) = v(AS).

Note that for an element of A, deg 2 = deg E(a) = deg S(a),
and that every element of AS can be written as a k-linear com-
bination of {S(hi), hiS(hj), 1 <1i, j < k and an element in

k[[x]][[EI] of degree > N.}

We have that S(hi)= (x +}t)ni - ¥t + Mi = (t™ ¢+ nitni-%x + ...)
g M, where deg M, >n; and hy S(hj) = M(x + £)P < M0 4+ ..
= i ¢
+ Hij GPLe™ + ... + Mij where deg Mij > ny + nj hence no

cancellation of terms of minimal degree can occur in a k-linear
combination of S(hi) and his(hj) and v(A) = v(AS).

An important case where a domain satisfy the condition of
theorem 3.1 is an analytically irreducible, local affine domain
over an algebraically closed field of characteristic p>0.

The following example will show that the technique employed
“in analytically irreducible one dimensional domains does not
work for the general one dimensional case. This example was
inspired by an example constructed by the author jointly
with William Brown in a different context.

Let A = k[[x,y]]/(xy) where k is a field of characteristic

P>0. A is the completion of a domain. Let I be the ideal

of A generated by x2 and y2, E : A+B[[t]] a differentiation
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of A and f = ax2 + byz, g = alx2 + bly2 two elements of I.

Then: E(f)g - E(g)f = sz(xz)[a E(a) - aE(a ] + yzE(yz)[b E(b)-
bE (by )]+ x2 E(y Ya+y E(x ) 8 where o, B € B[[t]], hence
E(f)g - E(g)f € IE(I)AS provided x E(y Y=y E(x ) = We
prove that by induction on n where E(-) = ZDn(—)t. For
n=0 D° = inclusion and xzy2 = 0, Assume x2D (yz) = 0 for
i<n. D (y ) = ZD y)y+ £ D (y)D (y) hence
i+j"n i

2 2 2 2 i,jm
*“D(y°)=0 and x"E(y")=0. By symmetry y E(x )=0. This example
strongly suggests that it is necessary to ask that the domain
be analytically irreducible in order to obtain (Dl)p implies

flatness. However it is very likely the following conjecture

is true:

Conjecture: Let(A,m) be a local analytically irreducible
affine domain over an algebraically closed field of character-
istic p>0. An ideal I of A satisfying (D1)p is flat.

Following the terminology of [3] and [5] we call an ideal
I of a domain A stable if there exist an x in I such that xI=Iz.
An ideal in a local ring is prestable if some power of I is stable.
In general the ideal I is stable (prestable) if IAp 1is stable
(prestable) for each prime pcA. In [33 page 446] it is proved
that if in addition A is a Noetherian domain the stability
(prestability) of I is equivalent to I (some power of I)

being projective - equivalently flat - over its endomorphism
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ring. We adopt the later description as a definition of
stability (prestability) of an ideal. The validity of the
above conjecture ensures an "almost" flatness property for

I in the general affine case, namely:

3.2 Proposition: Let (A,m) be a local affine domain

over an algebraically closed field of characteristic p>0. Let

I be an ideal of A satisfying (D1) , then I is prestable.
1 4

Proof: The integral closure A of A is a semilocal affine domain,
satisfying the hypothesis of the conjecture for every localiza-
tion by a maximal ideal. We conclude that IA is prestable (flat)
and by Lemma E of [3], I is prestable.
]

The author wishes to thank the referee whose comments im-

proved the presentation of this paper.
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