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ABSTRACT

Principal Component Analysis (PCA) is a popular tool for dimen-
sion reduction and feature extraction in data analysis. Probabilis-
tic PCA (PPCA) extends the standard PCA by using a probabilistic
model. However, both standard PCA and PPCA are not robust, as
they are sensitive to outliers. To alleviate this problem, we propose a
novel method called Self-Paced Probabilistic Principal Component
Analysis (SP-PPCA) by introducing the Self-Paced Learning mech-
anism into PPCA. Furthermore, we design the corresponding opti-
mization algorithm based on an alternative search strategy and an
expectation-maximization algorithm, so that SP-PPCA uses an iter-
ative procedure to find the optimal projection vectors and filter out
outliers. Experiments on both synthetic data and real data demon-
strate that SP-PPCA is more robust than the baselines.

Index Terms— Probabilistic Principal Component Analysis,
Self-Paced Learning, Robustness, Outliers

1. INTRODUCTION

Principal Component Analysis (PCA) [1] is a key method for dimen-
sion reduction and feature extraction [2, 3], which play an important
role in machine learning [4], computer vison [5], genetics [6] and so
on. High dimensional data poses great challenges in effective data
analysis and brings a huge computing burden. PCA helps to mit-
igate these problems by attempting to represent high-dimensional
data with principal components.

PCA can be defined in two ways. However, both ways are alge-
braic and lack probabilistic explanation for the observed data [7]. To
overcome this shortcoming, Tipping and Bishop proposed a proba-
bilistic model for PCA, called Probabilistic PCA (PPCA) [7]. PPCA
has several advantages over standard PCA. For example, PPCA can
deal with missing values in the observed data due to the underly-
ing Expectation-Maximization (EM) algorithm. However, both PCA
and PPCA inherently suffer from a drawback: they are not robust,
that is, they are severely affected by outliers [8—10]. In the presence
of outliers, the principal components obtained by standard PCA and
PPCA are greatly deviated from the real direction. Consequently,
we cannot get the main information of the data exactly. Subsequent
analysis based on these principal components may lead to unsatisfied
results.

By imitating human or animal learning, Self-Paced Learning
(SPL) [11] first starts with simple samples of learning tasks, then in-
corporates complex examples into the training process step by step
[12]. SPL has been successfully applied to object detection [13, 14],
matrix factorization [15], mixture of regression [16]. In particular,
it has been shown that SPL has the ability to reduce the effect of
outliers [17,18].
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In order to improve the robustness of PPCA, we incorporate
Self-Paced Learning mechanism into it, and propose a novel model
called Self-Paced Probabilistic Principal Component Analysis (SP-
PPCA). Based on PPCA, we design a new objective function by in-
troducing additional parameters about self-paced learning. We de-
sign a corresponding optimization algorithm to learn the original pa-
rameters of PPCA and the additional parameters based on an alter-
native search strategy and an expectation-maximization algorithm.
The proposed method attempts to learn from the clean training data
gradually, and simultaneously prevents outliers from affecting the
training process.

In summary, our main contributions in this paper include:

e To effectively eliminate the impact of outliers, we introduce
the Self-Paced Learning mechanism into Probabilistic PCA.
To the best of our knowledge, this is the first time of using
SPL for PPCA.

e We propose a novel method named SP-PPCA from a proba-
bilistic perspective and derive a corresponding optimization
algorithm based on an expectation-maximization algorithm
and an alternative search strategy.

e The experimental results based on both synthetic and real data
show that the proposed method can obtain more accurate pro-
jection vectors from the contaminated data.

The remainder of this paper is organized as follows. In section 2,
we briefly describe the Probabilistic PCA. In section 3, we introduce
the proposed method Self-Paced Probabilistic PCA in detail. In sec-
tion 4, we show some numerical experiments on synthetic data and
real data to demonstrate the performance of the proposed method.
Finally, we summarize the paper in section 5.

2. PROBABILISTIC PCA

PCA can be defined as the orthogonal projection of the data onto a
lower dimensional linear space called the principal subspace, where
the variance of the projected data is maximized [2,19]. An equivalent
definition is the linear projection that minimizes the mean squared
distance between the data points and their projections [1]. The above
two definitions are algebraic and lack probabilistic explanation for
the observed data. PCA can also be expressed as the maximum like-
lihood solution of a probabilistic latent variable model [2]. The prob-
abilistic version of PCA is known as Probabilistic PCA (PPCA) [7].

In Probabilistic PCA, an M -dimensional vector of latent vari-
able z corresponding to the principal component subspace is used.
The prior distribution of z is assumed to be: p(z) = N (z|0ar, Ins).
The D-dimensional observed data vector x is formulated by a linear
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combination of the latent variable z plus noise €:
x=Wz+pu-+e, (D

where W is a D X M matrix that relates the observation vector x to
the latent variable z; the D-dimensional vector o allows the model
to have non-zero mean; € is a D-dimensional Gaussian-distributed
variable, i.e., € ~ N(0Op, O'ZID). Hence, equation (1) induces the
conditional distribution of the observed data vector x: p(x|z) =
N(x|Wz + p,0%Ip). By integrating out the latent variables, the
marginal distribution of the observed variable is obtained: p(x) =
[ p(x|z)p(z)dz = N (x|, C), where C is a D x D covariance
matrix deﬁned by C = WWT + %I To improve the efficiency
of latter calculations, we notice the fact that C™* = ¢ ?Ip —
o WM™ 'WT, where M is an M x M matrix defined by

M=WTW + 5%1,,. )

In this way, the cost of evaluating C~! is reduced from O(D?) to
O(M?) [2]. Besides, the posterior distribution p(z|x) can be calcu-
lated using Bayes’ rule as follows:

p(zlx) =

Finally, based on a dataset X = {x,,n =1,2,--- , N}, where
Xn 18 the vector presentation of observed data, the log-likelihood
function is given by

NEM "W (x — p),c®M ™). 3)

N
Zlnp (xn|u,W,02) = —gln|C\

n=1

ND al

— =5 In(2m) —%Z(xn—u)TC_l(xn—u).

n=1

Inp(X|p, W,0%) =
)

The model parameters {u, W,o2} can be estimated using the
method of maximum likelihood. They have closed-form solutions,
and can also be found through an EM algorithm [2,7].

3. SELF-PACED PROBABILISTIC PCA

In this section, we present the proposed method and the correspond-
ing optimization algorithm in detail.

3.1. Object Function

We incorporate the Self-Paced Learning mechanism into PPCA, and
propose the novel method: Self-Paced Probabilistic Principal Com-
ponent Analysis (SP-PPCA). The objective function of SP-PPCA is
defined based on the above optimization problem (4) by introducing
binary variables v, € {0,1} (n = 1,2,---, N) and combining a
sparse regularizer of v,,. Mathematically, the objective function is
defined as:

N N

LV, 1, W,0%) = = vuInp(a e, W,0°) = 8 v, (5)
n=1 n=1

where v = (v1,v2,--- ,un)T and § is a hyper-parameter. The

binary variable v,, indicates whether the nth sample x,, is an outlier
@if v, = 0) or a clean sample (if v,, = 1). Note that, like the
original model parameters {pt, W, o2 }, v also needs to be estimated
from data. In SP-PPCA, the goal is to minimize equation (5). In
subsection 3.2, we describe how to learn the parameters {u, W, 0%}
and v.

3.2. Optimization

We use an alternative search strategy to obtain approximate solution
of the aforementioned optimization problem. Specifically, for a fixed
v, we update parameters {1, W, o }; and given parameters { 1, W,
o2 }, we estimate v. A brief description of the algorithm is presented
in Algorithm 1. In what follows, we describe each component in
detail.

3.2.1. Optimization of {u, W,0*}

Given v, we estimate the parameters {u, W, o2} by solving the
problem: min ) L(p, W, 0?;v), which is equivalent to the follow-
w,W,o

ing optimization problem: mwax2 Zi’:l vn In p(xn |, W, 02).
Nea

w,
By setting the derivative of the above equation with respect to p

to zero, we get:
N
Zn—l UnXn

new = ——nN (6)
# 22]:1 Un

and then substitute g with prnew. Next, we use an EM algorithm to
maximize the function with respect to W and 2. The complete-data
log-likelihood function is given by:

S oo { Il 2) + I plan)

n=1

Inp(X, Z|v, u, W,0?) =

where z is the n*" row of the matrix Z. Then we calculate the
expectation with respect to the posterior distribution of the latent
variables as follows:

Eilnp(x7 Z|V7 ll’7 W? O-

i { In (270?) +

1

% In(27) + %Tr (IE [znzﬂ) + — % — pl)* + 5.7

Tr (JE [znzﬂ WTW) - %]E 22" W7 (x, — p) }

From the above derivation, in the E-step of the EM algorithm,
we compute
E[z,] =

M_1WT (xn - IJ'new) 5

@)
E [znzz] =M ' +E[z,]E[z.]",
where M is defined by equation (2). The above equations can be
obtained easily using the posterior distribution (3) of latent variables.
Then, in the M-step, by setting the derivatives with respect to W and
o2 to zero respectively, we obtain the M-step re-estimation solutions:

e et

)
= b S oI
=1 n=1
+ Tr ( [znz } Wneanew) —2E [Zn] new ( Xn — Mnew) }
&)

From equations (6), (8) and (9), only data points indicated as
“clean” can affect the parameters {z, W, o}. In other words, the
projection vectors obtained by SP-PPCA are rarely influenced by
outliers.
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Algorithm 1 : Self-Paced Probabilistic PCA

Input: Dataset X = {xn,n = 1,2,---, N}, hyper-parameter .
Output: Model parameters g, W, o2,
1: Initialize p, W, 0.
2: Initialize 8.
3: repeat
Update p, W, o2 by the EM algorithm :

4

5 Calculate p by equation (6).

6: repeat

7: E-step: calculate E [z,], E [zan] by equation (7).
8 M-step: calculate W, o2 by equations (8) and (9).
9 until convergence

10: Update v by equation (10).

11: Update 8, B :=np.

12: until convergence

13: return pu, W, 2.

3.2.2. Optimization of v

Fixing parameters {u, W, o2}, we estimate v by solving the fol-

lowing problem: rn{in }E(v; 1, W, o?), which is equivalent to:
vnp €4{0,1

: N
n lTL

Jmin 3y Un(

Thus the solution of v can be obtained by:

— 07
Up = 1

Then, the following two important questions can be answered now.
(a) Why can v be viewed as the outlier indicators? (b) What role
does the hyper-parameter /3 play?

On the basis of equation (10), we see that v can be estimated
simply by using [ as a threshold. When [, is larger than S, v, is set
to 0. Since outliers are usually located far from the data center, they
generally have lower likelihood according to equation (4). Thus, the
training sample x,, is more likely to be an outlier if it has a larger
value of [, i.e., lower likelihood. Therefore, it is reasonable to use
v to indicate outliers in the training procedure.

It can be seen that 3 is crucial. If £ is small, the optimization
problem prefers to only consider relatively “cleaner” samples with
high likelihood; on the contrary, most of samples (maybe also in-
clude outliers) are introduced if [ is very large. In our implementa-
tion, we use a heuristic strategy to update /3, as shown in Algorithm
1. We increase the value of 3 step by step, specifically, it is updated
through a factor n, 8 := nB. This strategy is expected to collect
clean data for training gradually.

— B), where I, = —Inp(x,|u, W,o?).

ln > B,

I < B (19)

3.2.3. Summary

The overall algorithm is shown in Algorithm 1. We update the pa-
rameters v and {u, W, 0%} alternatively by using an iterative pro-
cedure. In the proposed method SP-PPCA, the two processes work
together by looking for the optimal projection vectors and filtering
out outliers.

Once we get the final results { ., W., o%.}, a D-dimensional
point x in the data space can be represented by the corresponding
posterior mean and covariance in the latent space according to equa-
tion (3) [2]. The mean is obtained by: E[z|x] = M;*WT (x — ),
where M, = WIW, + o2I,;. We also can use %X obtained by
% = WE|[z|x] + p. to reconstruct the original data point x.

3.3. Convergence Discussion

In subsection 3.2.1, we fix v and update {z, W, >} by an EM al-
gorithm. It has been confirmed that the EM algorithm changes the
model parameters in a direction which reduces the negative log like-
lihood (unless it is already at a minimum) [2]. Therefore, we have

,C(vt_l,ut,Wt,Uzt) SE(Vt—17“t—17wt—l7o_2t*1). (11)

where ¢ stands for the number of epoch.

In subsection 3.2.2, we fix {1, W, 0%} and update v. The sec-
ond derivatives of £(v;u, W, a?) for v, are zero, indicating that
L(v; p, W, 0?) is convex with respect to v. Thus, we have

t

LV u WEe™) < LT uf W), 2)
By substituting equation (11) back into equation (12), we have,
vt > 1,

t—1

LV u WEo™) < LT WL, )
which indicates that the objective decreases in every iteration. Thus,
it is guaranteed that Algorithm 1 converges to a stationary solution.

4. EXPERIMENTS

In this section, we first introduce the evaluation methodology, the
baselines and the implementation details in the experiments. Then,
we test the proposed method on two-dimensional data so that we
could visually observe the projection vectors. Finally, we compare
the performance of SP-PPCA with other methods on synthetic data
and real data.

4.1. Settings

The goal of our work is to get the correct principal components
that are not influenced much by outliers. We follow the evaluation
method used in [20, 21]. Formally, we have a contaminated train
dataset Xain and a clean test dataset X. We perform dimension
reduction on the contaminated data Xnin, and obtain projection vec-
tors. Then we calculate the reconstruction error on the test data by

X=X X
Error = W, where Xy is the recovered data for Xeg
(N
based on the obtained projection vectors, || - || is the Frobenius

norm. A small reconstruction error means that the projection vectors
obtained by dimension reduction methods contain more favorable
information about true data and less negative information about out-
liers.

The proposed algorithm SP-PPCA is tested with classical PCA,
PPCA [7], PCP [22,23], ROBPCA [24] and Li-norm PCA [25] as
baseline methods. The PCP algorithm decomposes the observed data
into a low rank matrix and a sparse matrix. We treat the sparse ma-
trix as noise part, and perform standard PCA on the low rank matrix.
ROBPCA combines projection pursuit ideas with robust covariance
estimator. L;-norm PCA resorts to the L;-norm to counteract out-
liers instead of the Lo-norm.

In our experiments, these methods are implemented with the de-
fault parameters. For the proposed method SP-PPCA, we initialize
1, W and o2 by the mean of samples, a random matrix, and scalar
1, respectively. Then, we run small number of iterations of the orig-
inal PPCA algorithm and initialize S with the top 40 percent of [,
n=12,---,N. We set n to 1.01 in all of our experiments. The
results reported are averaged over 10 trials.
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Fig. 1: The projection vectors obtained from the clean data (left) and
the dirty data (right). The plotted data is centered.

Table 1: Average reconstruction errors for synthetic data (M is the
number of principal components).

setting N:300, D:500, M:10 ‘ N:300, D:200, M:5
outlier rate 0.0 0.1 0.3 ‘ 0.0 0.1 0.3
PCA 0.3075 0.6876 0.8938 | 0.4102 0.5162 0.7668
PPCA 0.3075 0.6888 0.8942 | 0.4102 0.5177 0.7700
PCP 0.3099 0.5161 0.8149 | 0.4109 0.4954 0.7458
ROBPCA 03094 0.3207 0.8938 | 0.4107 0.4113 0.7668
L,PCA 0.3124 0.6454 0.8251 | 0.4118 0.4859 0.6575
SP-PPCA 03076 0.3086 0.3113 | 0.4108 0.4111 04130

4.2. Experiments on two-dimensional data

In the clean data set {n,yn}, {zn} are sampled from a uniform
distribution from 0 to 150, and {y,} are draw from y, = 0.8 X
Zn + 5 + €, where the noise € is generated from normal distribution
N(0,3). Then we add some outliers to the clean data. We reduce
the clean data and the dirty data to one dimension by PCA, PPCA
and SP-PPCA, respectively.

Figure 1 plots projection vectors obtained by these algorithms
on both the clean data (left) and the dirty data (right). We can see
that the performance of these methods are similar on the clean data.
However when it comes to the dirty data, PCA and PPCA are seri-
ously affected by outliers. The outliers cause the projection vectors
of PCA and PPCA to deviate from the correct direction. The results
of these experiments show that the proposed method is more robust
than the standard PCA and PPCA.

4.3. Experiments on low-rank matrices

We build a low-rank matrix as X,qw = UVT + E, where U (or V)
are taken as N (or D) cases from a multivariate normal distribution
N(0,1); Eisan N x D noise matrix, each row of which are gener-
ated from multivariate normal distribution N'(0p, Ip). The dataset
is divided into training set (70%) and test set (30%). Then the con-
taminated training data set Xin are constructed by replacing some
normal samples in the original train set with outliers'. We construct
a set of data with different sizes and various percentage of outliers.
Then we run SP-PPCA and other algorithms on the occluded train
data, and calculate reconstruction errors on the test data.

Table 1 shows the average reconstruction errors under different
settings. We see that the different methods perform similarly on the
clean data. However, PCA, PPCA are greatly impacted by the out-
liers in the contaminated data. PCP, ROBPCA and L;-norm PCA
are able to reduce the effect of outliers to some extent. The compari-
son results show that the proposed method SP-PPCA achieves lower
reconstruction errors and is superior to the other methods.

'We adopt the definition of outliers in [26]: “regular outliers” are the
observations outside the range [Q1 —k(Q3—Q1), @3+k(Q3—Q1)], where
k € (1.5, 3), Q1 and Q3 are the lower and upper quartiles respectively.

Table 2: Average reconstruction errors for [SOLET.

setting M:10 | M:30
outlier rate 0.0 0.1 0.4 ‘ 0.0 0.1 0.4
PCA 0.4094 0.4906 0.5596 | 0.3151 0.4437 0.5222
PPCA 0.4095 0.4903 0.5591 | 0.3154 0.4438 0.5229
PCP 0.4144 0.4591 0.5545 | 0.3280 0.3768 0.4998
ROBPCA 04123 0.4112 0.5583 | 0.3207 0.3205 0.5218
SP-PPCA  0.4123 04102 0.4128 | 0.3193 0.3166 0.3226

Table 3: Run-time of SP-PPCA and other methods on synthetic data
(the first row) and real data (the second row) with 10% outlier. The
run time are recorded in second (s).

setting PCA PPCA PCP ROBPCA L,PCA SP-PPCA

N:300, D:200, M:5  0.02  0.03 14.95 0.44 60.27 1.42
M=10 001 009 176.14 228 — 17.23

4.4. Experiments on real dataset

We conduct experiments on ISOLET from UCI repository [27]. ISO-
LET is a dataset for spoken letter recognition with 7797 instances,
and 617 attributes per sample. We randomly select 600 samples as
the training set, 400 samples as the test set and contaminate the clean
train data by some outliers. Then dimension reduction algorithms>
are used to project the data to a low dimensional space. Finally, the
reconstruction errors are calculated on the test data.

Table 2 presents the average reconstruction errors with different
number of principal components and outlier rates. The performances
of most methods deteriorate rapidly as the number of outliers in-
creases. This is similar to the results of our experiments in section
4.3. The proposed method tends to remove possible outliers from
the dirty data, thus it can get good results on the contaminated data.

4.5. Run-time Analysis

The runtime for these experiments is shown in Table 3. We see that
SP-PPCA is more efficient and accurate than other robust methods
such as L1 PCA and PCP, although it takes more time than standard
PCA and PPCA due to the iterative mechanism.

5. CONCLUSION AND FUTURE WORK

In this paper, with the aim to build a more robust dimension reduc-
tion algorithm, we propose a novel method called SP-PPCA. The
proposed method incorporates Self-Paced Learning mechanism into
Probabilistic PCA. We develop the corresponding algorithm for op-
timizing the model parameters. We compare the proposed method
with standard PCA and several variants on both synthetic and real
data. The experiments demonstrate the effectiveness of our method.
SP-PPCA is based on Gaussian distribution, other robust distribu-
tion, such as heavy-tailed distributions [28], can be adopted in SP-
PPCA to improve the robustness in future.
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