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Non-symmetric problems require a generalization of our
previous analysis

—V‘AVu+E‘Vu+aou = f onQQ,
u = 0 on0Q.

Here, b € R9 and HEHLOO(Q) < bmax. We take the function space
V = H}(Q) and the weak problem is
Find u € V such that

/ (AVu-vV+(E-vu)v+aouv) dx:/ fu dx, Wv € V.
Q Q

Denote the left-hand side by a(u, v) in the usual manner. Then

a(u,v) # a(v, u).

We cannot use this bilinear form to derive an inner product on V.



The Lax-Milgram Theorem solves this dilemma;
symmetricity is not important

Theorem (Lax-Milgram)
Let V be a Hilbert space. Let a(-,-): V x V — R be a bilinear
form. Assume that a(-,-) is continuous and coercive:

L a(u, v)| < Gillullv]lv]v.

2. a(u,u) = aollull,
Let L(-): V — R with L € V*. Then there exists a unique solution
u € V such that

a(u,v) = L(v), Yve V.

ullv < g lILlv-.

Moreover, <&




Proof of Lax-Milgram

Fix ¢ € V. Define Ly(v) = a(¢,v), forall v € V. Then L is a
continuous linear functional. There exists a unique ¢ € V such that

Ly(v) = <q§, v> , Vv e V.

Thus <q§, v> — a(¢,v), for all v € V. We define A: V — V by
Ap = ¢~$ so that

a(¢,v) = (Ag,v), Vp,v e V.

Next, one shows that (homework):
1. Ais linear,
2. R(A) C Vis a closed subspace of V,
3. Ais onto V (use Projection Theorem), and subsequently
4. the desired results follow (use the RRT).



We can now apply Lax-Milgram to our non-symmetric
model problem

Let us assume:

» a0z’ z<zTAz<ayz"z

> 0 < amin < ap(x) < amax < 00
> b e (L2(Q))9

First, we show continuity:

|a(u,v)]§/ |AY2 4 - AY2Vv| + |b - Vu||v| + ao|ul|v] dx
Q

1/2 1/2
< (/ |AY27 |2 dx> (/ |AY2yy 2 dx)
Q Q

d
0
+ | bi|| Lo /u| v|dx+amax/ ul|v| dx
2 Neellistay J 1ol lullv



Continuity and coercivity

= |a(u, v)| < a1lulpq)lvm ()

J 1/2
+ {Z kuH%OO(Q)} lulpr @) llvll2(@) + amaxllull 2@ lIvIi2 (@)
k=1

d 1/2
k=1

< (a1 4 B+ amax) lull @)1Vl 2 (e)-

Coercivity:
a(v,v) = / (AVV Vv +(b-Vv)v+ ao]v|2> dx
Q

> min{ao,am,-n}/ IVv|? + |v|? dx—i—/(E-Vv)vdx
Q Q



Coercivity continued

In fact, we allow for a,,;, = 0, in which case
a(v,v) > min{1, CE2}%HVH#(Q) + /Q(B Vv)v dx
> min{L, G52} 22 vI3uqq — 2 1VIBucay
Coercivity follows under the condition that
min{1, C;%}ap — B > a >0
for some fixed « € R. In this case,
a(v,v) > aHva_,l(Q), Vv e V.

Lax-Milgram may now be applied, so long as L € V*.



Some other conditions under which the problem is
well-posed

Coercivity is always the trick.

Theorem (Garding Inequality)

For a(-,-) defined as above, there exists some K < oo such that
2 @02 1
o(v,0) + Kl V) > Llvlingey, W € HA(Q).
Proof. We have that
a(v, V) +K (V) = colviipart [ (B0 et (K-tamin) vy
Recall that

| /Q (B- Vv dx| < Blvlusay IVl 2.



Some other conditions under which the problem is
well-posed

Apply Young's inequality to get

. o B
\/Q(b -Vv)vdx| < B (2B\V|/2L/1(Q) + 2a0||VHi2(Q)> :

It follows that
2
2 Qo 2 B 2
a(v,v) + Kl|vlliz) = - IVl o) + (K + amin — 2a0> IVIIZ2(q)-

Then take any K > 2a0 + G — amin-

Note that if amin > 5 B s+ 0‘0 , then we can take K = 0 and get
coercivity. Yet another condltlon for coercivity is that
ao(x) — 3V - b(x) > 0, for all x € Q (recall V = H}(RQ)).



