Functions of multiple variables
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wih f() a real numbe

We say that f is a real, scalar-valued function
of n variables;

FR—R




Consider F(99)2X 1495 fIRoR
l/\/e VI.S'MQ(‘Z:C ;o,neé,'mer via o
(( I
Surface plot”,  set 2-
F /r\ f(xllﬁ).

A
(e 0)

\
&
N



PR —R

we often need to restrict the domain

v,

(m Xy A y

ane>

N

\/j



Usually, the domain may be determined

by inspection.
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We have seen before that traces may be used
to help sketch surface plots.
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Level curves are another visualization tool.
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Now add in more k-values...
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Level surfaces

Consider f(xl ‘4,2_): }<
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One could try to visualize these together,

but this is difficult (how do you see one sphere

within the next?) so we will not focus on level
surfaces.
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Tn AD (or higher) the [imit may on13
exist along specific paths.

2 I _
A h x,x)= 0
froif 1 (x,x)g(o,o’)c
X>0, Y <O .
Im Sy
(x I x) -9(0,0 )

14



nsider F(xu)= Sm(X+>’)
EX (o side ')C(Xb X+3

Note (0,0) is VOT iy the domain , Am'é Wwecan

Still gk abot hm §(x,9) =

(X4)>(0)0)
(S“'“e s Im i) -I)
~>ot

15



EX Fmo{(xl‘l;)’i\(o) XV-X);v: or write DNE
I /%,

if the limit doea not exist.

7_/)8 Wway you M_S‘(AQ”y .S';\OW D/VE I's '(O 'Fmo{
two paths that vield di§ferent (imits,

i _XO
I) SQt y=0... (K,O) >0 o) X —
(x#al) « ( ) i A
_ I -2
2Set = - x50 B 3/

(xqeo) —

16



To show that limits exist we will usually cheat a
bit and cite CONTINUITY.
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Polynomials are CTS everywhere and rational

functions are CTS on their domains.
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' ]
=0 We Can

EX l1m o :
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Guidelines to identify continuous functions so
you know when certain limits automatically exist

(1) Sums, differences and products of

CTS functions are CTS (check domain)

(2) Ratios of CTS functions (check domain)
(3) Compositions of CTS functions are CTS**

b3 AR ICIE b= 'l'"\gx) d him )((x): fa)
ﬂ\ey\ ){'LV; {(3(&)— (}3): I’\(g(q})

21



EX Flho( the |imitor write DNVE .

I”h /n ( /-+')f 7
(xa)5(0)  \KTHXY
l+>1 |
(2) s CTS at 2= and X+Xy [ S

FO\JC'OM(/CTS at (I, 0) 5o y«sf ij N

(x)=(he). )l

I Y (i

22



23



E/ (%) 9(010) W

dlwswr\ By 2Ero = FQJ f/qj

The limit furng out fo be 2<ro, but (t
takes ﬂ\ought Nete the aneranLor (5
e{fectively “higher-order” thay the denominator,

S0 (‘F ani_rkgg ?qgfep as (X\V)—’?(O) b)_
This equires ay "€-§" proot... we will skip

24



X lim S22
= (X|>’)"7(0;0) X+—7 °

(0,0) is MoT iw the domain... Need £ /’m,fsf;jqﬁe
Along paths like y=kx the (mit=Q.

However, y% IS a red 7%3... numerafor i s 5“‘
grder. Take y=X" .

IIVV\ X'X - \‘ :E O
(X)\(W)W(),o) Yy e :‘)* ‘

25



. 2 n?
Practice! (a lim i = ¢

() K YL,
(M) ey 7

) (%Y} (0r0) ——)—@4—7‘1
(4) = sy
o=y sin(). (€79)
| > 2\Y
(&)) = I szl } y=kx K k

(X.y)e(%)\x‘qu - DM;?\L’(HKD
NS

26



Sketch the domain of
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Cketch level sets o fhay)=x+y?

Kz0 = X=-y
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