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Vector fields - we describe these as vector-
valued functions that (1) depend on n variables
and have n components.
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At each point (x,y) there is a vector.

Currents 1 m Above Bottom Wind: 10 m/s

10 cmis
—

Near-bottom currents in Long Island Sound
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Hurricane-type wind pattern in 3D
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Representations:

1) ,:\;:<—Fll¥l)§3> :
z)f:‘&[“"{:j"‘g;’?.

Sketching:
1) Pick some points in the domain.

2) Calculate the corresponding vector at each
point.

3) Plot each vector with it's tail at that point.
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EX Sketh the vector Pl'e’o{

-
< F“Y<+X3 .
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Force fields masS
2 /a‘(‘ (XM2) F=G% 2D

Gravity / ‘Direction o§F s
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Electric force field (Coulomb's Law)

o charge q
O/F}?/E ]? olepends on S‘;Sn (% Q)
charqe Q

F - Ei@ '”‘Co"”‘qné}
|‘\l3 O(QPQY‘JS on SH-U\&fIIOQ

'%Q>O :> FQP(«\ﬂoﬂ; 'E, I.’\ F\J({\g(‘“oy\
4 Q<0 = atrrachon P i) -direction
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Gradient fields .
Recall for 7C/'/3 —>/R we }\ave

v§:<¥x)§y)7€z>

S \8 =T defines o Hfmd"eﬂf vector
, " WC/' fa{”
I,q -é}\;g casS€ - [ ‘ y Q N\ .
) £ o called o Potential funchion for F

-~

2) F is o conservatve’ yechr §iely.
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Line integrals

F(+) ’ quqmekr‘izal‘ion oT a curve
< - arc lenath (ast<d)
Vo e\ Let Fy)=F (e yep)
PR ) < (R on he cumve ¢

f(b\ LIVE INTE GRAL wst.arc-length

f folds = i
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.(..
Recall o= [ [#imMT

A

:>§{?S: IF()L)]

Tn tems of different;als: ds-: Fl”‘))‘“

SMepar T
> js;(x,yus : f fE) ) dt
. Qa

_
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C if ‘;3:<X(-H,‘//7‘)>
then &/ =&, VD

b
7] g(x,,)ds:j W’»W*))S R
b jf(x,vz ds=

ﬁ x(+),yﬂ),2(+)\( O(J() (jz)+(ol+ ) ol{‘
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Application: find the center of gravity for a "wire"
()(X: 'o'enSf?L)’ of a wire

qu€'2q+o O'F r A4 <¢t<
F(‘l’) rameter bn wire, t<l

Then mass=m= JExHYH j()‘)* ) cH‘
\0 Qa

:Tln jx(ﬂe(X(H,Y(ﬂ)%’))l( Y'))\ OH
7= 5&/@)@(@»@))5 ey

M
a

<
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EX Le'(‘ a wiré L\m/e maﬁ dens:fy
{/ 3Y* and f"”'*""” X+>’ | for v 20.

Fod the center Oi: mass.

W H‘e quve

é/;(%( K=cos(t) Y=sm({)

N | '=-sinf4) \/’~<os(+)
T ( ')‘l‘( ) 5’0( J+cos ()= |
m:f (I‘ilffh H))B\ | di = T’zf;;n (4 At

0

\</><l
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/ 3;‘_[,2 55 S‘n(HdlL'f' J‘SI\(HCM/'/‘J‘(;]
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We will sometimes see integrals over a line with
respecttoxory ..

jv((”o‘x - jvc/XfH;WH X /+)o4{

j F(kidy = féf(x(ﬁ,y(ﬂ y'(+Hd ¢

Notation j WC,“\"J' Sy :JfJX+ T, dy
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WORK: We will calculate work done in moving a
particle through a force field from point P to Q.

/

\2

e
v

X

Ny

Consider moving aver a Smal|
seqment of the curve

2 RGN

T )W"fk s D, in this
H | Ca A =

i R F ({I')‘Q?)(-

B SasTk) l

1 L unit fangent = ﬁ(‘l‘")'T(-{{)AS

drc len%{‘k
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Total work X 3 F(:) T(#:)os
(
FGS: to the ((mif as OS>,
Total work = W :j??JS

%:_r;j?(i)’l d ds= [Pt
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Now let A =@y ZE5
F ‘<¥,;ﬂ, >

J;xmauj{wmu 204
a

_ﬁl N +jﬁ dy -I—ﬁ3 d2 :J\{ dx+Hdy+f dx
¢ C F i’,//‘
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SUMMARY +Ff main formulas
j fds = ﬁ(ﬁ‘m IF’(H/ e
1>W jr 4= jr(rm S T,

Notations /

3 W:jF-Ar=j{ax+gayﬁo342_ Same
- C

thing.
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Two comments:

1) If a curve has "kinks", break the integral up

iInto multiple integrals over the smooth parts.
Y

¢, CGUGUC
Lx \‘}Js ‘ifdﬁj;fdﬁ_\[?s |

2) Direction of motion/"orientation” of a
parameterization matters.

;(m’ q fesifrely oriented
C zifr morng from P 4, R
X

F

21
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7 ; /\/egffivel7 oriented 1
}/’(?CZD movind from P Fo Q
s

j Fdit = -JF-J?
¢ -C

T$ Yo curve 15 rqrqme‘ferizeA n the wrong
direction Yo will get- a 130 €rrop
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£ Fou the ik dme o« prtic
w}\/ef\mow'f\ﬂ From ID(}'O"’) to & (Bf )
Glong a strarght hne i1t ﬁ:<2: X0y,
A (e Seqment con be parameterzed as folous:
P = patPQ = Kb+t o0
— {2, t 3, for 0SES |
Then #/(4}=PQ =< 1R>.
Plag wto work $apmy lq. .
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| /
W - jf(?/+))~ﬁ7+)d% =f<zt,/+zf,~f>,@ ~J 2Dt

:f@_/_x \Q%LHZIIF’/OH :@-
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EX éé(' Qa farf/c/e nove a’onﬁ {)\e Pq{_;‘

y=ax=| From (00 1) o (3,7). Find the
(/\lOfk OIOI\Q I'F {‘(‘ IS GC'I‘G'O‘ Mpon 6/ a "FOFCQ

F=-yo+x]

NI o o Choo X:f
FarameJrerzZe- / }/(X) ) }‘ °e iy:w(‘_,

MH\ Oé %é Q
S 4ED2 THECL D
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W j@u Ol ) d Tt = f, YRR,

L4 [6
W= fﬂ{é{ 2+ gf/ 373"
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Practice!

Le{' a ID“P%!.C’Q move q’onj a
Chraight path From [579) o (12)

SMLJed to a fosce ﬁ:\/\f_;. le |
F/lnck the M}ork a\one,
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(= Gt Dot 60
=04 é(hD, o<$té

W= j<,(éf ‘/)1(61‘ D RUA LS
_6f/({‘/+(éf5 |t 6j6(+ VS

- CflEnaie L]

bv
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[6'( F\::—yz"'xf. Calcalate +he

WOF‘( done. 'ILO move A quf"f’e ‘Icf‘om (I,O)
aromd the circle Xﬁyz: | and back +o (,0)

30
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y=cosft) y=sim(t) 0Lt£AT
4 /:'5"’\("‘) \/ 'zcos [7")

R
W = f<_ sinf4) €0 ;(+)> o<—n'n (H Cos( £))dt
o) 2T B!

T

:jcoslﬂ)ﬁinl(\” M= | dt =37
5

0
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