CAPACITIES ASSOCIATED WITH CALDERON-ZYGMUND KERNELS

V. CHOUSIONIS, J. MATEU, L. PRAT AND X. TOLSA

ABSTRACT. Analytic capacity is associated with the Cauchy kernel 1/z and the L*°-
norm. For n € N, one has likewise capacities related to the kernels K;(z) = 2"~ /|z|*",
1<i<2 == (x1,z2) € R®. The main result of this paper states that the capacities
associated with the vectorial kernel (K7, K»2) are comparable to analytic capacity.

The analytic capacity of a compact subset E of the plane is defined by
V(E) = sup | f'(c0)]

where the supremum is taken over those analytic functions in C\ E such that |f(z)] <1
for all z € C\ FE and f'(00) = lim,_,o 2(f(2) — f(00)). Sets of zero analytic capacity are
exactly the removable sets for bounded analytic functions, as shown by Ahlfors, and thus
v(E) quantifies the non-removability of E. Early work on analytic capacity used basically
one complex variable methods (see, e.g., [A], [Gal] and [Vi]). Analytic capacity may be
written as

(1) V(E) = sup [(T', 1)},

where the supremum is taken over all complex distributions T supported on E whose
Cauchy potential f = 1/z % T is in the closed unit ball of L>°(C). Expression (1) shows
that analytic capacity is formally an analogue of classical logarithmic capacity, in which
the logarithmic kernel has been replaced by the complex kernel 1/z. This suggests that
real variables techniques could help in studying analytic capacity, in spite of the fact
that the Cauchy kernel is complex. In fact, significant progress in the understanding of
analytic capacity was achieved when real variables methods were systematically used ([C],
[D], [MaMeV], [MTV], [T2] and [T4]), in particular the Calderén-Zygmund theory of the
Cauchy singular integral.

Recall that for a Borel set E with finite length, 0 < H!(E) < oo, David and Léger (see
[Lé]) proved that the L?(H!|E)—boundedness of the singular integral associated with the
Cauchy kernel (or even with one of its coordinate parts z1/|z|?, z2/|z|?, = = (21, 72) € R?)
implies that E is rectifiable. We recall that a set in R? is rectifiable if it is contained, up to
an H!l-negligible set, in a countable union of 1-dimensional Lipschitz graphs. In [ChMPT]
we extended this result to any kernel of the form x?"‘l /lz|*, i = 1,2, n € N, providing
the first non-trivial examples of operators not directly related to the Cauchy transform
whose L?2—boundedness implies rectifiability.
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Academy of Finland. J.M and L.P are supported by grants 2009SGR-000420 (Generalitat de Catalunya)
and MTM2010-15657 (Spain). X.T is supported by grants 2009SGR-000420 (Generalitat de Catalunya)
and MTM2010-16232 (Spain).
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In this paper we introduce capacities associated with these kernels. For n > 1, write
x = (71,22) € R? and consider the kernels

(2) Ky(a) = 27" /|2[* and Ka(w) = 23" /[2[*".
For compact sets E C R?, we define

n(E) =sup[(T, 1),
the supremum taken over those real distributions 71" supported on E such that for i = 1,2,
the potentials K; * T' are in the unit ball of L>°(R?).
We will show that the above defined capacity is comparable to analytic capacity, that
is,
Theorem 1. There exists some positive constant C such that for all compact sets E C R?,
C™'(E) <A(E) < Cyn(E).

The main motivation to study these capacities is getting a better understanding of the
relation between the operators whose L?—boundedness implies rectifiability and the com-
parability of analytic capacity and the capacities related to the kernels of such operators.
It is worth to mention that if one considers the kernel k(z1,z2) = x123/|z|*, then the
comparability result between analytic capacity and the capacity related to the kernel k
does not hold. See Section 1.1 for more details.

For our second main result, we turn to the higher dimensional setting. Motivated by
the paper [MPrVe], we set n = 1 and consider capacities in R?, associated with the kernels
zi/|z)? 1 <i < d.

For a compact E C R set

I'(E) = sup {|{T, 1)[},
where the supremum is taken over those real distributions T supported on E such that
the vector field Ty T is in the unit ball of LOO(Rd, Rd). Notice that, for d = 2, due to

||
[T2], T'(E) is comparable to the analytic capacity v(F) . Finally, for 1 < k < d, set
(3) I‘,%(E):sup{|<T,1>|:”w‘i2*TH <1,1<i<d,i7$k}.
T o

Thus we require the boundedness of d—1 components of the vector valued potential /|z|?*
T with Riesz kernel of homogeneity —1.
In the plane, an easy complex argument (see [MPrVe]) shows that

(4) Y(E) ~ Ty (E), k=1,2.

However in higher dimensions, this is an open question and indeed very little is known
about these capacities I';. The reason why I'; is difficult to understand in higher di-
mensions is that boundedness of d — 1 potentials does not provide any linear growth
condition on the distribution 7. Concretely, it is not true that boundedness of z;/|z|? * T,
1 <i¢<d-1, implies that for each cube @) one has

() (T @) < CUQ),

for each test function pg € C§°(Q) satisfying |¢glle < 1 and [Veglleo < 1(Q)71

< < . See
Section 5 of [MPrVe] for some examples of such phenomenon. Here (@) stands for the
side length of Q.
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In [MPrVe] it was shown that the capacities I'; () are finite. Moreover, the following
higher dimensional version of (4) was also shown: for d > 3,

(6) T(E) ~ T (E), 1<k<d,

assuming an extra growth condition on the definition of the capacities I'; (£). Naturally,
the following open question appeared: is it true that (6) holds without any growth condi-
tion on the definition of I';(E)?

Our next result deals with this question and answers it in the affirmative sense, replacing
the capacity I';, 1 < k < d, by the capacity ch’ 4» which is a version of I'; in the sense that
one replaces the real distributions in (3) by positive measures. It is defined as follows,
given a compact set £ C RY,

Iy, (E) = sup (),

the supremum taken over those positive measures p supported on E such that the poten-
tials p* 2;/|z|?, 1 <i <d, i # k, are in the unit ball of L>(R%).

Theorem 2. There exists some positive constant C' such that for all compact sets E C R¢
C™'T; (B) <T(E) < CTy,_(E).

The paper is organized as follows, Section 1.1 contains some examples of capacities
that are not comparable to analytic capacity. In Section 1.2 we present a sketch of the
proof of Theorem 1. It becomes clear that the proof depends on two facts: the close
relationship between the quantities one obtains after symmetrization of the kernels 1/z
and 22"~ /|z|?", i = 1,2, and a localization L estimate for the scalar kernels 22"~ /|z|?".
In Section 2 we deal with the symmetrization issue and in Section 3 with the localization
estimate. In Section 4 we show an exterior regularity property of ~, needed for the proof
of Theorem 1. In Section 5 we prove Theorem 2. Finally, in Section 6 we present various
additional results.

1. PRELIMINARIES

1.1. Some capacities that are not comparable to analytic capacity. Let K be
some Calderén-Zygmund kernel of homogeneity —1 and consider its associated capacity
vk which is defined as follows: for a compact set E C R?,

vk (E) = sup{|(T, 1)[},

the supremum taken over all distributions supported on the set £ and such that K * T is
an L*°— function with || K * T||oc < 1.

As we already stated in the Introduction, we are interested in characterizing which are
the homogeneous Calderén-Zygmund kernels whose related capacity is comparable to the
analytic capacity v. We are as well interested in the open problem of fully characterizing
the homogeneous Calderén-Zygmund operators whose boundedness in L?(H!|E) implies
the rectifiability of E (see [MaMeV], [Lé] and [ChMPT]). We think that both charac-
terizations are deep problems in the area as even the candidate classe of “reasonable”
kernels for the problems is far from clear. The relation between the two problems is il-
lustrated in the Proposition 3 below. As a consequence, Corollary 5 shows that for some
Calderon-Zygmund kernels, the capacities related to them are not comparable to analytic
capacity.
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Proposition 3. Let E C R? be a compact set with H'(E) < oo. Let K be some Calderén-
Zygmund kernel of homogeneity —1 and Sk its associated Calderon-Zygmund operator. If
vk (E) ~ v(E) and Sk : L*(HY|E) — L*(H|E), then E is not purely unrectifiable.

Proof. Let F C E be such that H!(F) > 0 and H!|F has linear growth. Set pu = H!|F.
From the L?(u)—boundedness of Sy, we get that each Sk is of weak type (1,1) with
respect to p. This follows from the standard Calderon-Zygmund theory if the measure is
doubling and by an argument from [NTV1] in the general case. By a standard dualization
process (see [DQ], [Ch, Theorem 23], [U] and [MP]) we get that for each compact set
G C F with 0 < p(G) < oo, there exists a function h supported on G, 0 < h < 1, such

that / hdp > Cu(G) and ||Sk(hdp)||co = || K * hdpl|o < 1. Therefore vi(E) > 0 and
G

v(E) > 0 as well. Then by [D], E is not purely unrectifiable (recall that a set E is purely
unrectifiable if the intersection of E with any curve of finite length has zero 1-dimensional
Hausdorff measure). O

From Proposition 3 we obtain the following corollary :

Corollary 4. Let K be some Calderén-Zygmund kernel of homogeneity —1 and Sk its
associated Calderdn-Zygmund operator. Suppose vi ~ . If E C R? is a compact set with
HY(E) < oo and Sk is bounded in L?>(H!|E), then E is rectifiable.

Proof. If E were not rectifiable, then taking a purely unrectifiable compact subset F' C F
with H!(F) > 0 and using that, by Proposition 3, yx (F) ~ v(F), we would get that F is

not purely unrectifiable, a contradiction. O
2

In [H], it is shown that there exist homogeneous kernels, such as H(x1,z2) = %,

r = (21,72) € R?, whose corresponding singular integrals are L2-bounded on purely

unrectifiable sets. We consider now the capacity related to this kernel H, namely vg. As
a consequence of Proposition 3 we obtain the following corollary

Corollary 5. There exists some compact set E C R? with v(E) =0 and yg(E) > 0.

It is worth saying that Huovinen’s method does not work for the kernels we are consider-
ing in (2), namely his construction does not give a purely unrectifiable set when changing
the kernel H by the kernels in (2).

1.2. Sketch of the proof of Theorem 1. In this section we will sketch the proof of the
two inequalities appearing in the statement of Theorem 1. The first one is the following,
for a compact set £ C R?,

(7) Mn(E) < Cv(E).

For the proof of this inequality we need to introduce the Cauchy transform with respect
to an underlying positive Radon measure u satisfying the linear growth condition

(8) u(B(z,r)) <Cr, zeR? r>0.

Given € > 0 we define the truncated Cauchy transform at level € as

© cuwe= [ ), ew,
|lw—z|>e W — 2

for f € L?(u). For a finite measure p, the growth condition on g insures that each C, is a
bounded operator on L?(j1) with operator norm ||C.|| 12(p) Possibly depending on . We say
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that the Cauchy transform is bounded on L?(u) when the truncated Cauchy transforms
are uniformly bounded on L?(y). Call L(E) the set of positive Radon measures supported
on E which satisfy (8) with C'=1 . One defines the capacities v,,(F) and v4(E) by

Yop(E) = sup{p(E) : p € L(E) and [[Cl|12(,) < 1},

1+(B) = sup{(E) - p € L(E) and |2 % oo < 1).

Clearly 74+ (E) < v(E). The deep result in [T2] asserts that in fact y4(E) is comparable to
the anality capacity of E. In [T1], it was proved that the capacitiy v+ (F) is comparable
to Yop(E), that is, for some positive constant C one has

(10) C™ ' Yop(E) < 74(E) < Crop(E),

for each compact set £ C R?. We remind the reader that the first inequality in (10)
depends on a simple but ingenious duality argument due to Davie and @ksendal (see [DO,

p.139], [Ch, Theorem 23, p.107] and [V, Lemma 4.2]).
From the first inequality in (10) we get that for some constant C' and all compact sets E,

Yop(E) < CH(E).

To prove (7) we will estimate v, (E) by a constant times v,,(E). The natural way
to perform that is to introduce the capacity vy op(E) and check the validity of the two
estimates

(11) Y (E) < Cypop(E)
and
(12) Yn,op(E) < Cyop(E).

To define 7, op, first we introduce the truncated transform Sy, . (f pt)(z) associated with
the vectorial kernel K = (K1, Ko) with K;(x) = 23"~ !/|z|*", i = 1,2, as in (9), but with
the Cauchy kernel replaced by the vector valued kernel K just defined. We also set

190l L2(u) = sup [ Snell L2 ()
e>0

and
Vnop(E) = sup{u(E) : p € L(E) and  [|Sn|[r2¢) <1}

One proves (12) by checking that the symmetrization of the Cauchy kernel is controlled
by the symmetrization of kernel K (see Lemma 6 and Corollary 9). In fact, we prove in
Corollary 8 that for a positive measure p having linear growth, the L?(x) boundedness
of the Cauchy transform is equivalent to the L?(u) boundedness of the operators S,.
Therefore, the capacities vy op(E) and vop(E) are comparable. Here the fact that we are
dealing with kernels of homogeneity —1 plays a key role, because, as it is shown by Farag
in [F], they enjoy a special positivity property which is missing in general. See Section 2
for complete details.

The proof of (11) depends on Tolsa’s proof of v(E) < C~ep(E). One of the technical
points that we need to prove in our setting is a localization result for the potentials we
deal with in this case, namely for the potentials associated with the kernels K;, ¢ = 1, 2.
Specifically, in Section 3 we prove that there exists a positive constant C such that, for
each compactly supported distribution 7" and for each coordinate i, we have

2n—1 2n—1
1) s veet | <0 ([ -1 +om)
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for each square @) and each pg € C5°(Q) satisfying [|¢glleo < 1 and [|[Veglleo < 1(Q)71
Here G(T') is some constant related to the linear growth of 7" (see Section 3 for a definition).

Once (13) is at our disposition, we claim that inequality (11) can be proved by adapting
the scheme of the proof of Theorems 1.1 in [T2] and 7.1 in [T3]. As Lemma 16 shows,
the capacities v,, n € N, enjoy the exterior regularity property. This is also true for the
capacities 7y, 4, defined by

x?n—l

’x‘Qn *

Vn+(E) = sup {u(E) :

Sl,j:lﬂ},
o0

just by the weak * compactness of the set of positive measures with total variation not
exceeding 1. Therefore we can approximate a general compact set E by sets which are
finite unions of squares of the same side length in such a way that the capacities v, and
Yn,+ of the approximating sets are as close as we wish to those of E. As in (10), one has,
using the Davie-Oksendal Lemma for several operators [MP, Lemma 4.2],

c! 'Yn,OP(E) < ’Yn,—&-(E) < CVn,Op(E)-

Thus we can assume, without loss of generality, that E is a finite union of squares of
the same size. This will allow to implement an induction argument on the size of certain
rectangles. The first step involves rectangles of diameter comparable to the side length of
the squares whose union is F.

The starting point of the general inductive step in [T2] and [T3] consists in the construc-
tion of a positive Radon measure p supported on a compact set F' which approximates F
in an appropriate sense. The set F' is defined as the union of a special family of squares
{Qi}fvzl that cover the set £ and approximate E at an appropriate intermediate scale.
One then sets

The construction of the approximating set F' implies that 7, (F) < C~, 4+(E). This
part of the proof extends without any obstruction to our case because of the positivity
properties of the symmetrization of our kernels (see Section 2). To construct the measure
i, observe that the definition of ~, (F) gives us a real distribution Sy supported on E such
that

(1) m(E) < 2((So, 1)|.

xzn—l

4 %Sy

B <1

— Y

(2)

1<j<2

o0

Consider now functions ¢; € C§°(2Q;), 0 < ¢; < 1, ||¢illoo < 1 and [|[Villoo < 1(Q:) 1
and Zfi 1 pi = 1on |J; Q;. We define now simultaneously the measure p and an auxiliary
measure v, which should be viewed as a model for Sy adapted to the family of squares
{Qi}ij\il. For each square (); take a concentric segment Y; of length a small fixed fraction
of v,(E N 2Q;) and set

—iﬂl nd V_f: <SO7901‘>H1
= = @ - HI(Z;) P
i=1

=1
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<90i7 VO)
HI(%)
function b is bounded, to apply later a suitable T'(b) Theorem. To estimate ||b||o We use
the localization inequalities (13). Thus, [(So, ¢i)| < Cv,(2Q; N E), for 1 <i < N. It is
now easy to see that v, (E) < C u(F):

We have dv = bdu, with b = on Y;. At this point we need to show that our

N N
(E) < 2180, 1)] = 2|3 (S0, 0| < €3 7a(2Qi N E) = C u(F).
=1 i=1

Notice that the construction of F' and u gives readily that 7,(E) < Cpu(F), and
Y+ (F) < C vy +(E), which tells us that F is not too small but also not too big. However,
one cannot expect the operator S, to be bounded on L?(;). One has to carefully look
for a compact subset G of F' such that u(F) < C u(G), the restriction ug of 1 to G has
linear growth and S, is bounded on L?(jg) with dimensional constants. This completes
the proof because then

Y (E) < Cu(F) < Cu(G) < Cynop(G) < Cypnop(F)
< CVn,Jr(F) < CVn,Jr(E) < C%L,Op(E)-

We do not insist in summarizing the intricate details, which can be found in [T2] and [T3],
of the definition of the set G and of the application of the T'(b) Theorem of [NTV2].

The second inequality in Theorem 1 is

(14) V(E) < Cy(E).
Since by [T2], v(E) = vop(E), and as we mentioned above we have
(15) Yop(E) < CYn,op(E),

we get that y(E) < Cvop(E) < Cyp,op(E). The duality arguments used to prove the first
inequality in (10) can also be used in our setting, therefore v, op(E) < Cyp 4+ (£) holds.
Finally, by definition, v, 4 (£) < v, (£). This shows how (14) in Theorem 1 can be proved.

2. SYMMETRIZATION PROCESS AND L?—BOUNDEDNESS

The symmetrization process for the Cauchy kernel introduced in [Me] has been succes-
fully applied to many problems of analytic capacity and L? boundedness of the Cauchy
integral operator (see [MeV], [MaMeV], [T2], and the book [P], for example). In the recent
paper [ChMPT], the symmetrization method was also used to give the first non-trivial ex-
amples of operators not directly related to the Cauchy transform whose L?—boundedness
implies rectifiability.

Given three distinct points in the plane, z1, 2o and z3, one finds out, by an elementary
computation that

(16) 6(21,22,23)2 = Z !

7 (Zo(1) = 20(3)) (Z0(2) = Z0(3))

where the sum is taken over the permutations of the set {1, 2,3} and ¢(z1, 22, 23) is Menger
curvature, that is, the inverse of the radius of the circle through 21, 29 and z3. In particular
(16) shows that the sum on the right hand side is a non-negative quantity.

In R? and for 1 < i < 2 the quantity

pi(21, 22, 23) = Ki(21 — 22) Ki(21 — 23) + Ki(22 — 21) Ki(22 — 23) + Ki(23 — 21) K;(23 — 22),
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is the obvious analogue of the right hand side of (16) for the kernel K;(z) = 22"~ /|z|>".
In [ChMPT] it was shown that for any three distinct points z1, 22, z3 € R?, the quantities
pi(z1, 22,23), 1 < i < 2, are also non negative and they vanish if and only if the three
points are colinear.

The relationship between the quantity p;(21, 22, 23), 1 < i < 2, and the L? estimates of
the operator with kernel x?”_l/ |z|?" is as follows. Take a compactly supported positive
Radon measure p in R? with linear growth. Given ¢ > 0 consider the truncated transform
Ti(u) of u associated with the kernel K;, as in Section 1.2. Then we have (see in [MeV]
the argument for the Cauchy integral operator)

3

[ 1@ dnte) = e < Cllal,

C being a positive constant depending only on n and the linear growth constant of u, and

picl) = [ [ [piw.2) duta) duty) due),
Se

with
Se ={(z,y,2) 1 |x—y| >¢, |z —2| >ecand |y — z| > e}.
1
It is worth saying now that forn = 1 and ¢ = 1,2, p;(z1, 22, 23) = ic(zl, 29, 23)%. Forn >

1, it is in general not true that p;(z1, 22, 23), i = 1,2, is comparable to Menger curvature
(21, 22, z3)%. The next two lemmas show that the sum of the above defined permutations,
p1(21, 29, 23) + pa(21, 22, 23) is comparable to Menger curvature, ¢(z1, z2, 23)2.

Lemma 6. There exists a constant c; = c1(n), such that for all distinct points z1, z2, 23 €
R?,
p1(21, 22, 23) + p2(21, 22, 23) > erc(z1, 22, 23)°.

Proof. Tt suffices to prove the claim for any triple (0, z,w),z # w € R?\ {0}. For any
line L denote by 6y (L) and 0y (L) the smallest angle that L forms with the vertical and
horizontal axes respectively. Then at least two of the angles,

GV(LO,z)a GV(LO,w)y HV(Lz,w)
or at least two of the angles
On(Loz), Ou(Low)s On(Lzw)

are greater or equal than 7/4. Without loss of generality we can assume that
7r 7r
(17) HV(LO,z) > Z and QV(LO,w) > Z

Now let § = Oy (L. ). Let c be some very small constant, depending on n, that will be
chosen later.

Case 1: 6 > c.
As in Lemma 2.3 in [ChMPT], we have that for z = (x,y) and w = (a, b),

(18) (0,2w) > n <m>2n_2 (M\)M < 2 —al )2”—2 sind(z, w)

2| |w] |2 = w|
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By (17) we have that

lz| 1 la| 1
1 L b I
19) ERE TR

and by the assumption in this case,

|z — al .
> sinc.
|z — w)
Furthermore,
2sin(z, w)
c(0,z,w) = ————=.
|z — w)
By (18),

pl(oa 2, w) > ClC(O, 2, lU)Q,

for some positive constant ¢; depending on n.
Case 2: 0 < c.
In this case, notice that by (19),
|lz| = |a|| < |z —a| = |z — w[sin < |2|sinf + |w|sin b

< 2|z|sinf + 2|a|sin 6.

Hence,
1—2sin9’ 1< |z| < 1+28in9| |
———a < —a
14+2sinf " =" "~ 1—2sinf
and since 0 < ¢ and ¢ will be chosen very small, it follows that
(20) |;’ < lz| < 2al.

Combining (20) and (19) we obtain that

(21) W <) < .

Expanding p1(0, z, w) we get

x2n71a2n71 (.’L‘ _ a)2n71 .,E2n71 a2n71
PO = T e T e
— A+ B,

where the last equality is a definition for A and B. Since
e I (e e 1 B e | e R U e
then by (20),
(22) |22 — T < (2n — 1)22" 72|z — al|zP 2
Arguing in the same way and using (21) we obtain

P =] _ o [l = ]

23 _—
( ) ‘Z|2n|w|2n |w‘2n+1

Notice that

m2n71 a2n71 x2n71 _ a2n71 N o1 1 1
‘ZP” ”LUP” - ’2’271

- 22 - w2n
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Therefore from (22) and (23) we get

B| < (sin )21 <(2n —1)22n2|g — q|x|?"2 N &n 42”_1Hz| — \w|‘|a|2n_1>

|Z*U}| |Z|2n |w|2n+l

m—1 22n—2 8 4271,—1 16 42n—1
§(sin0)2”_1<( n |Z|)2 + ”MQ >§(sin¢9)2”_1 <”)

On the other hand, by (19) and (21),

|A‘_ <|$|>2n_1 <|CL)2n—1 1 - (1>2n1
] |wl lwllz] —\4/ |w]?

1
Therefore choosing ¢ < —— we obtain that

104n
1/1\*" 1
pl(O,Z,U)) Z = (4> T -

jw]?

2
Since it follows easily that ¢(0, z, w) < —, the proof is complete. O

|l

Lemma 7. There exists a positive constant C = C(n) such that for all distinct points
21,292,723 € R2,

pi(21, 22, 23) < C c(21, 22,23)%, 1<i<2.

Proof. Without loss of generality fix ¢ = 1. Since p; is translation invariant, it is enough
to estimate the permutations p; (0, z, w) for any two distinct points z = (z,y), w = (a,b) €
R?\ {0} such that

(24) 2| <|z—w| and |w| < |z —w|.

As shown in Proposition 2.1 in [ChMPT],

Az, w)
2 =
( 5) pl(ovzaw) |z\2"|wl2”|2—w\2"’
where
(26) A(z,w) = (Z) 22k g2 =R) (1 )2 R By (2, w)
k=1
and

Fiu(z,w) = x2k—1a2k—l<y _ b)2k T a:%_l(a: _ a)Qk—lek _ a2k—1<$ _ a)2k—1y2k.
Notice also that

1
(27) (b — ay)? = [2[*|w]” sin®(z, w) = Z\Z\Z\wmz —w|?e(0, 2, w)*.

Case 1: a =0.
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In this case, notice that F,(z,w) = x¥~2b*" and all sumands in (26) are zero, apart
from the last one. Therefore, using (27) and (24),

An—412n—2
x b
2202

p1(07 va) = \z|2"|w\2"|z — w|2n

_ 1 |Z’2‘w’2|2_w|2x4n7462n72 )
T1 RP e O
1 ‘$’2n72
4

|Z _ w‘2n—2

(0, z, w)>.

>~ =

c(0,z,w)* <

Case 2: a # 0 and b # 0.
Let t = x/a and s = y/b. Then F}, can be rewritten as follows

Fk(,z?w) (x>2k—1 (y 2k x\2k-1 /¢ 2k—1 x 2k—1 Y\ 2k
B - () ()" (7 - G0
atk—2p2k a b + a a a b

— t2k—1(s . 1)2k + t2k_1(t _ 1)2k—1 _ (t . 1)2k—182k

= P(s,t),

the last identity being the definition of the polynomial P(s,t). Then, for some polynomial
Q(s,t),

P(S7t) = (S - t)zQ(S,t),

because if we consider P as a polynomial of the variable s with parameter ¢ , i.e. P;(s) :=
P(s,t), we obtain easily that

P,(t) = P(t) = 0.

It is also immediate to check that the degree of P is 4k — 2 and the smallest degree of
the monomials of P is 2k.
Therefore

4k—4

Q(S,t) = Z Cu/tlsll.

I+U'=2k-2
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By (27) and (24), for each 1 < k <mn,

[Fu(z,w)] = a0 2(ab — a)?Q (£, )]

a’b
1 _ _ Ty
= Il P2 — we(0, 2, w)? |Q (5. )]
4 a' b
4k—4 1l y v
< Cla* o2 Pl — wf 0,20 Y |2 |
I+U'=2k-2
4k—4
/ /
= C(n)|2lP|wf|z — we(0,z,w)* Y o BPE T |y
I+U'=2k-2
4k—4
A ’ ’
< C)|Plwl|z = wPe(0,z,w)? Y fw|FT 0TI
I+U'=2k—2
4k—4
_ C(n)]z\2k|w\2k|z - w‘Z C(O,Z,IU)Q Z |w‘4k: 4—(1+1 )‘Z‘H_l 2k+2
+1'=2k—-2
4k—4
< C(n)]z\2k|w\2k|z o ’U)|2 c(O,z,w)2 Z |Z o w|4k 4—(1+U)+1+1 —2k+2
+U'=2k—-2

< C() |2l wl*|z — w|* ¢(0, z,w)?.

Then, from (25) we conclude that

n 2(n—k) ,2(n—k) (. _ 4\2(n—k)
1 (07 Z, w) = Z <n> X a (ZL‘ CL) }(ﬂk(z7 ’U))

2 2 _ 2
2 \k) T Pl —

<o ()" ()" ()" wor 3 ()

< C(n) ¢(0, z,w)>.

Case 3: b= 0.
In this case Fy(z,w) = a7 19?* (221 — (2 — a)?*~1). Hence by (27)

1
(28) Fi(z,w) = a*y* = Z\z\Qlwlz\z — w|?¢(0, z,w)>.

For 1 < k < n, by using (27) again,

Fk(Z,’LU) — a2k71y2k(x2k71 _ (LU . Q)Qkfl)

— a2y2ah 322 (g2l (g g)2k-Ty

L2012 2 2 2k-3, 2k—2 = (261 2k—1—j
= 1|z| |lw|“|z —w|“c(0, z,w)*a”" "y E . )ala I,
» J
j=0
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And using (24) we estimate,
2%k—2 ‘
|Fi(z,0)] < C(n)e(0, 2, w)?[2P|w |z — w]?[w] 2 [22572 Y 7 2 w41
J
2k—1 4
< C(n)e(0, 2, w)? [ Mwl* |z = wf* Y |z [w]**27
j=0
2k—1 A ‘
= C(n)e(0, z,w) |2 |w [z —w> Y |2 — wl |2 — w727
j=0
< C(n)e(0, 2,w)° [z [w|** ]z — w[*".
The previous estimate combined with (28) implies that for 1 <k <n
[Fe(z,0)] < Cn)e(0, 2, w)2 22 wf? ]2 — wf?.
Therefore, from (25) we derive that
b1 <07 Z, w) < C(n) 0(07 Z, 11})2
in an identical manner to case 1.
O

From these two lemmas and the relationship between the symmetrization method and
the L?-norm we obtain the following:

Corollary 8. Let S, be the operator associated with the vectorial kernel K = (K1, K3),
with K; = x?”71/|x|2”, n € Nand 1 <i < 2. If uis a compactly supported positive
measure in the plane having linear growth, the Cauchy transform of u is bounded on L* ()
if and only if Sy, is bounded on L*(u).

We state now inequalities (12) and (15), because they are immediate consequences of
the preceding corollary.

Corollary 9. There exists a positive constant C' such that for any compact set E C R?,
! Yop(E) < Yn,op(E) < Cyop(E).

It is worth to mention that for n = 1, it was proven in [MPrVe| that corollary 8 remains
valid if the operator S; is replaced by one of its coordinates, S; or S?, (here S} is the
operator with kernel z;/|z|?, i = 1,2).

3. GROWTH CONDITIONS AND LOCALIZATION
We need the following reproduction formula for the kernels K;(z) = 22" /||

Lemma 10. If a function f(z) has continuous derivatives up to order one, then it is
representable in the form

(29) f@) = (p1 % K1)(2) + (92 * Ko)(), = € R?,
where fori=1,2,
(30) pi = Si(0if) = cOif + Si(0if),

for some constant ¢ and Calderdn-Zygmund operators Si and Ss.

The proof of Lemma 10 is a consequence of the following two lemmas:
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Lemma 11. For m > 0,

= k92K k) 1
kZ:o 2k+1 Wm—k)! (2m+1) m!

Proof. We will show that

@1 é(—l)’f (7) o= g

where

(2F k1)2

(2k + 1)1

Notice that (31) is equivalent to saying that the binomial transform of the sequence ay is
1/(2m + 1) (see [GKP]). Since the binomial transform is an involution of sequences, (31)
is equivalent to regaining the original sequence a,, by the inversion formula

ap =

(32) A = zm:(—n’f <”k?> %1”

k=0
To prove this identity, consider the Newton binomial formula
m

and multiply on both sides by 2~1/2. Integration between 0 and 1 gives now

/1(1_ )m —1/2d _Zi(_l)k m 1
R k) 2k + 1

! 1
/ (1—2)"z%dz = B (2,m + 1> ,
0

B(z,y) being the beta function. Since it is easily seen that
1 (2™ m!)?
B(:= 1) =2 "M 9
<2’m+ ) emt1) 0
(32) follows. O

Recall that

The next lemma computes the Fourier transform of the kernel K; = 27" /|z|?", 1 <
1 <2,n >1, by using Lemma 11.

Lemma 12. Forn>1,1<i <2,

—

(33) Ki(€) = crmep(1,&2),

éﬂ
€1

where p(&1,&2) is a homogeneous polynomial of degree 2n — 2 with no non-vanishing zeros.

Proof. Without loss of generality fix ¢ = 1. For n > 1, let E,, be the fundamental solution
of the n—th power A" of the Laplacian in the plane, that is

(34) Ey(x) = |a|"®7" (a + Blog|al?),
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for some positive constants a and ( depending on n (see [ACrL]). Notice that, since
A"E, = 0, then

— 2n—1
(8%n_1En)(£) =c ‘1§|2n

for some constant ¢. We will show that for some positive coefficients boy,, 0 <m <n —1,

n— m_ 2(n—1—m
(35) (071 E,,) |2n Zbgmxf A

Notice that (33) follows from this fact.
To compute 92" ' E,, we will use the following formula from [LZ]:

n—1 2n—1—v
(36) OB =Y 5 AL@) (1) B

= 2V r Or

where r = |z| and L(z) = 27"~ !. First notice that for 0 < v <n — 1, we have

2n —1
Au(m%n—l) _ ( n2 )(21/)' x%n—?u—l’
1%

and for 0 < k <n — 1, one can check

19 " (—1)* 2F k!

Plugging these, with £k =n — 1 — v, into equation (36) we get

n—1
(37) O En) = 2" = ) D e a4,
v=0
where
2v)! (2n—1 o
= 2(2v )u'( 2v )(_1)n - 1-w)t

We claim that the homogeneous polynomial of degree 2n — 2 appearing in (37),

(38) p(z1,22) Z ay 2"

has positive coefficients. To prove this, write 72 = 22 + 23. Then

n—1

2(n—v—1 v
— Z a, $1(n ) (22 + 22)
v=0

:niliay<z>x?(n—u+k 1) 2(1/ k) Zmeme 2(n—1— m)’
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where for 0 < m <n —1,

m+1 k
b2m—zan k<m+1 ki)

. (@2n-1) i": R 22k [
S22 (n—m —1'k_0 2k—|—1 (m— k)
Applying now Lemma 11, we get that for 0 <m <n —1,

(2n —1)! 1
22 (n—m—1)!(2m+ 1) m!

bom = > 0,

which completes the proof of (35) and the lemma.
O

Proof of Lemma 10. By Lemma 12, taking the Fourier transform in (29) is equivalent to

&1 p(&1,82) &2 p(62,&1)
RS ]2 |€2n—2

where p is some homogeneous polynomial of degree 2n — 2 with no non-vanishing zeros.
Define the operator R; associated with the kernel

p(&1,&2)
g2~

One defines also Rs, associated with 7o, where r9 is given by 75(&1,&2) = 71(&2,&1). Since
p is a homogeneous polynomial of degree 2n — 2, it can be decomposed as

FO =515 + 52(8) 5

r1(61,&) =

n—1

p(&1, &) =D pa;(&1, &P,

7=0

where po; are homogeneous harmonic polynomials of degree 2j (see [St, 3.1.2 p. 69]).
Therefore, the operators R;, 1 < i < 2, can be written in the form

(39) Rif = af +p.v. ﬁﬂ?” f,

for some constant a and 2 € C*°(S!) with zero average. Consequently, by [Du, Theorem
4.15, p.82], the operators R;, 1 < i < 2, are invertible and the inverse operators, say S;,
1 < i < 2, have the same form, namely the operators S;, associated with the kernels s;,
1 <1 <2, defined by

SO =L s -0
p(&1,62) p(&2,&1)
can be written as in (39), too. Therefore, setting
pi = Si(0if),

for 1 <4 < 2, finishes the proof of Lemma 10. O



CAPACITIES ASSOCIATED WITH CALDERON-ZYGMUND KERNELS 17

Observe that for a compactly supported distribution 7" with bounded Cauchy potential

(T, Q)| = ‘<T7T12 *&PQ>' = ‘<7r12 *T7890Q>’

11 — 11
< —||l=-xT 0 < —|==T| 1
<257 weelie < 5 |5 <7 u@.

whenever ¢ satisfies [|0¢q|11(q) < 1(Q).
In our present case we do have a similar growth condition: if 7" is a compactly supported
distribution with bounded potentials K7 xT" and Ko x T', then by Lemma 10
(T Q)| = (T, K1 S1(91pq) + K2 * S2(0200))

< (K1 # T, S1(010Q))| + [(K2 * T, S2(02¢0q))|

A

< K1 * T| o 1510100 |1 (m2) + (152 * Tl [|S2(0290Q) [ L1 (r2)

(1B Tl + 12 % Tl ) U@),

IN

whenever g satisfies

(41) ”Si(aiSpQ>HL1(R2) < Z(Q), for i =1,2.

The next lemma states a sufficient condition for a test function to satisfy conditions
(41).

Lemma 13. Let 1 < qo < oo and assume that fg is a test function supported on the
square QQ satisfying,

10i foll oo (@) < Q)Y for1<i<2.
Then,
19i(9ifo)ll ey < CUQ)  for 1 <i<2.

Proof. Without loss of generality fix i = 1. Let pg be the dual exponent to qg. By Holder’s
inequality and the fact that the operator S; is bounded in L% (R?), 1 < gy < 0o, we get

191001 /@)l 2g) < CUQY*™(191(D1f@)l| 1w (re)
< CUQ) ™ |01 foll Lo ()
< CUQ).

To estimate the L' norm outside 2@Q, notice first that since 9; fo is supported on @, by
(30),

15101 Q) L1 ((20)) = 151 (@1 Q)| L1 ((2q)e)-

Integrating by parts to take one derivative to the kernel K of §1 and then using Fubini
we obtain
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1510111 ey = C |/mmumu—wmwy
2Q) JQ

=C |/ fo(2)01K (2 —y)dz|dy
2Q)r JQ
< Clfollrg H@)~"

<c [ 1vial.

the last estimate coming from the Cauchy-Schwarz inequality, together with a well known
result of Maz'ya (see [MzS, 1.1.4, p. 15] and [MzS, 1.2.2, p. 24]) stating that

\MM§C/WML

Now Holder’s inequality together with [0;fqllLw0 @) < 1(Q)¥/ =1 1 < i < 2, gives the
desired estimate, namely

1511 fQ) L1 (2q)e) < CUQ)-

O
Fix 1 < qp < 2. We say that a distribution 7" has linear growth if
T
G(T) :supw < 00,
pq Q)
where the supremum is taken over all pg € C5°(Q) satisfying the normalization inequalities
(42) Hai(pQHLqO(Q) S 1, for 1 S ) S 2.

Notice that from (40) and Lemma 13, if 7" is a compactly supported distribution with
bounded potentials k1 « T and ko % T', then T has linear growth.

We now state the localization lemma we need.

Lemma 14. Let T be a compactly supported distribution in R? with linear growth such
that (22"~ 1/|x|?) * T is in L®°(R?) for some n € N and 1 < i < 2. Let Q be a square
and assume that pg € C5°(Q) satisfies |loglleo < C and |[Vgllo < U(Q)™. Then
(22" /|227) % T is in L®°(R?) and

anl anl
@%*@ﬂﬂ SC(M%%*ﬂ'+G”»’
o0 o0

for some positive constant C.
For the proof we need the following result.

Lemma 15. Let T be a compactly supported distribution in R? with linear growth and
assume that Q is a square and g € C3°(Q) satisfies ||oglloc <1 and [Vl < 1(Q)7 .

Then, for each coordinate i, the distribution (x2"~"/|z|>") * poT is an integrable function
in the interior of %Q and

/3162 ' <7Zz_nl * SDQT> (y)‘ dy < CG(T) I(Q)?,

where C' is a positive constant.
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Proof of Lemma 15. The proof of this lemma follows the lines of Lemma 13 in [MPrVe],
although now the growth conditions we have are different from the ones in [MPrVe| (see
(42)). We write the proof for the sake of completeness.

Without loss of generality set = 1 and write K;(z) = 22"~ ! /|z|>". We will prove that
Ky % T is in LP°(2Q)) where pg is the dual exponent of gy (see (42)). Therefore we need
to estimate the action of K *pgT on functions ¢ € C5°(2Q) in terms of ||1)||q,. We clearly
have

<K1 * QDQT7 w) = <Ta @Q(Kl * ¢)>

We claim that, for an appropriate positive constant C, the test function
wQ(K 1% )

CUQ ™ [l

satisfies the normalization inequalities (42) in the definition of G(T"). Once this is proved,
2
by the definition of G(T') we get that [(K*poT,¥)| < CU(Q)7o ||[1)]q, G(T), and therefore
2
1K1 % QT || 1ro(2q) < CU(Q)P0 G(T). Hence

: Q|/ Ky % poT)(a >|da:<16|Q,/\ K % 9oT)(w)| da

(43)

1 0 PO
<16 <K2| /Q |(K7 * QT (z)|P d:v)

which proves Lemma 15.
By Lemma 13, to prove the claim we only have to show that for 1 <i < 2,

10i (@ (K1 %)) [ Lo (@) < C l[¥llgo-
Clearly, for 1 < i < 2, we have

0 (pq (K1 %)) = ¢q 0;(K1 *¥) + 0jpq (K1 x ) = A+ B,

where the last identity is the definition of A and B.
To estimate the L%-norm of B we recall that |Ki(z)| < C |z|~!. Hence, for 1 <i < 2,

Wl )"
I0i2a (11 + D)l < Clozale ([ ([ 200an) " o) < Clul,

where the last inequality comes from Schur’s Lemma applied to the operator with kernel
K(z,y) = & — gl "xaq(@)xa0(y) and the fact that |dipollee < UQ) L, 1< i< 2. We
therefore conclude that ||B||g, < C||0ipq (K1 *v¥)|q < C||%¥]lg-

We turn now to the term A. We remark that, for 1 <i < 2,

(44) 0;i K1 %9 = cp + S(1p),

where S is a smooth homogeneous convolution Calderén-Zygmund operator and ¢ some
constant. This can be seen by computing the Fourier transform of 9;K; and then using
that each homogeneous polynomial can be decomposed in terms of homogeneous harmonic
polynomials of lower degrees (see [St, 3.1.2 p. 69]). Since Calderén-Zygmund operators
are bounded in L% (R?), 1 < gy < oo, and [[pgllee < C, we get that ||Allg < C|19]lg-
This completes the estimate of term A and the proof of (43). O
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Proof of Lemma 1/. Here we argue as in Lemma 12 in [MPrVe]. We write the proof for
the sake of completeness. Without loss of generality take i = 1. Let z € R?\ %Q. Then
Ki(z—y) pg(y) is in C§°(Q) as a function of y. Since for all y € R?, |0;(K1(z—y) ¢q(y))| <
ClQ)™% 1 < i < 2, the function ¢ I(Q) Ki(z — y) ¢o(y) satisfies the normalization
conditions (42) for some small constant ¢. Therefore

(K1 % 9QT)(x)| = (T, Ki(z =) pg)| < ¢ G(T),

for all z € R?\ %Q. We are now left with the case x € %Q. Since K1 * T and ¢g are
bounded functions, we can write

(K1 + QT ()] < (K1 % 0QT)(2) — pq(x) (K1 + T) ()] + [l9q o |1 # Tl co-
Let ¢g € C5°(R?) be such that g = 1 in 2Q, g = 0 in (4Q)¢, Yol < C and
VYlleo < CUQ)™L. Then one is tempted to write
(K1 # pQT)(2) — wq(x)(Ky + T)(z)| < (T, ¥o(pq — vq(x)) Ki(z —-))]
+lle@lloc (T, (1 = @) K (2 — ).

The problem is that the first term on the right hand side above does not make any sense
because T is acting on a function of y which is not necessarily differentiable at the point x.
To overcome this difficulty one needs to resort to a standard regularization process. Take
x € C>®°(B(0,1)) such that [ x =1 and set x.(z) = e~ x(x/e). It is enough to prove that
Xe * K1 * QT is uniformly bounded, since x. * K1 * QT converges weakly to K7 x poT
in the distributinal sense, as ¢ — 0. We have

|[(xe * K1 % 0QT) () — () (Xe * K1+ T)(x)]
< T, vq(pq — vo(@))(xe * K1)(z —-))]

+ eQlloc[{T, (1 = ¥q) (xe * K1)(z — )|
= A + As.

To deal with term Ay set K{_(y) = (xc * K1)(x — y). We claim that, for an appropriate
small constant ¢, the test function

fo =cl(@Q)Vq(rq — vq(z)) KT,

satisfies the normalization inequalities (42) in the definition of G(T'), with ¢¢ replaced by
fo and @ by 4Q). If this is the case, then

A1 < Q)T fo)| < C (D).

To prove the normalization inequalities (42) for the function fg we have to show that
for 1 <i <2,

(45) 10: fall oo a ) < CUQ)YY ™.
To prove (45) we first notice that the regularized kernel y. * K7 satisfies the inequality
C
(46) |(xe * K1)(z)] < =k z € R?\ {0},

where C' is a positive constant, which, in particular, is independent of e. This can be
proved by standard estimates which we omit. Moreover, by (44), for 1 < i < 2, we have

(Xe * 0; K1)(z) = cXe(x) + (Xe * S)(2),
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where S is a smooth homogeneous convolution Calderén-Zygmund operator. As such, its
kernel H satisfies the usual growth condition |H(z)| < C/|z|?. From this is not difficult
to show that for some positive constant C,

(47) (xe # 8)(2)] < ‘jg e B2\ {0},

We have, for 1 <i <2,

0 (Volpq — po(@)ki®) = vq (pq — ()0 k1* + 8i(Vo(pq — pq(x))) k1"

Therefore

10ifQll oo (aq) < CUQ) </4Q Vo (y) (va(y) — po(2)) 0k (y)|© dy> "

) ( / 10 (vialq — aale)) K" dy) "

= An + Aj.
Using (46) one obtains
1 1z % 2 _1
A < CUQ) 7=y (k)W) dy | < CUQ)™ .
(Q) \Jaq

To estimate Aj; we resort to (47) and the fact that gy < 2, which yields

1

0

A =ClQ) </4Q Vo () (vo(y) — vo(x))dik2® (y)|™ dy>

d a0 2
< CUQ) Vol ( / e dy> < Qs

We now turn to As. By Lemma 15, there exists a Lebesgue point of K * poT, zg € Q,
such that |(K7 * ¢QT)(zo)| < CG(T'). Then

(K + (1= 9Q)T)(20)| < C (| K1+ Tloo + G(T)).-

The analogous inequality holds as well for the regularized potentials appearing in As, for
€ small enough and with constants independent of e. Therefore

Az < CUT, (1= ) (k™ = k™)) + C (| K1 % Tllo + G(T)).
To estimate |(T, (1 — 1) (kt™ — k2™))|, we decompose R? \ {z} into a union of rings
Nj={zeR*:2U(Q) <|z—2| <2PTQ)}, jeT,
and consider functions ¢; in C5°(R?), with support contained in

* _ 2. 9j—1 j+2 ,
Ni={2eR:270(Q) < [z —2[ <277UQ)}, JjeL,
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such that [¢;lle < C and ||[Ve,le < C(271(Q))7}, and >.jpj=1on R?\ {z}. Since
Q the smallest ring N that intersects (2Q)¢ is N*4. Therefore we have

(T, (1 i) (k2" — k) = <T, > il = vQ) - ki’m°)>

Jj=-3

IN

<T,z%<1 o)t k;’ro>>

jeI

+ D [T (k® = k™)),

jeJ

where I denotes the set of indices j > —3 such that the support of ¢; intersects 4¢) and
J the remaining indices, namely those j > —3 such that ¢; vanishes on 4(¢). Notice that
the cardinality of I is bounded by a positive constant.
Set
9=CUQ) D wi(1 —uq) (k1* — k1™),
jel
and for j € J
9i = C271Q) ¢ (k2 — kI™).
We now show that the test functions g and g;, j € J, satisfy the normalization inequalities
(42) in the definition of G(T') for an appropriate choice of the (small) constant C' . Once
this is available, using the linear growth condition of T' we obtain

(T, (1= 4Q) (ka® — k2™))| < CUQ) (T, g)]

‘1‘02 (2¥1(Q)) (T, gj)]

JjeJ

<CGT)+C Y 27 G(T) < CG(T),

j>-3

which completes the proof of Lemma 14.

Checking the normalization inequalities for g and g; is easy. First notice that the
support of ¢ is contained in a square A () for some universal constant A\. On the other
hand the support of g; is contained in 272 Q. By Lemma 13, we have to show that for
1 <4 <2 and some 1 < ¢y < 00,

(48) HaigHqu()\Q) < CZ(Q)Q/qoﬂ?
and for j € J,
(49) ||aigj”Lf10(2J'+2 Q) < C(2jl(Q))2/QO—1.

To show (48) we take 9; in the definition of g, apply Leibnitz’s formula and estimate in
the supremum norm each term in the resulting sum. We get

Lo 1 1
Il < CUQY 1o g = C gy

which yields (48) immediately.
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For (49), applying a gradient estimate, we get

A ! 1 (Q 1
101031l < C21Q) ) iy (2H<c§>>)2+1—k )

k=0
which yields (49) readily. O

4. OUTER REGULARITY

In what follows, we will show that the capacities -, are outer regular.

Lemma 16. Let {Ey}x be a decreasing sequence of compact sets in R?, with intersection
the compact set E C R%. Then v, (F) = klim Yn(Ek).
— 00

Proof. The limit limg_,«, 7. (Ey) clearly exists and limy_o0 7 (Ek) > v (E). To prove the
converse inequality, let T} be a distribution supported on Ej such that, for 1 <4 <2,
fi = K; * Ty, is in the unit ball of L>(R?) and

n(B) = 3 < (T, 1)] < (B

By taking a subsequence if necessary, we may assume that, for 1 < i < 2, f,i converges
weakly * in L>°(R?) to some function f such that || || < 1.

We will show that T} converges to some distribution 7" such that 7'« K1 and T * Ky are
also in the unit ball of L>°(R?). Then

’Yn(E) > <T7 1> <Tk’7 1> = klir& ’VTL(Ek)a

= lim
k—o0
and we will be done.
Let us first check that the limit of {7} }; exists in the topology of distributions. This is
equivalent to saying that, for any ¢ € C°(R?), the limit limg_,oo (T}, ) exists. Using the
reproducing formula (29), we deduce that

<Tka 90> = (Tkv 51(6180) * Kl + 52(82§0) * K2> = <Tk * Kla 51(6180» + <Tk‘ * K27 S2(82()0)>7

which is convergent, since by Lemma 13, S;(d;¢) € L'(R?), 1 <4 < 2, and fi = Ty * K1,
1 <i<2,is weak * convergent in L°>°(R?).

To see that, for 1 < i < 2, T x K; is in the unit ball of L>®(R?), we take a radial
function y € C®(R?), [ x = 1, supported in the unit ball and, as usual, we denote
Xe(x) = e 2x(e7'z). Then it is enough to prove that x. * T * K; is in the unit ball of
L>®(R?) for all ¢ > 0. This follows easily: denoting Kf = x. * K;, for each x € R?, we
have

Ty K (2) = (Ti, KG (2 = ).

Notice moreover that ||T) * Kf||oo = [[Xe * (Tk * K;)||oo < 1. Now, let ¢y € C°(R?) be such
that it equals 1 in the 1-neighborhood of E, so that T = g T} for k big enough. Then

Ty, + K (z) = (o T, Ki(x =) = (Tk, tho K (x =),

which converges to (T, o Ki(z —-)) = (T, K;(x — -)) = T « K () as k — oo. Since
|T), = K7 (z)| <1 for all k, we deduce that |T" % K (z)| <1 as wished, too. O
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5. PROOF OF THEOREM 2
For the proof of Theorem 2, recall the following result from [MPrVe]:

Theorem 17. (I[MPrVe]) For a compact set E C RY,
(50) I'(E) ~ sup p(E),
the supremum taken over those positive measures p supported on E with linear growth

such that for 1 <i <d, i # k, the potentials i

z |2*,u are in L% (u) with HW*MH <1.

Notice that the only difference between (50) and Theorem 2 is the extra linear growth
condition required on the positive measure u. Hence, to prove Theorem 2, we have to get
rid of this growth condition and still mantain the comparability between the capacities.
Below, 1n Lemma 20, we show that if we are given a positive measure supported on E

with H % f|loo < 1 for i # k, 1 <i<d, then this measure grows linearly in a big piece
of its support E. Thus Theorem 2 holds.

For a Borel measure p, the curvature of u, which was introduced in [Me], is the non-
negative number ¢?(u) defined by

::‘/D(/lxaay,z)zdu<x>dn<y>du<z»

where ¢(z,y, z) is the inverse of the radius of the circumcircle of the triangle (z,y, z), that
is the Menger curvature of the triple (x,y, z) (see Section 2).

The following result, that will be needed in what follows, is a version of [T1, Lemma
5.2] for R?. Tts proof uses the curvature theorem of G. David and Léger [Lé, Proposition
1.2].

Lemma 18. Let 1 be some Radon measure supported on B(xg, R), with

B
O, (r) = limsup u(B(z,r)) <1 for p-ae zecRY
T

r—0

If () < Cy u(B(z0, R)), then p(B(xo, R)) < MR, where M is some constant depending
only on Cs.

From the preceding lemma we get the following.
Lemma 19. Let p be a finite Borel measure supported on a ball B(xzg, R). Suppose that
B
@1 (.’L’) — lim M( (1‘,T))

M =0 for p-a.e. x € R,
r—0 r

Then,

- Oﬂmmﬁlq 2(p)
R ~ w(B(zo, R))’

for some absolute constant c.

1/2
Proof. Consider the measure j = (c|2|l(lll|4|) 1. Notice that

3/2
8@=(WW 2 = |7l
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Applying Lemma 18 to g with Cy = 1, we infer that there exists an absolute constant M
such that p(B(zo, R)) < MR, and thus

Bl Ry <21 (—20_ ) g
wsten ) <21 ()
which is equivalent to (51), with ¢; = M?2. O
Remark. For x,y, 2 € RY set K;(x) = z;/|z|?, 1 <i < d, and let
pi(x,y,2) = Ki(r —y) Ki(z — 2) + Ki(y — 2) Ki(y — 2) + Ki(2 — z) Ki(2 — y).

Given any subset of d — 1 elements of {1,2,---,d}, Sg_1, we define, for a positive
measure £ (without atoms, say),

SZ///p 5,5, 2) du(z) duly) d(2).

Due [MPrVe, Corollary 2 and Theorem 4], Lemma 18 also holds in R? when replacing
the Menger curvature by the permutations associated with any set of d — 1 components
of the vectorial kernel x/|z|? in R?. Therefore we recover Lemma 18 and Lemma 19 with
c2(p) replaced by p(p).

Given M > 0, we say that a ball B = B(x,r) is non M-Ahlfors (or simply, a non Ahlfors
ball) if

— > M.

Lemma 20. Let u be a positive measure on R such that

|x|i2 ’ §1, fOTiGSd_l.
T o]
Let A, C R? be the union of all non M-Ahlfors balls. If M is big enough, then
1
u(Aly) < 5 (R,

Proof. Let ¢ be a non negative radial C* function supported on B(0,1) with L' norm
equal to 1, and denote () = t~"p(z/t), for t > 0. Observe that for i € S;_1, the
measure iy = @y * p satisfies
ol = e o)
H oE el =l (e S

o0

Moreover, @/1“ (x) = 0 for every x € R? and p; has linear growth with some constant
depending on ¢ (since the density of y; is a C* function with compact support), and thus,

T; 2
52 ~3 H ‘ <3 H—* H RY) < 3(d — 1) ||ul].
(52 PO 2 | e (® < 3(d = 1) )
For ¢t > 0, denote
AR = U B.
B ball: ©,(B)>M
r(B)>t

Notice that if 7(B) > ¢, then p(2B) > pu(B) and thus ©,,(2B) > ©,(B)/2. Then by the
preceding remark, if B is one of the balls appearing in the union that defines Aﬁ“,

L M? L M?
(53) p(MtLQB)ZC1ITM(2B)ZC117N(B)-
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By the 5r-covering lemma, there exists a family of non M-Ahlfors balls (for u), Bj,
J € I, such that the balls 2B; are disjoint, and

Ah, | J10B;.
Jjel
Moreover, the balls B; can be taken so that aB; is an M-Ahlfors ball for each a > 2 (just
by considering maximal balls in the union that defines A, ,). So we have
Then, by (53) and (52),

40 C1
p(Aly,) <D p(10B)) 10 u(B)) < 5 > plue2B))
Jjel J€el Jjel

40 C1 120(d — 1) C1
<200y < 2 ey

So if M is chosen big enough, M(Al]t/[,t) < u(R%)/2, and letting t — 0, the lemma follows. [

Remark. Lemma 19 and Lemma 20 also hold in R? replacing Menger curvature by the
permutations of the kernel x?”_1/|x|2”, 1 <i <2 n>1,and the kernel z;/|z|? by the
kernel "' /|x|?", respectively, because in [ChMPT] we proved David-Léger’s theorem

with these permutations instead of the usual curvature.

6. SOME REMARKS ON RELATED CAPACITIES

6.1. Extensions of Theorem 1 to other capacities. For n > 1 and 1 < j < 2, we
set K7'(z) = :Uf-”*l/|a:|2”. For n, m > 1 and each compact set £ C R? we define the
following capacity:

nm(E) = sup{|(T, D]},
the supremum taken over all distributions 7" supported on E with potentials 7" x K7 and
T x K5 in the unit ball of L>(R?).

Using the same arguments as in Lemma 10, one could show that each function f(x)

with continuous derivatives up to order one is representable in the form
f(@) = (o1 % KT)(2) + (p2 % K3")(2), x € R?,

where the functions ¢;, i = 1,2, are defined by the formula ¢;(x) = S;(0;f)(x), with S;,
1 < i < 2, being Calderén-Zygmund operators. Moreover the localization result of Lemma
14 and the outer regularity property of Lemma 16 also apply in this setting. Therefore,
using the same techniques, one obtains the comparability between analytic capacity and
Yn,m, nNamely that there exists some positive constant C' such that for all compact sets E
of the plane

0_17n,m(E) < 'Y(E) < C'Ymm(E)

In fact, following the proofs in [T2] and [T3] (see also [MPrVe]), one can show that for
compact sets E C R?, a given capacity (associated with some Calderén-Zygmund kernel
K with homogeneity —1) defined as

i (E) =sup{|(T,1)| : T distribution , spt ' C F, ||T" % K||oo < 1},
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is comparable to the analytic capacity «(E) provided the following properties hold:

e The symmetrization method: one has to ensure that when symmetrizing the kernel
K (as in (16)) the quantity obtained is non-negative and comparable to Menger
curvature.

e The localization property: we need that our kernel K localizes in the uniform
norm. By this we mean that if 7" is a compactly supported distribution such that
T % K is a bounded function then ¢T x K is also bounded for each compactly
supported C! function ¢ and we have the corresponding estimate.

e The outer regularity property (see Section 4).

6.2. Outer regularity and finiteness of the capacities 7. and ~2. Motivated by
[MPrVe| and [ChMPT], we introduce now capacities related to only one kernel, K; =
z7"1/|z|?" n € N. For 1 <i < 2, we set

Tn(E) = sup (T, 1),
the supremum taken over those real distributions T' supported on E such that the potential
K; % T is in the unit ball of L*°(R?).
It is clear from the definition that for each compact set £, 1 <14 < 2,

m(E) < 7(E).
Little is known about these capacities 7%, (E), because a growth condition like (5) (see also
(40)) cannot be deduced from the L>*—boundedness of only one potential (see Section 5 of
[MPrVe]| for some examples on this fact for the case n = 1). We show that these capacities
are finite and satisfy the outer regularity property. For this, we need the reproduction
formula stated below.

Lemma 21. If a function f(x1,x2) has continuous derivatives up to order 2, then, for
1 <1 <2, it is representable in the form

(54) f(z) = (pi * K;) (),
where
(55) ipi = Si(Af) = cAf + Si(Af),

for some constant ¢ and the operators S;, §Z as in Lemma 10.

Proof. Without loss of generality fix ¢ = 1. By Lemma 12, we know that

&1

(56) Ki(€) = P (€L &)

where p(&1,&2) is a homogeneous polynomial of degree 2n — 2 with no non-vanishing zeros.
Let S7 be the operator with kernel

1= e
By [Du, Theorem 4.15, p.82] (see also the proof of Lemma 10), since the polynomial p has
no non-vanishing zeros, the operators S;, 1 < i < 2, can be writen as S; = cid +§i, were
Sy and S, are Calderén-Zygmund operators.
Now taking Fourier transform on (55) with i = 1, we obtain

|£|2n—2

~ o 27
61%01(5) - |§‘ f<§)p(€1,€2)7
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which together with (56) gives

7(6) = e <s>|§§np<a,52> — BORA ().

Therefore the lemma, is proven. O

In [MPrVe] it was shown that for a square Q C R?, the capacities 7{, 1 <14 < 2, satisfy
71 (Q) < Cl(Q). We will now extend this result to the capacities v}, 1 <i <2 and n > 1.

Lemma 22. For any square Q C R? and 1 < i < 2, we have 7% (Q) < CU(Q).
Proof. Without loss of generality assume ¢ = 1. Let T be a distribution supported on @
such that the potential K1 x T € L®(R?). Write Q = I; x 2, with I;, 1 < j < 2, being

intervals in R, and let pg € C5°(2Q) be such that [¢glle < C, |[Veole < C U(Q)71,
IV2¢qllee < C Q)% and

0q(z) = p1(x1)pa(x2),

with p1(21) =1 on I, p1(x1) =0 on (217)¢, f_oooo 01 =0,02>0,p3=1o0n Iy and g2 =0
on (2I,)°.

Since our distribution T" is supported on @, using (54) with f and ¢; replaced by g
and v respectively,

(T, D = KT, p@)| = [(Ky + T, )| < [[ K1+ Tllooll]]1,

where (z1,22) = [*! Apq(t,x2)dt + [*] Si(Apg)(t, x9)dt. Therefore, the lemma will
be proven once we show that [|]1 < CI(Q).

Set Yy (x1,x2) = fféo Apq(t,z2)dt. Notice that since the support of g is 2Q) and
ffooo 1 = 0, then the support of ¥; is also 2Q) and writing 2I; = [a, b], we get

T
[l < vl + /2 o) / o1 (8)dt| derdas < CUQ).

Set ho(x1,22) = [T1 §1(A¢Q)(t,x2)dt and let K(z) = K (z1,%3) be the kernel of Sj.
Then,

ol = [ Wotlde+ [ ool

S/ dm+/
3Q (3Q)c

=A+B.

x1
/ (K * Apg)(t, z2)dt| dz

—00

/xl (K * A(pQ)(t, 1‘2)dt

—00

Recall that @ = I x Iy and write 3I; = [21, z2]. Then
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dx

B /
(3Q)°

<)

- JBQ)°
1<21

x

* i

T1>22

/xl (K % Apg)(t, wa)dt

—00

/ YK 5 Ago)(t w)dt

—0o0

x1
o [3Q>C ’/_OO(K * Q) (t, w2)dt | d

;B1E[Z1,22}

dr = By + By + Bs.

/xl (K * Apg)(t, z2)dt

— 00

We deal now with By. By Fubini and standard estimates for the kernel of a Calderén-
Zygmund operator we get

B =
! %3@)“

r1<21

o1 dt
<C ———dwd
- %32)0 /2Q ’¢Q(w)| /—oo |w - (t,$2)|4 v
r1<21

dx

/ UK % Apo) ()t

—0o0

z1 dt
< 2 _ .
< ClQ) /(32)6 /_OO \(t,xz)]4dw dx
r1<21

Using that
/x1 a O
oo |t m2) [t T [
we get
B, < CI(Q)? / M oQQ) = ClQ)
(3Q)e |zl

Now we split By in two terms:

B = |
(3Q)°

A+ fsq)

x1€[21,22]

/ K 5 Ago)(t, z)dt

—00

a1
/ (K * Apq)(t, z2)dt| dx.

21
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The first term above is B; with x1 replaced by z;. For the second term in B, say Bao, we
use Tonelli and estimates for the kernel of a Calderén-Zygmund operator. Then we obtain

T1

Bo2 = [0 (K * Apg)(t, x2)dt| dx
xlE[ZhZz] ?1

/ / [pQ(W)|[AK (w — (t,x2))| dw dt dx

x16[z1,22] #1

“ dt

SO/ ¢ / pelw / —— dwdx
8 LY M ey s

< CUNQ)PQ) ™ =ClQ).

S ~
To deal with Bs, notice that since / S1(Apqg)(t, z2)dt = 0, one has
—0o0

/xl (K * Apg)(t, wa)dt = — /OO(K ¥ Apo)(t, 2)dt,

—00 T

so one argues as above.
We are now left with the term A. Recall that 317 = [z1, 22] and write

-
3Q

dzr

/xl (K * A(pQ)(t, sz)dt

—00

1
< é@ / (K * Apq)(t, z2)dt d:c+/ ‘/ (K * Apg)(t, v2)dt| dv
1<z 0T 21€[21,22]
1
+ AQ / (K * Apg)(t, x2)dt| dr = Ay + Ay + As.

xT1>29

By Fubini and standard estimates for the kernel of a Calderéon-Zygmund operator, we

obtain
Ay = /

r1<21

C/ / |Apg(w |/ \w— (t.72) ———dwdx

xr1<2z1

/ / Ao (w) K (w — (t, z9))dwdt| dz

<C/ —gCl
o ||
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Now we split As in two terms
Z1
A2:/ / (K*A@Q)(t,xg)dt‘dwﬁ-AQ
3Q

1
/ (K * Apq)(t, z2)dt| do
o z1€[21,22]
= Ao + Ag.

21

The term Asy is treated as A; with x; replaced by z1. For Ass, we use Tonelli, the
Cauchy-Schwarz inequality and the fact that Calderén-Zygmund operators are bounded
in L?. Then we get,

Agy < / / /
31, J31, J3n
/3[1 /3[2 /3[1

<CUQ) 1S1(A¢q) i 3g) < C UQ)? [Apqgll2 < CUQ).
The estimate of Ag is obtained similarly to Bs. O

§1(A¢Q)(t, 1‘2)’ dt d:L'1 d:l?z

§1 (A@Q)(t, .’L'Q)‘ dt dSCQ dCCl

As a consequence of the above result we have
Corollary 23. For any compact set E C R? and 1 <1i <2, v'(E) < Cdiam(FE).

We show now that the capacities 75, 1 < i < 2, satisfy the exterior regularity property,
like the 7, (see Lemma 16).

Lemma 24. Let {Ey}i be a decreasing sequence of compact sets in R2, with intersection
the compact set E C R%2. Then, for 1 <i <2, ~.(E) = klim Yo (Eg)-
— 00

Proof. Without loss of generality set i = 1. Let us see that limg_,o V. (Er) = 7L (E).
Clearly, the limit exists and limy_so 7. (Ex) > 7. (FE). To prove the converse inequality,
let T}, be a distribution supported on Ej such that fp = K; % T} is in the unit ball of
L>(R?) and

1
o (Eg) — %< (T, 1)] < 7 (Eg).

By taking a subsequence if necessary, we may assume that fi converges weakly * in L>(R?)
to some function f such that || f|lc < 1.

We will show that T} converges to some distribution 7" such that T % K7 is also in the
unit ball of L>(R?). Then

’leL(E) > <T7 1) <Tk7 1> = kh_g.lof)/rlz(Ek)v

= lim
k—o0
and we will be done.
Let us first check that the limit of {7} }; exists in the topology of distributions. This
is equivalent to saying that, for any ¢ € C2°(R?), the limit limy_, oo (Tk, ) exists. To this
end, let u be a vector of the form v = (uy,0) such that

supp(¢(- —u)) NUL(E) = 2,
where U (F) denotes the 1-neighborhood of E. In this way, for k big enough,
(Tk, ) = (Th, 0 — (- — w)).
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It is easy to check that there exists a function 1 € C2°(R?) such that 919 = ¢ — (- — u).
Then, using the reproducing formula (54), we deduce that

(T, 0) = (T, 019)) = (T, S1(AY) * K1) = (T}, * K1, S1(Av)),

which is convergent, since S1(Av) € L'(R?) arguing as in Lemma 13, and f;, = T}, * K1 is
weak * convergent in L>(R?).

To see that T = K7 is in the unit ball of L°(R?), we take a radial function y € C*°(R?),
[ x =1, supported in the unit ball and, as usual, we denote x.(z) = ¢ 2y(¢~'x). Then it
is enough to prove that x. * 7 * K1 is in the unit ball of L>(R?) for all € > 0. This follows
easily: denoting K§ = x. * K1, for each z € R?, we have

Ty » Ki(z) = (T), Ki(z —-)).
Notice moreover that || Ty * K ||oo = ||Ixe * (Th * K1) ||oo < 1. Now, let 1y € C2°(R?) be such

that it equals 1 in Uy (E), so that T} = 1y T} for k big enough. Then
Tj, + Ki(x) = (Yo Th, Ki(x =) = (Th, tho Ki(z =),

which converges to (T, ¢ Ki(x —)) = (T, K{(x —-)) = T %« K{(x) as k — oo. Since
|Ty, « K§(z)| <1 for all k, we deduce that |T"x K{(z)| < 1 as wished, too. O

Remark. With little additional effort one can show that 7'« K1 = f in the above proof.
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