THE STRONG GEOMETRIC LEMMA IN THE HEISENBERG GROUP

VASILEIOS CHOUSIONIS, SEAN LI, AND ROBERT YOUNG

ABSTRACT. We prove that in the first Heisenberg group, unlike Euclidean spaces and
higher dimensional Heisenberg groups, the best possible exponent for the strong geo-
metric lemma for intrinsic Lipschitz graphs is 4 instead of 2. Combined with earlier
work from [CLY22b] and [CLY22a], our result completes the proof of the strong geomet-
ric lemma in Heisenberg groups. One key tool in our proof, and possibly of indepen-
dent interest, is a suitable refinement of the foliated coronizations which first appeared
in [NY22].

1. INTRODUCTION

According to Rademacher’s theorem, Lipschitz surfaces in R” infinitesimally resem-
ble planes. However, for some more global questions, like the boundedness of singu-
lar integrals, the information we get from Rademacher’s theorem is too qualitative. To
answer these questions, we need to know that Lipschitz graphs can be effectively ap-
proximated by affine planes “at most places and scales.” The traditional way to quantify
such a statement is via the notion of f—numbers, introduced by Jones in [Jon89, Jon90].
Since Jones’s work, f—numbers and several variants have played an important role in
geometric harmonic analysis and geometric measure theory in R” as well as in other
spaces [0ki92, Sch07, LS16a, LS16b, FFP07, CLZ19, Li22, DS17, CLY22b, CLY22a].

Given E c R" and a ball B(x, r), the m-dimensional f—number is defined as

B r) :iILlfr’m/ d(y,L)
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where L is taken over all m-dimensional planes and #"" denotes the m-dimensional
Hausdorff measure. We say that Sg(x, r) measures how flat E N B(x, r) is. This function
is scale-invariant in the sense that §;g(tx, tr) = Bp(x,r) for all £ > 0. By a fundamen-
tal result of Dorronsoro [Dor85], if E is an m—dimensional Lipschitz graph, then the
squares of the f—numbers satisfy the following Carleson-type condition: thereisa c >0
depending only on the Lipschitz constant such that

R
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This is known as the strong geometric lemma with exponent 2.

The strong geometric lemma for Lipschitz graphs has been one of the cornerstones
of the theory of uniform rectifiability, which was originally developed by David and
Semmes in the early 90s. In particular, an Ahlfors m-regular subset of R" is called uni-
formly m-rectifiable if and only if it satisfies (1) for some ¢ > 0. David and Semmes in
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[DS91, DS93] introduced an extensive suite of geometric and analytic notions in order
to provide various characterizations of uniformly rectifiable sets in Euclidean spaces.
They thus provided a rich and influential geometric foundation for the study of singular
integral operators on lower dimensional subsets of R".

In the last 20 years there have been systematic efforts toward the development of
geometric measure theory on sub-Riemannian spaces, see e.g. the lecture notes [SC16,
Mat23] for some recent surveys. Much of this effort focuses on Carnot groups, a class
of nilpotent Lie groups that admit dilations (maps that scale the metric by a constant).
Indeed, by a result of LeDonne [LD15], Carnot groups are the only locally compact ge-
odesic spaces which admit dilations and are isometrically homogeneous. This makes
these groups ideal environments to study geometric and analytic questions involving
many different scales. The simplest examples of nonabelian Carnot groups are the
(2n + 1)-dimensional Heisenberg groups Hj,.

To introduce meaningful notions of rectifiability in H,, (or any other Carnot group),
one should first come up with the analogue of a Lipschitz graph in that setting. This
is rather subtle because, for example, Heisenberg groups cannot be viewed as Carte-
sian products of subgroups. One might consider Lipschitz images R* — H,,, but this
approach only works when k < n. Ambrosio and Kirchheim [AKO00] proved that any Lip-
schitz image f(R¥) c H, has vanishing #*—measure for k > n. Therefore one should
introduce a notion of intrinsic graphs fitting the sub-Riemannian group structure. This
was achieved by Franchi, Serapioni, and Serra Cassano in [FSSCO06]. Similarly to Eu-
clidean Lipschitz graphs, intrinsic Lipschitz graphs in H,, satisfy a cone condition, which
will be defined in the next section.

Intrinsic Lipschitz graphs feature prominently in the newly emerging theories of low-
codimensional rectifiability in Carnot groups [MSSC10, FSSC11, Vit22, SC16]. One rea-
son for this is that, like Lipschitz graphs in R”, intrinsic Lipschitz graphs in H,, satisfy
a version of Rademacher’s theorem; they infinitesimally resemble planes almost every-
where [FSSC11]. As in R”, answering questions about singular integrals and uniform
rectifiability in H,, requires more quantitative bounds, which has led to the study of var-
ious notions of quantitative rectifiability in intrinsic Lipschitz graphs [CFO19b, NY18,
NY22, FOR20, Rigl9, CLY22b, CLY22a].

Broadly speaking, the aforementioned works seek to obtain quantitative bounds on
how intrinsic Lipschitz graphs can be approximated by vertical planes and vertical sets.
As in the Euclidean case, these works are partly motivated by a singular integral opera-
tor which can be viewed as the natural analogue of the the (Euclidean) 1-codimensional
Riesz transform. Notably, and as in R”, this new singular integral is related to removabil-
ity for Lipschitz harmonic functions in H,, see [CFO19a, FO23, CLY22a].

One of the key objects in the study of uniform rectifiability in Heisenberg groups is
the following codimension-1 version of the f—numbers. For E cH,,x € H,, and r > 0,
we define

) Be(x,r) = inf r=2"7! / =22 42 (y)
LeVP B(x,r)nE r y

where VP denotes the set of codimension-1 planes which are parallel to the z-axis. Note
that the quantities Sg(x,r) are scale-invariant since Bs, ) (6¢(x), tr) = Bg(x,r) for any
¢t > 0. We record that an L, version of the codimension-1 f—numbers in the Heisenberg
group was introduced in [CFO19b], where a weaker qualitative (Heisenberg) analogue
of (1), known as the weak geometric lemma, was obtained for intrinsic Lipschitz graphs
inH,.
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In [CLY22b] we established the direct analogue of the strong geometric lemma with
exponent 2 for intrinsic Lipschitz graphs in H,, for n = 2.

Theorem 1.1. [CLY22b] Let n = 2, T" be an intrinsic Lipschitz graph in H,,, and L be its
intrinsic Lipschitz constant. Then, forany y €I and any R > 0,

K 2 on+1, ., dr 2n+1
(3) / / Br(x,r)*dA#" " (x)— S R
0 JBRAT r

However, in [CLY22a] we showed that unlike the Euclidean case, the strong geometric
lemma fails in H; for all exponents s € [2,4).

Theorem 1.2. [CLY22a] There exist a constant L > 0, a radius R > 0, and a sequence of
L-intrinsic Lipschitz graphs (I ) nen inHy such that0 €T, for all n and

n—oo

. R s 3 dr
4) lim Pr, (x,r)* dF” (x)— = +oo
0 JBO,RNT, r

forallse(2,4).

In this paper we complete this line of research by showing that the strong geometric
lemma holds in H; with exponent 4. Our main theorem is the following:

Theorem 1.3. Let I be an intrinsic Lipschitz graph in H, and L be its intrinsic Lipschitz
constant. Then forany y €T and any R >0,

R dr
(5) / / Br(x,n* d#°(x)— <1 R°.
0 JB(y,RNT r

Theorem 1.3 will follow from a bound on intrinsic Lipschitz functions. Any intrinsic
Lipschitz graph I' can be written as the graph of an intrinsic Lipschitz function y: Vy —
R, where 1} is the xz-plane. In Section 3, we define the y-numbers of v, yp, (v, r) for
p >0, ve Vg, and r > 0, which are parametric versions of f—numbers. They measure
how well ¥ can be approximated (in Lj) by an affine function on an r-neighborhood of
v. In Section 3, we will reduce Theorem 1.3 to Proposition 3.3, which says that if ¢ is an
intrinsic Lipschitz function and ¥ (0) = 0, then

K 4 dr 3
(6) / / Yau(x, 1) —dx St R,
VonB(O,R) J0 r

where L is the intrinsic Lipschitz constant of v.

We prove (6) by using the foliated corona decompositions constructed in [NY22].
These decompose an intrinsic Lipschitz graph into rectangular regions called pseudo-
quads, whose aspect ratio depends on the shape of the corresponding intrinsic Lipschitz
graph. At points and scales where the graph is flat, the pseudoquads are short and wide
(large aspect ratio), and at points where the graph is bumpy, the pseudoquads are tall
and skinny (small aspect ratio).

The decomposition satisfies a weighted Carleson condition, which bounds the total
size of the pseudoquads in the decomposition, weighted by the inverse fourth power
of the aspect ratio (see Definition 2.12). This parallels the construction of bumpy sur-
faces in [NY22] and [CLY22a], where Theorem 1.2 was proved by constructing surfaces
with bumps with large aspect ratio. Each bump increases the area of the surface in pro-
portion to the inverse fourth power of its aspect ratio, which leads to the exponent 4 in
Theorem 1.2. The proof of Theorem 1.3 relates the geometry of a foliated corona de-
composition to the f—numbers of the associated graph and uses the weighted Carleson
condition to prove the inequality (5).
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Theorems 1.1 and 1.3 raise questions about definitions of uniform rectifiability in
Heisenberg groups and the relationship between different notions of rectifiability. For
example, in R”, uniform rectifiability can be defined in terms of sets with big pieces
of Lipschitz graphs (BPLG) [DS93]. We can define an analogous big pieces of intrinsic
Lipschitz graphs (BPiLG) condition for sets in the Heisenberg group, see [CFO19b]. A
(2n+1)-regular set E < H,, has big pieces of intrinsic Lipschitz graphs if there exist con-
stants L € (0,1) and ¢ > 0 with the following property: for all x € E and 0 < R < diam(E),
there exists an L-intrinsic Lipschitz graph I" and an isometric automorphism p: H, —
H,, such that

A"V ENp(T) N B(x,R) = cR*"L,

In [DS91, Part IV, Chapter 1] David and Semmes proved stability results for (strong
or weak) geometric lemmas that show how to extend geometric lemmas from Lipschitz
graphs to BPLG sets. It then follows by [DS91, Part IV, Chapter 1, Theorem 1.3] and
Theorems 1.1 and 1.3 that if E < H,, is a BPiLG set then

R
d

(1) / / B (x, )P daen+L () <L <. R*"*!forye E,R>0,
o JBy.RINE r

where p(1) =4 and p(n) =2 for all n = 2. We note that although [DS91, Part IV, Chapter
1, Theorem 1.3] is formulated only for Euclidean spaces, its proof can be reproduced
almost verbatim in Heisenberg groups and we omit the details. In R", Ahlfors-regular
sets satisfying (1) with exponent 2 have big pieces of BPLG sets; it remains open whether
Ahlfors-regular sets in H; or H,, that satisfy (7) have big pieces of BPiLG sets.

Finally, one can generalize some of these questions to subsets of other Carnot groups
of other dimensions. For instance, quantitative rectifiability of 1-dimensional subsets
of Carnot groups has been studied in [Li22, CLZ19], where relative beta numbers where
introduced in order to study the travelling salesman problem and its connections to
singular integrals. Little is known, however, about quantitative rectifiability for higher-
dimensional subsets, even surfaces in H,, with topological dimension between 2 and
2n-1.

Similarly, though one can define intrinsic Lipschitz graphs in arbitrary Carnot groups
(see [SC16, Section 4.5]), and these objects play an important role in rectifiability, the
quantitative rectifiability of these graphs has not been systematically studied. For in-
stance, given p € N, is there a Carnot group G such that intrinsic Lipschitz graphs in G
satisfy an analogue of (5) only for exponents greater than or equal to p?

1.1. Outline of paper. In Section 2, we give some basic definitions and theorems that
we will use in the rest of the paper. We also recap the results of [NY22] on foliated corona
decompositions. In Section 3, we prepare to prove Theorem 1.3 by reducing (5) to an
inequality involving the intrinsic Lipschitz function v that parametrizes I'.

In order to use foliated corona decompositions to prove Theorem 1.3, we must im-
prove some of the bounds from [NY22]. To achieve this, we first (in Section 4) intro-
duce foliated coronizations and paramonotone-stopped foliated coronizations (PSFCs),
which are decompositions with some convenient additional bounds. Then, in Section 5,
we prove a bound on the L, distance between a pseudoquad in an intrinsic Lipschitz
graph and a plane. This improves the corresponding L; bound in [NY22]. Finally, in
Section 6, we prove Theorem 1.3.

Acknowledgements. We would like to thank Assaf Naor, Tuomas Orponen, and Katrin
Féssler for helpful discussions during the course of this work. We would also like to
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thank the referees for their careful reading of this paper and for pointing out some errors
in an earlier draft.

2. PRELIMINARIES

2.1. The Heisenberg group. The Heisenberg group H :=H; is the nonabelian Lie group
whose elements are points in R® and whose group operation is given by

! /
8) (x,1,2(x,y,z) = x+x’,y+y’,z+z’+M .
The identity element is 0 := (0,0,0) and the inverse of v = (x, y, 2) is the element vl=
(—x,—y,—2). Let X =(1,0,0),Y = (0,1,0),Z = (0,0,1) € H and let x,y,z: H — R be the
coordinate functions. Given any p € H, p # 0, we will denote by (p) the one-parameter
subgroup containing p; in these coordinates, (p) is the subspace spanned by p. This
lets us write w’ = tw for w € H and ¢ € R; when € Z, this agrees with the usual notion
of exponentiation.

The center of the group is (Z) = {(0,0, z) : z € R}. An element p € H such that z(p) =0
is called a horizontal vector, and we denote by A the set of horizontal vectors. Let 7: H —
R? be the projection 7(x, y, ) = (x, y).

The Kordnyi metric on H is the left-invariant metric defined by

dxor(p, ) = 1p7 P llkors

I1(x, 3, 2 llkor := 1/ (X2 + y2)2 + 1622,

We note that the family of automorphisms: s;: H—H, f € R,

where

si(x,y,2) = (tx, ty, t2),
dilate the Koranyi metric; for £ = 0 and p, g € H,
dxor (s:(p), $:(@)) = tdyor(p, q).

Let I c R be an open interval. The map y: I — H is a horizontal curveif xoy,yoy,zo
y: I — Rare Lipschitz (and thus Y’ is defined almost everywhere on I) and

d -1

o [y 'y®)]|,, €A

for almost every ¢ € I. Cosets of the form L = v{(aX + bY) where (a,b) € R2\ {(0,0)}
and v € H, are called horizontal lines. The slope of a horizontal line L is the slope of its
projection n(L), i.e., if L = v{(aX + bY), then slopeL = % when a # 0 and slope L = co
when a = 0.

Aplane parallel to the z—axis is called a vertical plane. Note that if V is a vertical plane,
the projection (V) is a line and we define the slope of V as slope(V) := slope(n(V)). We
will frequently use the vertical plane Vj := {y = 0}.

We let IT: H — Vj be the (nonlinear) projection along cosets of (Y) given by I1(v) =
vY Yy e H. Equivalently,

1
H(x) y) Z) = (x,O,Z— Exy) .
Although IT is not a homomorphism, it commutes with the dilations s;:
(s (1)) = s, (I1(v))
forallveHand feR.
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We will frequently use II-projections of balls. For p € H and r > 0 we define
Vip,r)=1I(B(p, ).
Then V(p, r) is shaped like a parallelogram in Vj, with slope depending on y(p).
Lemma2.1. Foranyr >0 and p €H, let (xp,0, z9) =[1(p) and let
D(p,r) =1{(x,0,2) : |x—xol = 1,12 — 20 + y(P)(x — X0)| = r2}.
Then
9) D(p, )< V(p,r)=D(p,n).

Proof. We first consider the case p = 0. If g € B(0,r), then I1(g) = qY Y% € B(0,2r)n
V. In particular, |z(I1(g))| < r2. Since x(Il(q)) = x(q) € [-r,r], this implies V(0,r) c
D(,7) = [-r,r] x0x [-r?,r?].

Conversely, if p € D(0, ), then

a4 ry4
“p"Kor = \/ (Z) + 16(2) <r

so D(0,7) < B(0,r)n Vo < V(0,1).

For any p, g € H, we have I1(pq) = p-qY V@ . Y VP = TI(pIl(qg)), so

Vip,r) =II(B(p,r) =1l(pB(0,r)) =11(pV(0, 1)),

so, by the above, II(pD(0, })) < V(p,r) cTI(pD(0,1)). For any g € H,

(pq) = pqy—y(l?)—y(q) — py—y(l’) . Yy(l’)(qy—y(q])y—y(ﬁ) =M(p)- yy(P)H(q) y v,
In particular, if we write p = (xo,0, zg) Y? (P then

(pD(0,r)) = (x0,0,2)- Y'PD(0,r) Y ¥P.

By (8), YYP)(x,0,2)Y VP = (x,0,z - xy(p)), so II(pD(0,r)) = D(p,r). Thus, D(p, Y c
V(p,r) € D(p,r), as desired. O

2.2. Intrinsic Lipschitz graphs and characteristic curves. Intrinsic graphs and intrin-
sic Lipschitz graphs are classes of surfaces in H that play an important role in the study
of rectifiability. Similarly to [CLY22a] we will define intrinsic graphs in terms of func-
tions from H to R that are constant along left cosets of (Y). In particular, if ¢p: H — R is
constant on cosets of (Y), the intrinsic graph of ¢ is the set

(10) Tp={wY?V:veVpl={peH:d(p) = yp)}

(Many authors call these entire intrinsic graphs and use “intrinsic graph” to refer to sub-
sets of I'y.) A function ¢: H — R that is constant on cosets of (Y) is determined by its
values on Vj, so intrinsic graphs can also be defined as graphs of functions from V; to R,
as in the first part of (10).

Note that left-translations and dilations of intrinsic graphs are also intrinsic graphs.
We parametrize I'y by the map Wy: H— Ty,

Yy (p) = pytb(p)—y(p).

This map projects H to I'y along cosets of (Y), and if ¢ is continuous, it is a homeomor-
phism from Vg to I'.
For 0 < L < 1, the open double cone is defined as

Coney = {p e H: dior (0, p) < L y(p)I}.
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This is a dilation-invariant set, and when L is close to 1, it is a small neighborhood of
(Y)\{0}. An L-intrinsic Lipschitz graph is an intrinsic graph I'y such that p Cone; nI'y =
¢ for all p € T'y. Equivalently, I'y, is L-intrinsic Lipschitz if and only if Lip(yIr,) = L. We
say that a function ¢: H — R is is an L-intrinsic Lipschitz function if it is constant on
cosets of (Y) and I'y is an L-intrinsic Lipschitz graph. (Again, some authors refer to I'y
as an entire intrinsic Lipschitz graph. By Theorem 27 of [NY18], any subset of H that
satisfies the cone condition above can be extended to an entire intrinsic Lipschitz graph
with the same intrinsic Lipschitz constant.)

If Ac Vyis aBorel set and f: A — Ris a Borel function, | A| will denote the Lebesgue
measure of Aand [, f(x)dx will denote the integral with respect to the Lebesgue mea-
sure. We will denote by % the 3—-dimensional Hausdorff measure on H taken with
respect to the Koranyi metric. The following lemma is well known, see e.g. [FS16] and
[CLY22a, Lemma 2.8].

Lemma 2.2. Let0 < L <1 and T be a L-intrinsic Lipschitz graph and let Ac T be a
measurable subset. Then |I1(A)| =1 A3 (A).

The following lemma will be used frequently in our proofs.

Lemma 2.3 ([CLY22a, Lemma 2.6]). Let 0 < L <1 and let w: H — R be a L-intrinsic
Lipschitz function. Let g € T'y. For any h e H,

2 2
(11 lw(g)—wh) < ﬁdKor(g, h(Y)) < ﬁdKor(g; h).
Furthermore, for any t € R and any p € H,
4/t
(12) v (p) —y(pZl < 1‘/7';'

We also record that when  is intrinsic Lipschitz and p € 'y, V(p,r) and II(B(p,r) N
I'y) are comparable.

Lemma 2.4 ([CLY22a, Lemma 2.7]). Lety be a L-intrinsic Lipschitz function, let p € T'y,
and letr > 0. Thereis a c > 1 depending on L such that

(13) Vip,c 'r) cB(p,r)nTy) < V(p,1).
In particular, if x,y € Vo and y € V(¥ (x),7), then x € V(¥ (), cr).

By Lemma 2.1, |V (p,1)| = r%, so Lemma 2.4 and Lemma 2.2 imply that T (B(p,r)n
I') = r3,i.e, I is Ahlfors 3-regular.

Given a continuous function ¥: H — R which is constant on cosets of (Y) and a
smooth f: Vy — R, we define

of of

D Ol =55 Vo
The differential operator d,, defines a continuous vector field on Vp whose x-coordinate
is 1, so the Peano existence theorem implies that there is at least one flow line of 9,
through every point of V4. Such a flow line can be parametrized by ¢ — (,0, g(¢)), where
g: I — R (where [ is an interval) satisfies

(15) g +y(t,0,g(1)=0, foralltel.

These flow lines are called characteristic curves of Ty, and we say that g has a character-
istic graph. When v is intrinsic Lipschitz, the characteristic curves of I'y, are exactly the
II-projections of horizontal curves y: I — I'y, which satisfy x(y(z)) = ¢ for all ¢ € I, see
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[NY22, Lemma 2.6]. Moreover, if ¥ is smooth then the characteristic curves of Iy, foliate
Vo. However, this is not the case if ¥ is not smooth as characteristic curves could branch
and rejoin, see e.g. [BCSC15].

The following lemma provides bounds on characteristic curves for intrinsic Lipschitz
graphs.

Lemma 2.5 ([NY22, Lemma 2.7]). Let0 < L <1 andT be an L-intrinsic Lipschitz graph.
Ify: I — Vy is a characteristic curve of I parameterized such that x(y(t)) = t and if g(t) =
z(y (1)), then we have:

(t-s)?
vi-1z 2
2.3. Foliated corona decompositions. Foliated corona decompositions were recently
introduced in [NY22] to analyze the structure of intrinsic Lipschitz graphs in H. These
decompositions partition an intrinsic Lipschitz graph I'y into rectangular regions, called
pseudoquads, on which f is close to an affine function. In this section, we summarize
the results from [NY22] that we will need in this paper.

Let I' be an intrinsic Lipschitz graph. A pseudoquad Q is a region of Vj bounded by
two vertical lines and two characteristic curves of T', i.e., a region of the form

(16) lg(t) —g(s)—g'(s)-(t—9) <

Vs, tel.

{(x,2)eVp:xel,g1(x) =z=< g(x)},

where I = [a,b] c R is a closed interval and the g; are functions with characteristic
graphs. We say that I is the base of Q and we call g; and g» the lower and upper bounds
of Q.

Let V be a vertical plane which is not parallel to the y-axis. Any such plane is the
intrinsic graph of a function of the form ¢: Vy — R, ¢(x, z) = ax+ b. We call functions of
this form vertical affine functions or just affine functions. The horizontal curves of V are
parallel lines, and their projections to Vj are parallel parabolas. We call the pseudoquads
of V' parabolic rectangles for V; they are bounded by two parallel parabolas and two
vertical lines. If

R={x,2) e Vy:x€el,hi(x) <z<hy(x)}

is a parabolic rectangle, we define the width of R to be §(R) = ¢(I) and the height to
be §,(R) = hy — hy; since the graphs of k) and h, are parallel parabolas, these functions
differ by a constant. The slope of R, denoted slope(R), is slope(V); note that, by (15) we
have

a7 kY (x) = —slope(R)

for all i and x.
For r > 0 and an interval I = [a, b], let rI be the scaling of I around its center by a
factor of r, i.e.,

rl=

)

2 2 2 2

a+b_ ré(I) a+b+ rl(I)]

For any p >0, let
pR={(x,2) € Vo: x€ pl,z€ p*[h1(x), ha (x)]}

mw+ww<&@®}
2 - 2 )

This is a rescaling of R around its center; it is a concentric parabolic rectangle which has
width 8, (pR) = pdx(R) and height 6,(pR) = pzéz(R).

={(x,z)€V0:x€pI, zZ—
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Definition2.6. ForO0<pu< 3%, a u-rectilinear pseudoquad is a tuple (Q, R), where Q is a
pseudoquad and R is a parabolic rectangle with the same base I such that, if g; and g
(resp. h1 and hy) are the lower and upper bounds of Q (resp. R), then

(18) lgi — hillLoan < uo-(R)

for i =1,2. When p = 3i2, we simply say that Q is a rectilinear pseudoquad. We often
omit R from the notation, referring to (Q, R) as simply Q.
For a rectilinear pseudoquad Q, we define slope Q = slopeR, §(Q) =d.(R), §,(Q) =

6,(R), and pQ = pR for p > 0. We also let a(Q) = \%—(TQ)Q) be its aspect ratio.

We use a square root in the aspect ratio because the distance in the Koranyi norm
between the top and bottom of Q is proportional to 1/6,(Q); this aspect ratio is scale-
invariant. Also note that 1Q = R, so 1Q # Q in general.

By the following lemma (based on [NY22, Lemma 5.3]), any pseudoquad that is suf-
ficiently tall and skinny is rectilinear.

LemmaZ2.7. LetO<L<landletO<pu< é LetT =Ty be an L-inirinsic Lipschitz graph.

Thereis a c > 1 depending on L and p with the following property.

Letv = (x0,0,29) € Vo, r>0,and h = cr?. Let Q be a pseudoquad bounded on the sides
by the vertical lines {x = xo — r} and {x = xy + r} and above and below by characteristic
curves through vZ™" and vZ". Let R be the parallelogram

R={(x,0,2) € Vo:|lx—xol = 1,12 — (20 — ¥ (V) (x — X0))| < h}.
Then (Q, R) is p—rectilinear, 6 (Q) = 2r and 6 ;(Q) = 2h. Furthermore, V(¥ (v), 1) € R.

Any rectilinear pseudoquad Q can be written in the form above with r = §,(Q) and
h=6,(Q). If a(Q) is small, then rﬁz ~ a(Q)~? is large, so there is an A = A(u, L) such that
if a(Q) < A, then Q is p-rectilinear.

Proof. After a left-translation, we may suppose that ¥, (v) = 0. Let a = a(L, ) € (0,1)
be a small number to be chosen later. We claim that if & = 2a=2r2, then (Q,R) is u—
rectilinear; this will imply that the lemma holds for ¢ = 2a~2.

Let g1, 82: R — R be the lower and upper bounds of Q, so that g;(0) = —h, g2(0) = h,
and

Q=1{(x,0,2):|x|=rand z€ [g(x), g2 (x)]}.

Since w(v) =0, we have R = [-r,7] x [-h, h].

By (15) and Lemma 2.3,

4
185 (0)] = 1y (0,0,g:(0)] < ﬁ\/ﬁ.

By Lemma 2.5, for t € [-41,47],

lgi(6)—gi )] _1( , 8L ,\ 16a  4Ld®
—_— =< - -(0)|4 < .
o RO R R T

We choose a(L, p) € (0,1) small enough that
|gi () — gi(0)| = 2uh = ubd,(R),
s0 (Q, R) is p-rectilinear. By Lemma 2.1, V(¥ (v), 1) < [-1, 1] x [-r?,r?], s0

VWy),r)cl-rr]x (—2a~%r*,2a"%r?] cR.
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A foliated corona decomposition of a graph I is based on a collection of p-rectilinear
foliated patchworks. These are similar to dyadic partitions or cubical patchworks in
that they consist of a hierarchy of partitions of I' into pseudoquads, but an important
difference is that different pieces can have different aspect ratios.

Definition2.8. Let Q be a p-rectilinear pseudoquad. A u-rectilinear foliated patchwork
for Q is a complete rooted binary tree (A, vg) such that every v in its vertex set 7 (A) is
associated to a p-rectilinear pseudoquad (Q,, R,) < Wy, Qy, = Q, and each vertex v €
V(A) is either vertically cut or horizontally cut in the following sense.

Let w and w' be the children of v, let I = [a, b] be the base of Q,, and let g; and g
(resp. h; and hy) be the lower and upper bounds of Q, (resp. R,). Recall the definitions
of 6 and §, from Definition 2.6.

(1) If v is vertically cut, then Q,, and Q,, are the left and right halves of Q,, sepa-

rated by the vertical line x = 42, Thatis,

+b
Qw:{(x,z)e W:asx< aT,gl(x)szsgg(x)}

a+b
Qw,:{(x,z)evo: sxsb,gl(x)szsgz(x)}.

Similarly, Ry = ([a, 2] x R) N Ry, Ry = (1%42,b) x R) N R,. Then §.(Qu) =

8x(Qu) = 242 and 5.(Qu) = 52(Qu) = 52(Qy).

(2) If v is horizontally cut, then Q,, and Q,, are the top and bottom halves of Q,,
separated by a characteristic curve. That is, there is a function c: R — R with
characteristic graph, a quadratic function k: R — R, and a d > 0 such that

Qu=1x2)eVy:asx<h g1(x)<z=<cx)}
Qu ={x,2)eVp:asx<bc(x)<z=<g(x)}
Ry={(x,2)eVp:a<x<bk(x)-d=<z<k(x)}
Ry ={(x,2)e Vh:a<x<bk(x)<z<k(x)+d}.
Then 6,(Qu) = 6x(Qu) = §:(Qy) and 6,(Qy) = §,(Q,) = d. Furthermore, by
the p-rectilinearity of Q,, and Q,,,
(19) max{ll(k—d) ~ g1l Lo,an, 1k = cllLyun, I (k+d) — g2l L an} < pd.

In either case, Q, = Qu U Qu, 0x(Qu) = 6x(Qu), 62(Qu) = 6,(Qy), and the two
halves Q,, and Q,,s have disjoint interiors. Let 7, (A) < 7' (A) be the set of vertically cut
vertices and let 7, (A) < 7 (A) be the set of horizontally cut vertices.

As with pseudoquads, when p is omitted, we take p = %, so any rectilinear foliated
patchwork is at least é—rectilinear.

Lemma 2.9. Let Q be a rectilinear pseudoquad. Then %Q cQc2Q.

Proof. The upper bound is Lemma 4.1 of [NY22].

For the proof of the lower bound, let R be the parabolic rectangle corresponding to
Q,letg),82: R—R, hy,hy: R— R, and kj, k2 : R — R be functions whose graphs are the
lower and upper bounds of Q, R, and %Q, respectively, and let I be the base of Q. Then
h; and k; are quadratics that all differ by additive constants and |g; (x) — h; (x)| = 3%26 2(Q)
foreach xe Iand i€ {1,2}.

We have that k) — hy = 15—852((2) = hy — ky. Thus, for each x € I, we get

k1 (x) — g1(x) 2 k1 (x) — Ay (x) — g1 (x) — A1 (x)| > 0.
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Likewise, k(x) < g2(x) forall xe I and so Q< Q. O

For any rooted tree (T, vy) and any v € ¥ (T), let € (v) = €' (v) denote the set of chil-

dren of v and let
€¢"wv= U <€w
weeE"1(v)
be the set of nth generation descendants, letting €°(v) = {v}. Let
n
¢"w) =Je W

i=0
and let 2(v) be the set of all descendants of v, including v itself. We equip 7 (T) with
the usual partial order, so that v < w if v is a descendant of w.

We record the following bounds; see [NY22, Lemma 4.5]. Recall the definitions of «,

0y, and 0, from Definition 2.6.

Lemma 2.10. Lete > 0. There is a u > 0 such that if Q is a u-rectilinear pseudoquad,
then

e 6x(Q)-6:(Q) <

(20) 1- 1+e.
10
Further, if Q is horizontally or vertically cut as in Definition 2.8 and Q' is a child of Q,
then )
1 1
el L,
2 QI 2

If Q is vertically cut, then 6(Q") = 6,(Q)/2, §,(Q") = 6,(Q) and a(Q") = a(Q)/2. If Q is
horizontally cut, then 6(Q') = 6(Q),

1 52(Q)

——€<

2 62(Q)

1
<-+e¢
2

and

V2-e< T <V2+e.

In particular, when Q is a rectilinear pseudoquad (i.e., 4 = 3% ), then these inequalities
hold fore = i.

We produce rectilinear foliated patchworks by repeatedly cutting a rectilinear pseu-
doquad into smaller pseudoquads. Any rectilinear pseudoquad Q can be cut vertically
into two p-rectilinear pseudoquads of the same height and half the width, but not every
pseudoquad can be cut horizontally. Cutting along a characteristic curve through the
center of Q might not produce two rectilinear pseudoquads, since the upper and lower
bounds of the new pseudoquads need not satisfy (18).

The main technical result of [NY22] shows that if a rectilinear pseudoquad is para-
monotone, then it can be cut horizontally into two rectilinear pseudoquads. Paramono-
tonicity is a condition based on the monotonicity introduced in [CK10]. For any in-
trinsic Lipschitz graph I" and any R > 0, there is a measure foﬂ r on Vg called the R-

extended parametric normalized nonmonotonicity. The full definition of QI{Z p can be
found in Section 8 of [NY22], but for U c V,, in R(U) measures the horizontal lines L

such that L intersects I' multiple times in an R-neighborhood of IT™! (U).
This satisfies the kinematic formula
o0
1) Y of, Sl

I‘+,2—i
i=—o00
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for any measurable U < Vj [NY22, Lem. 9.2]. Furthermore, by inspection of the defini-
tion [NY22, (155)],
RI
(22) Qs p < EQ%) R
forall R<R'.

Let Q be apseudoquad of I'. We say that I'is (1, R)-paramonotone on r Q if the density
of QF, , on rQ satisfies

of (rQ)
T+,R6 _
(23) DR T a7t
10
This condition is invariant under many automorphisms of H, and the results of [NY22]
show that paramonotone pseudoquads satisfy strong bounds on their characteristic
curves.

Proposition 2.11 ([NY22, Prop. 7.2]). There is a universal constant ry > 10 such that for
anyA>0and0<{ < 3l2, there aren = n(4,(),R = R(A,{) > 0 such that if T =Ty is the
intrinsic Lipschitz graph of f: H — R, and if Q is a rectilinear pseudoquad for T such

that T is (n, R)-paramonotone on ryQ, then:

(1) Thereisavertical plane P c H (a A-approximating plane) and an affine function
F: Vo — R such that P is the intrinsic graph of F and

IF = fllL,a0Q) - /15z(Q)'
0] 6x(Q)
(2) Letue4Qandletgr,gp: R— R besuch that {z = gr(x)} (respectively {z = gp(x)})

is a characteristic curve for I (respectively P) that passes through u. Let I be the
base of Q. Then

(24)

lgp —grili wun < {6(Q).

Note that the constants in this proposition are independent of the intrinsic Lipschitz
constant of I'.

We can thus produce a rectilinear foliated patchwork for a pseudoquad Q by induc-
tively cutting Q into smaller and smaller pseudoquads. If a pseudoquad is paramono-
tone, we cut it horizontally. If not, we cut it vertically. We then repeat the process on the
two new pseudoquads.

The resulting decomposition then satisfies certain bounds, which we describe below.

Definition2.12. For Sc ¥ (A), let W(S) = ¥ yes @(Qu) ~*1Qu |, where a(Qy) = % as

in Definition 2.6; we call this the weight of S. We say that a rectilinear foliated patchwork
A satisfies a weighted Carleson packing condition or that A is C-weighted-Carleson if
there is a C > 0 such that every v € 7 (A) satisfies

(25) W({we ¥, D) :w=v}) = ClQyl.

For any rectilinear pseudoquad R, |R| = 8 (R)0(R), so

-4

_ 8x(R) 5.(R)3
(26) W(UR) = a(R) YRl = | —= R|~ )
“ A V6.(R) | 5x(R)3

A bound on W (%,(A)) implies bounds on W (#%,(A)) and W (7 (A)).
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Lemma 2.13 ([NY22, Lemma 4.10]). Let Q be a rectilinear pseudoquad and let A be a
rectilinear foliated patchwork for Q with W (¥,(A)) < oo. Then

W, (D) S W T5(A) S WK A) +a@ QL.

Definition 2.14. A set of A-approximating planes for A is a collection of vertical planes
P,, one for each v € 7,(A), such that P, is the intrinsic graph of an affine function
ly: Vo—Rand

62(Qu)
8x(Qu)’

Definition 2.15. Let pyy > 0 and let D: R* x R* — R*. We say that an intrinsic Lips-
chitz graph T" admits a (D, pg)—foliated corona decomposition if for every 0 < u < py,
every A > 0 and every p-rectilinear pseudoquad Qg c Vj, there is a uy-rectilinear foli-
ated patchwork A for Qg such that A is D(u, 1)-weighted-Carleson and has a set of 1-
approximating planes. When D and g are not important, we simply say that I' admits
a foliated corona decomposition.

@7) 1Qul™ 1Ly = fllLy0g,) <A

Theorem 2.16 ([NY22, Thm. 7.5]). Any intrinsic Lipschitz graph admits a foliated corona
decomposition.

Thatis, let ro > 10 be as in Proposition 2.11. For every0 < L < 1 and for every0 < pu < %
and A > 0, there are D = D(L,u,A), n = n(u,A), and R = R(u, A), all positive, with the
following properties. Suppose that T c H is an L-intrinsic Lipschitz graph and Q c V is
a p-rectilinear pseudoquad for T'. Then there is a u-rectilinear foliated patchwork A for
Q such that A is D-weighted-Carleson and has a set of A—approximating planes.

1

Moreover, n and R satisfy Proposition 2.11 for { = 2,2 For all vertices v € ¥ (A), the
0

associated pseudoquad Q, is horizontally cut if and only if T is (n, R)—paramonotone on
10Q. If so, then the approximating plane P, satisfies the conclusion of Proposition 2.11.

The condition that the approximating planes satisfy Proposition 2.11 is not part of the
statement of Theorem 7.5 of [NY22], but the proof uses Proposition 2.11 to construct the
approximating planes. In Section 4, we will prove that foliated patchworks constructed
in this fashion satisfy some additional properties.

3. INITIAL REDUCTIONS

In this section, we are going to state our main result in its most general form, and
we will show how it can be reduced to a bound on a parametric L4 version of fr on a
pseudoquad for I'.

We first define L, f—numbers. For EcH,x€ E,r >0, and p € [1,00), let

. _ d(y,L)\P 3
(28) g(x,r):= inf |r 3/ (—) A7 (y)
ﬂpE LeVP B(x,r)nE r Y

1/p

’

where L ranges over the set VP of vertical planes. Recalling (2), we note that B = B1 k.
Using Holder’s inequality one easily sees that if 1 < p < g then

FP(ENB(x, r)))”’”‘”q

29) BpE(x,7) < ( =

Bqe(x,1).

In particular, if E is Ahlfors 3-regular, then B, g(x,7) < B4,g(x,7). Consequently, Theo-
rem 1.2 holds when ;1 is replaced by 8, r for p > 1.
We can now state our main theorem.
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Theorem 3.1. Let " be an L-intrinsic Lipschitz graph inH and let p € (1,4]. Then for any
yeTl andanyR >0,

R dr 3
(30) / / Bpr(x,n* —d#*(x) SLRS.
B(y,R)NT J0 r

Note that Theorem 1.3 is a special case of Theorem 3.1. We have not considered if
the range p € [1,4] is sharp, and most likely it is not. By Dorronsoro’s work [Dor85] the
strong geometric lemma for m—dimensional Lipschitz graphs (or Lipschitz functions on
R™) holds for 8, with p < oo in R? and for p < 2% inR", n > 2. Unpublished examples
of Fang and Jones show that these ranges are sharp Recently, Féssler and Orponen
[FO20] extended Dorronsoro’s techniques to Lipschitz functions from H, to R. Their
approach suggests that (30) might hold for 1 < p < 6, but we will not pursue this here.!
For any measurable function ¢ : H — R that is constant on cosets of (Y) andany p = 1
we define a parametric version of § by

=3-p
(31) (vyr)=r » inf lly-hlr,vew
Ypw e v p(V(¥y (),1))

where Aff denotes the set of vertical affine functions on Vp, i.e., functions i : Vj — R
of the form h(v) = ax(v) + b, for a,b € R and V(x,r) = II(B(x,7)). Observe that every
vertical plane with finite slope is a graph of a function in Aff.

When v is intrinsic Lipschitz, f,r, and y,, are comparable.

Lemma3.2. LetO<L<1landp=1. ThereisaC:= C(L) > 1 such that for any L-intrinsic
Lipschitz functiony: H— R, any x €H, and any r >0,

(32) Yo (6110 Sip Bpr, Py (0, 1) Sip ¥py (x,C1).

For p =1, the previous lemma was essentially proved in [CLY22a, Lemma 4.2]. For
p > 1 the proof is very similar and we omit it.

In the rest of this section, we will show that Theorem 3.1 is a consequence of the
following bound, which we will prove in Section 6.

Proposition 3.3. Let0 < L <1. Thereare0 <t <1 and cy >0 such thatif T =Ty is an
L-intrinsic Lipschitz graph and Q c V; is a rectilinear pseudoquad with a(Q) < ¢y, then

16x(Q)
(33) / / Yar(x,0)* —dx<a(Q) L1Ql.
Consequently, forany geT and R >0,
R
d
(34) / / Y4,f(x, r)4—rdng Rs.
V(g,R) JO r

Proof of Theorem 3.1 assuming Proposition 3.3. Let C = C(L) > 1 be the constant from

Lemma 3.2 and let
R 4 dr
= / / Bar(x, 1) — dA° (x).
B(y,R)INT' J0 r

1 [CLY22b], we proved Theorem 1.1 for f, 1, so (3) holds when f r is replaced by fp, with p € [1,2].

Likewise, this range is not sharp and for the same reasons it is likely that (3) holds for f, with 1 < p <

22n+1) _ 4n+2
2n+1)-2 ~ 2n-1"
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Lemma 2.2 tells us that (¥ ). (|-]) = #° onT, so

R 4 dar
ISL/ / Bar(¥r(x),r)*—dx
I(B(y,R)ND) J 0 r

32) R d
SL/ / Y4,f(x,Cr)4—rdx.
VR Jo r

Making the substitution s = Cr, we find

CR CR (34)
/ / Y, (X, ) —dx</ / Y4, (X, ) —dx<LR3
V(y,R) V(y,CR)

By (29), this implies the theorem for p € [1,4].

4. FOLIATED CORONIZATIONS

In this section, we give some definitions and propositions that make the decompo-
sitions constructed in Section 2.3 easier to use and introduce a class of decompositions
called PSFCs which have the properties of the decompositions constructed in the proof
of Theorem 2.16.

Definition 4.1. For the rest of this paper, we fix ry > 10 to be the universal constant in

Proposition 2.11. Let I" be an L-intrinsic Lipschitz graph, where L € (0,1). Let A > 0,

and let 0 < i < 7. If A iis a p-rectilinear foliated patchwork for I' with horizontally cut
0

root that is D-weighted-Carleson and has a set of A—approximating planes, we call A a
(D, u, \)—foliated coronization, or simply a foliated coronization.

Suppose that n, R > 0. If, for all v € 7(A), Q, is horizontally cut if and only if T is
(n, R)—paramonotone on ryQ,, then we say that A is (n, R)—paramonotone stopped.

Any pseudoquad with sufficiently narrow aspect ratio can serve as the root of a para-
monotone stopped foliated coronization.

Proposition 4.2. Forany0< pu < 32—2, A>0,and0< L <1, there aren =n(u,A) >0,
0

R=R(u,A) >0, &min = @min(L, 4, A) € (0,1), and D = D(L, u, A) > 0 such that
e 1, R, 19, and A satisfy Proposition 2.11 for { = u, and
o for any L-intrinsic Lipschitz graph T, if Q is a rectilinear pseudoquad for T and
a(Q) < amin, then Q is u—rectilinear andT is (1, R)—paramonotone on Q.
Furthermore, for any rectilinear pseudoquad Q c Vy in T with a(Q) < amin, thereis a
(D, u, A)—foliated coronization A of Q such that:

(1) A is(n, R)—paramonotone stopped and
(2) foreachve ¥, (A), the approximating plane P, satisfies Proposition 2.11 on Q,.

For the rest of this paper, we fix functions n = (i, 1) > 0, R = R(u,A) > 0, @min =

Qmin(L, 1, A) >0, and D = D(L, u, A) > 0 satisfying Proposition 4.2. For any 0 < u < 27
0

A>0,and 0 < L < 1, and any pseudoquad Q of an L-intrinsic Lipschitz graph T, if A is
a (D, u, A)—foliated coronization of Q that satisfies conditions (1) and (2) for the chosen
D, n, and R, we call A a (u, A)-PSFC or simply a PSFC.

Remark 4.3 (Notes on constants). While Theorem 2. 16 constructs rectilinear foliated

patchworks for u-rectilinear pseudoquads with u < 3—2, these may not be PSFCs when

u= 32r2, because the root pseudoquad may not be horizontally cut. Indeed, if Q is the
0
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root of a foliated coronization for I', then I' is (, R)-paramonotone on ryQ for n and R
satisfying Proposition 2.11, so Q must be #—rectilinean
0

It might be more general to define a PSFC as a decomposition that satisfies condi-
tions (1) and (2) for some constants 1, R, D, y, and A, but it can be hard to keep track of
so many constants. Instead, we let 77, R, and D depend on combinations of y, A, and L
as above.

In most cases, including the results in this paper, it suffices to fix y = ﬁ and A =
1. This fixes n and R as well, and there are D and a i, depending on L so that every
pseudoquad Q with @(Q) < ami, in every L-intrinsic Lipschitz graph has a (=15, 1)-

3212’
PSFC.
PSFCs satisfy some useful bounds.

Proposition 4.4. LetT be an L-intrinsic Lipschitz graph T, let Q c V, be a pseudoquad
forT, and let A be a (1, )-PSFC for Q. Let ry be the universal constant in Proposition 2.11
and let amin = &min (L, i, A) be as in Proposition 4.2. Then:
(1) ForanyveA, ifa(Q,) < &min, then Q, is horizontally cut.
(2) ForallveV(A), we have a(Q,) = min{a(Q), “T"}, and if 6x(Qy) < 6x(Q), then
a(Qy) = *5in.
(3) Supposev,w eV (A) satisfyw <v. Let0O<r' <ry. Thenr'Qy cr'Q,.
(4) For every w € ¥ (A), there is a vertical plane P,, such that if l,,: Vo — R is the
corresponding affine function, then

62(Quw)

6x(Quw)

and for any u € 4Qy,, if gr,gp,, : R — R are functions such that {z = gr(x)} (re-
spectively {z = gp,, (x)}) are characteristic curves for I (respectively P,,) that pass
through u and I, is the base of Q,,, then

(35) 1w = fllz 00, SA [Quwl

(36) lgp, — 8rll1 @1, <4u02(Qu).

When w € 7, (A), part (4) follows from Proposition 4.2.(2); the new information is that
the property still holds with weaker constants when w € 7 (A) is vertically cut.
In the rest of this section, we prove Propositions 4.2 and 4.4. First, we choose amin.

Lemma4.5. LetO<L<1andletn,r,R,u>0. There is an amin € (0,1) such that for any
L-intrinsic Lipschitz graphT, if Q is a rectilinear pseudoquad forT and a(Q) < amin, then
Q is pu-rectilinear andT is (n, R)—paramonotone on r Q.

Proof. By the remark after Lemma 2.7, there is an A depending on p such thatif Q is a
rectilinear pseudoquad and a(Q) < A, then Q is p—rectilinear.

Let i > 0 be such that 2i~1 < R6,(Q) < 21, By (22) and (21), there is a b > 0 depending
on L such that

(22) @D
Ol ro0 Q) = 2QL. ,,(rQ) < bIrQl.
Let .
Qmin = min{A, @br3n™H~1 }
By (20), [rQ| = 36 ,(Q)6.(Q) = 2r*|Q|, so if a(Q) < &min, then
O k6.0 rQ =2br°1QI = na(Q1Ql,

and I is (n, R)-paramonotone on r Q. O
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Proof of Proposition 4.2. Letn=n(u,A) >0and R = R(y, A) >0 as in Proposition 2.11 for
(=pu=< ﬁ We choose & min = @min(L, 4, A) as in Lemma 4.5.

Let Q be a pseudoquad for I with a(Q) < apjy. By Theorem 2.16, there isa D =
D(L, 1, A) >0 and a p-rectilinear foliated patchwork A for Q such that A is D-weighted-
Carleson, has a set of A-approximating planes that satisfy Proposition 2.11, and is (1, R)-
paramonotone stopped. Since @(Q) < amin, I is (n, R)-paramonotone on ryQ, so Q is
horizontally cut, and A is a (D, u, 1)-foliated coronization that satisfies conditions (1)

and (2). O

Proof of Proposition 4.4. By our choice of anjy, if v € A and a(Q,) < &nin, then T is
(n, R)-paramonotone on r¢yQ,, so Q, is horizontally cut; this proves (1).

We next show part (2), i.e., for all v € 7 (A) it holds that a(Q,) = min{a(Q), %}, and
if €(Qy) < “52, then 6x(Qy) = 6x(Q).

Let vg be the root of A. Then part (2) holds when v = vy. Suppose that v # vy and
a(Qy) < “‘Zi“. Let p be the parent of v. By Lemma 2.10, @(Qp) < @min, S0 Lemma 4.5
implies that I' is (1, R)-paramonotone on roQp.

Thus Q, is horizontally cut and a(Qp) < a(Q,) < “T“. The same argument thus
holds for Q. By induction, every ancestor a of v is horizontally cut, so 0x(Qa) =6x(Qy)
and a(Qy) < a(Qy).

In particular, taking a = vy, we find a(Q,) = @(Q) = min{a(Q), %} and 0,(Q,) =
0x(Qy,), as desired. This proves condition (2).

Condition (3) is proved for sufficiently small p in [NY22, Lemma 4.7], but inspection

of the proof shows that y < # is enough.

Finally, we show that every pseudoquad Q,, has an approximating plane that satisfies
Proposition 2.11. For each w € 7,(A), let P,, be the corresponding approximating plane
and let /,, be the corresponding affine function. These planes were chosen to satisfy
Proposition 2.11.

For w € %,(A), let m be the minimal horizontally-cut ancestor of w. Since the root of
A is horizontally-cut, such an ancestor exists. Let [, := [,;, and Py, := P,;;, and let I, be
the base of Q,,. We claim that P,, satisfies Proposition 2.11.

Every vertex v € 7' (A) with w < v < m is vertically cut, so, by Lemma 2.10, 6 ;,(Q,,) €
[362(Qm), 362(Qm)]. By Proposition 4.4.(3), 10Q,, < 10Q,p, so by (27) and Lemma 2.10,

@7 . 6,(Qm)
1, — < |, - s A
1w = Fliaa0Qu) = Hm = fllaoen = A5

<21A6,(Qm)? <3216 ,(Qu)* < 1004

1Qml

62(Quw)
6x(Quw)

1Qul.

This proves the first part of Proposition 4.4.(4).

For the second part, suppose that u € 4Q, and that {z = gr(x)} and {z = gp,, (x)}
are characteristic curves through u. By Proposition 4.4.(3), u € 4Q,,, so by Proposi-
tion 2.11.(2),

lgp, — 8Tl 1o @arm) < 162 (Qm),

where I, is the base of Q,,. Since I, c I}, and 6 ,(Q,) < 46,(Qy) (by Lemma 2.10), we
have

lgr, — 8rllL @1, <4u02(Quw),
as desired. O
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5. Lp APPROXIMATION BY PIECEWISE AFFINE FUNCTIONS

Now we prove L, bounds on the pseudoquads of a PSFC for I'y. By Proposition 4.4,
these pseudoquads have A-approximating planes, but these planes only approximate
fin L;. In this section, we will define a family of piecewise affine functions gg that
approximate f and we will bound | f — gsll, for 1< p <5.

We will prove the following proposition.

Proposition 5.1. Let T = I'r be an L-initrinsic Lipschitz graph. Let Q be a pseudoquad
of T and let A be a (u, A)-PSFC with root Q. As in Proposition 4.4, for each v € V (A), there
is an affine function 1, that approximates f on Q,. There is a ¢ > 0 depending on L, u,
and A such that for everyv eV (A) and1 < p <5,

c 6:(Qy) 1
(37) Iy = fllL,Qn = 5—P5x(Qu)|Qv|n'

We will need a few definitions. Let A be a rooted tree. A coherent set S < 7 (A) is a
subset with the following properties:

(1) Shas aunique maximal element M = max(S) € S.

2) Ifve Sand w e 7 (A) satisfies v < w < M, then w € S.

(3) If v € S, then either all of the children of v are contained in S or none of them

are.

A partition of a subset U c Vj into pseudoquads is a finite collection Qy, ..., Qx of pseu-
doquads such that JQ; = U and such that the interiors of the Q;’s are pairwise disjoint.
The following lemma (Lemma 6.3 of [NY22]) lets us use a coherent subset S c 7 (A) to
construct a partition of max(S).

Lemma 5.2. Let A be a rectilinear foliated patchwork and let S < V' (A) be coherent. Let
M = maxS8 be the maximal element of S and let minS be the set of minimal elements of S.
Let

F) = F1(S) = {p € Qp : there are infinitely many v € S such that p € Q,}
and let F> = F»(S) = Qp \ Fy. Then
(38) Qu=Fu U Qu

wemin$

and the interiors of the Qs are pairwise disjoint and disjoint from Fy. If S is finite, then
minS is a partition of Q.

We use these partitions to define approximations of f.

Definition 5.3 (piecewise-affine approximations). Let A be a PSFC for T'y. By Proposi-
tion 4.4.(4), there is an associated collection of affine functions /,,, w € 7 (A). For any
coherent set S c 7 (A), we define a function gs € Lo (Qmax(s)) as follows. Let F;, F> be as
in Lemma 5.2 and define gs so that gs|r, = f|F, and gslg,, = lwlg,, for all w € min(S);
this is well-defined away from the boundaries of the Q,,’s.

We claim that as T gets larger and larger, gr converges to f in L,. We first prove
convergence in L.

Lemma 5.4. Let A be a PSFC for a pseudoquad Q. Let v € ¥V (A) and let S c V' (A) be
a coherent subset with maxS = v. Let T, T»,--- < S be a sequence of coherent sets with
maxT;=vsuchthatTyc Toc... andUT; =S. Then

lim |87, — &sllz,Q,) =0
1—00
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In particular, there exists a subsequence 81, that converges to gs pointwise almost every-
where.

Proof. We first show that if T is a coherent set with u = maxT, then

4
(39 lgr = fllzw S1Qul3,

with implicit constant depending on the parameters of A. Let @iy be as in Proposi-
tion 4.2 and let C = min{*2, ¢(Q)} so that a(Q,) = C for all w € ¥(A) by Proposi-
tion 4.4. Let w € 7 (A). Since Q,, is rectilinear, we have |Q,| = § ;(Qu)0x(Qy), SO

2 2 2 2
62(Qu) = a(Qu) 31Qu|3 = C73]|Qyl3
and
2 1 2 1
0x(Qu) = a(Quw)31Qul3 = C31Qyl3.
Let [, be an affine function as in Proposition 4.4. Then

02(Quw) _a 4
1w = fllLQw SA Qul SACT3]Qul3.
w= L 0w 5:(Qu) Qu Qu
By Lemma 5.2,
4 1 4 1
lgr—fllnow= Y lgr—fluowsS Y. ACT31Qul31Qml <ACT31Qul31Qul,
meminT meminT

which implies (39).

Now we consider gs and gr,. Let M; = minT;. and let N; = M; \ minS. Let F;(S) and
Fy1(T;) be as in Lemma 5.2 for S and T;. Then F; (T;) < F1(S), so gr; = gs = f on Fi(T3). If
u € M;nminS, then gs = g7, = [, on intQ,,. It follows that, up to a set of measure zero,
gs and g, agree except on pseudoquads in Nj, i.e.,

lgr, = 8sliQn = 2 181, = 8sllLiQu-

ueN;
Let u € N;. Recall that 2(u) is the set of descendants of u. Let S’ = SN 2(u); this is
a coherent set containing u. Up to sets of measure zero, we have gr, = g,y = I, and
gs = 8¢ on Q. By the triangle inequality and (39),
39) .
lgr, — 8sll1yQu = 18w — 8511w = 18w = flly@u + 1 f — 85l S 1Qul3.

Let a; = maxyen; |Qul. Then, by the above,

1 1
lgr, - gslnion S Y 1Quls <a Y 1Qul=<a?Qul,
UueN; ueN;
so it suffices to show that lim; a; = 0.

Let € > 0. By Lemma 2.10, there are only finitely many w € S such that |Q,| > €.
Suppose that i is large enough that T; contains every such w. Then any u € N; has a
child u’ € S with |Q,/| < e. By Lemma 2.10, |Qy| < 4¢, so a; < 4e. Letting € go to zero, we
find thatlim; a; = 0 and thus lim; || gT; — gsllz,Q,) = 0. O

We thus consider how gs changes when we enlarge S. First, we consider adding the
children of a vertex w € min(S) to S. This corresponds to cutting a pseudoquad in the
corresponding partition into two pieces.

Lemma 5.5. Let S be a coherent set and let w € min(S). Then S’ = SU€ (w) is coherent,
supp(gs — 8s')  Qu, and

62(Quw)

5x(Qu)’

lgs— 85 lLe@u) SA
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Proof. It follows from the definitions that gs and gg agree outside of Q,,. Let u be a
child of w. Then 6 (Qy) = §x(Qy), §,(Qu) =5,(Qy), and |Qy| = |Qyl, so

62(Qu)
0x(Quw)

Note that 10Q,, is a parabolic rectangle containing Q,,, so since [,, and [, are affine
functions that are constant on vertical lines,

1w = Tull; a0y < Mw = Flln a0 + 11 f = Lull 00y S A [Qul.

”lw - lu”Ll(IOQu) - 5Z(Qw)
110Q.| 5:(Qu)’

1w =il 1000 S

Thus |1 = Lull Ly @u) S A 3502,

Let u and u’ be the children of w. Then
62(Quw)
8x(Qu)’

as desired. O

lgs— 85 1o (Quw) < maxillly = lull 1o, Quw)» 1w = L | 1o (@)} S A

Next, we consider adding coherent subsets to S. For a horizontally-cut vertex w €
74 (A) and a descendant v € 2(w), we say that v is an h—descendant of w if every vertex
on the path from w to v, except possibly v itself, is horizontally cut. If w is vertically
cut, we say that its only h-descendant is w itself. We let the h—subtree Dh(w) c9(w) to
be the set of h—-descendants of w. Note that D" (w) is coherent, and it corresponds to a
partition of Q,, into a stack of pseudoquads, all with the same width as Q.

Lemma 5.6. LetSc ¥ (A) be a coherent set and let w € min(S). Let S' = Su D" (w). Then
supp(gs — &s') © Qw and

02(Qu)

5x(Qu)’

Proof. If w is vertically cut, then S’ = S and the lemma is trivial. We thus suppose that
w € ¥4 (A). It follows from the definitions that gs and g agree outside of Q. For i =0,
let D! (w) = D"(w) N6’ (w), D!, (w) = D"(w) n €= (w), and h; = gg_ i, Then ho =
gs. l

Every pseudoquad in D"(w) has width 6x(Qy), and by Lemma 2.10, for any i = 0 and
ve Dl'(w),

Igs — 85/l Loo(@u) S A

3 i
62(Qy) = (Z) 62(Quw).
By Lemma 5.5,

3\’ 8:(Qu)
h;—h; SA[= ,
1R —hinill e ©Quw) S (4) 5 (Ou)
and so {h;} forms a Cauchy sequence in L.
By Lemma 5.4, there is a subsequence h;; that converges to gg pointwise almost

everywhere. Thus, h; converges in Lo, to gg and

3Y5AQW)<16AQM

(o]
— g <lim|h; - h <HM A (— .
185 — 85l Lo (Qu) I 1R —hollLeQuw) S i;) 1) 5.Qm ~ 5.0

O

We will use these bounds to construct a sequence of approximations of f that con-
vergesin L,. For ve 7 (A) and j =0, let

(40) Rj(1) ={weD(1):6,(Qu) 22776.:(Q)}.
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(Note that for every w € 2(v), 5 (Qu) =2778,(Q,) for some integer j = 0.) By Lemma 5.4,
the 8R;(v) CONverge to fin L1(Q,); we will show that they converge in L, (Q,) too.

We will need to estimate the weight of the descendants of v. Let P;(v) = min(R;(v)).
Then

41) Pj(w) ={we2)n¥K(A):6:(Qu) =2775.:(Qn)}.

The following Vitali-type covering lemma is proved in [NY22]. (In [NY22], it is stated

for #—rectﬂinear foliated patchworks, but all PSFCs are #—rectilinear.)
0 0

Lemma 5.7 ([NY22, Lem. 9.4]). Let A be a PSFC. For any j = 0, there is a subset V;(v) <
P;(v) such that the sets roQu, w € V;(v) are pairwise disjoint and W (V;(v)) = W (P;(v)).
It follows that

(41)

(42) W@Ww)n%0) = ) WEP;jw)= ), WVi).
j=0 j=0

This lets us bound W (P;(v)) for v € 1, (A).
Lemma 5.8. Let A be a PSFC and let v € 7,(A). Foralli =0,
W(P; (1) $2'a(Qy)™*1Qul = 2'W({v}).

Proof. For every w € P;(v), the pseudoquad Q,, is vertically cut, so I' is not (1, R)-
paramonotone on ryQ,. That is,

Q. s, 0, 70Qu) > Na(Qu)™*1Qul = 1W (1Qu).
Summing over w € V;(v) and applying Lemma 5.7, we find

WE @) =WV sn™ 3 Qs o (10Qu).
weV;(v)
The r9Q,,’s are disjoint and, by Proposition 4.4.(3), they are contained in rQ,, so, since

P .
. 1 m I
I+ 271 R6 . (Qy) S a measure,

WP ) S0 s 0y 0Q0)
22) ; _
= 2l77 IQI€+,R§X(QU) (rOQl})-
Since Q, is horizontally cut, I is (, R)-paramonotone on ryQ,, so

QI{)‘L,R(SX(QU) (rOQU) = na(QV)_4|QV|

and thus
W(P; (1) <2'a(Qy)4Qy),

as desired. O

One way to view this lemma is that since P;(v) corresponds to a partition of Q,,
|Q, I~ W(P;(v)) is the weighted average of a(Q,) % for w € P;(v). Therefore, Lemma 5.8
bounds how fast the aspect ratios of pseudoquads in A can shrink. In regions where f
is far from affine, the pseudoquads in A are vertically cut, which rapidly shrinks their
aspect ratios. We can thus use Lemma 5.8 to bound the L, distance from f to an affine
function.
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Proof of Proposition 5.1. Let Abe a PSFCandlet D, u, A, 1, and R be as in Definition 4.1.
We first consider the case that v € 7, (A) and2< p<5. Let Q = Q,. Let w =6,(Q), h =
6,(Q). (In fact, the problem has enough symmetry that it suffices to prove the proposi-
tion when 6,(Q) =6,(Q) =a(Q)=1.) Fori =20, let R; = {u € 2(v) : 6,(Q,) =2 'w} as in
(40). We consider the approximations gg, .
First, note that D" (v) = Ry, so by Lemma 5.6,

h
lgr, = lullioo@ = 18R — &t 1o (@ S A+ W
SO
hP
— 1P p_-_
”gR() lv”Lp(Q)S/l wp|Q|
Next, we compare gg; and gg,,,. We claim that
62(Qu)

6x(Qu)

Let P; = min(R;) and let € (P;) be the set of children of minimal elements of R;. These
all correspond to pseudoquads of width w2~i~!. For ¢ € €(P;), the h-subtree D"(c)
consists of pseudoquads of the same width, so D"(c) ¢ R;;1 \ R;. Conversely, if d €
Ri+1 \ R;, then d is the descendant of some ¢ € €(P;) and Q; and Q. have the same
width, so d € D"(¢). That s,

(43) &R, — 8R I L) S A for any u € min(R;).

(44) Rin=Ru |J D"o.
ce€(P;)

Let R} = R; U6 (P;) and let u € P;. By Lemma 5.5,

62(Qu)
0x(Qu)’

Let u; and uy be the children of u. By (44), gg,,, and 8ph(u;) agree on Qu;, so by Lemma 5.6,
forj=1,2,

(45) 18R = 8r 1ot S 4

0:(Qu;))  6,(Qu
46 =g = — g < o) 2=
(46) 18R = 8R Lo t@u) = 18DA(u) — StupllLeo(@up S 52(Qu) " 5:(Qu)

Since Q, = Q, U Qy,, equations (45) and (46) imply (43).
Therefore,

p p
”gRi+1 - gRi ”LP(Q) 5 Z ”gRHl - gRi ”Loo(Qu)|Qu|
uepP;

p+1 .
:APM :Ap(w271)7p+1 Z 6z(Qu)p+1'

6x(Qu)P! uep;

We bound the sum of the §,(Q,)’s using Lemma 5.8. For all i = 0, (26) implies that

ueP; 5x(Qu)3 uepP;

Then, by Lemma 5.8,

Y 6:Qu =2 ¥ wdwpy S27% w2t wien) ® 272,

uep;
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Since p = 2, convexity implies

p+l
3
Z 5Z(Qu)p+1 = ( Z 5z(Qu)3) < 2_21 hp+1
uep; UeP;
Then
IgR;.1 — &R; ”Z,(Q) < AP wPFpipD 920 By pi
AP w P E Y
ie.,
-5 6,(Q)
<A/21 371 ZzA ) .
18R — 8RNI, @ S 5. (Q)IQI

Since p < 5, this decays exponentially in i, so for any n,

n-1

18R, — lullL,@ < 18Ry — Lol + Z 18R, — 8R;llL, (@

1 o (Q)
< -
- 1—271775 5x(Q)|Q|
A 5.(Q)
T 5o P (Q)lQl ’

By Lemma 5.4, there is a subsequence so that the 8R;; 's converge pointwise almost

everywhere to f. Therefore, when v € 7, (A), we get by Fatou’s Lemma that

A 6:(Q)
S5— p 6x(Q)
When v € %,(A) and 2 < p < 5, we proceed similarly to the proof of Proposition 4.4.

Let m € 7,(A) be the minimal horizontally-cut ancestor of v. Then [, = I, 6;,(Qn) =
02(Qy), and 6, (Qp) Z 6x(Qy). By the horizontally-cut case,

A 6Z(Qm) =
-1 < 0,,|7.
”) m”L,,(Qm)N5 6x(Q )| m|

1
1f =1l Shl'njinf”gRij TP Q7.

Since p = 1, we have

p+1
0, 1 0, o 6,(Q, 1
B Qi = 22 L s 2220, 1,
X Qm 6x(Qm)T X QU
)
A 6,(Qy) 1
_ _ < 4
Iy = fllL,n < Mm = fllL,Qm S 5= 5.(Qy) QulP

This proves the proposition for 2 < p <5.
Finally, if p =1+ 0 for 6 € (0, 1), then by Holder’s inequality and (27),

1-0 20

|ll} f”Lp(Ql,) < ”ll/ f”Ll(Q )” ll/ f"Lz(Q )

( 20:Q) )n"(lﬁz(oy o ),," 5.(Qu)
~ o' 6:(Qy) " 5@
so the proposition holds for p € [1,5). O

1
1Qul?,
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6. PROOF OF PROPOSITION 3.3

In this section, we will prove Proposition 3.3. Recall that the proposition states that
there are 7 > 0 and ¢y > 0 depending only on the intrinsic Lipschitz constant L of ' =T’y
such that if Q is a rectilinear pseudoquad with a(Q) < ¢y, then

76,(Q) dr
47) / / Y4,f(x,r)4—dx§a(o),L|Q|
3Q7J0 r

where y4 ¢ (x,7) = ro infpeafr I f = RllLyvew s ,r)- Most of the implicit constants in this
section depend on the intrinsic Lipschitz constant of T', so we will write < for <; and so
on for brevity.

LetA=1and u = ﬁ where rg > 10 is the constant from Proposition 2.11. Let ¢ =

Q'min, Where anjiy is as in Proposition 4.2, and let Q be a rectilinear pseudoquad with
a(Q) < cp. Since the conclusion of Proposition 3.3 is invariant under scaling, we rescale
so that 6,(Q) =1 and 6,(Q) = a(Q) < 1. By Proposition 4.2, there is a (¢, 1)-PSFC with
root Q, which we call A.

We prove Proposition 3.3 by using this PSFC to construct a sequence of approxima-
tions of f. Fori =0, let

(48) Sii={w eV (A):8,(Qy) =272,

As noted in Definition 2.8, if w and w' are siblings, then §,(Q,) = 6 ,(Q,,). Further, by
Lemma 2.10, if v is the parent of w, then 6 ,(Q,) = §,(Qy), so S; is a coherent set. When

v € S;, Proposition 4.4 implies that a(Q,) = “(40) , SO
a a ;
(49) 0x(Q)) = (TQ)\/(SZ(Q,,) > (TQ)Z".

There are only finitely many Q,’s with width and height bounded below, so S; is finite.

Let F; := min(S;). Since S; is finite, Lemma 5.2 implies that the pseudoquads corre-
sponding to the elements of F; partition Q. By Lemma 2.10, if § ;(Q,) = 4-27% then Qy’s
children have height greater than 272 sovg F;. That s,

(50) 52(Qu) €272, 4.27%) forall w € F;.

For each i, let gs; be the approximation defined in Definition 5.3, which agrees with [,
on the interior of Q,, for each w € F;.
For x € Vg, let

7
1

oix,r)=r"% inf | gs. — h| .
ix, e 8s; Ly(V (¥ (x),1)

This is similar to y4, gs; except that the bound holds on V(¥ f(x), 1), not V(¥ gs; (x),7). By
the triangle inequality, for any x and r such that V(¥ rx),nNe<Q,

_1
(51) Ya,r(x, 1) <77418s; — fllLavew sy, m +0i(x, 7).

We will state and prove bounds on the right side of (51), then prove Proposition 3.3.
First, we use Proposition 5.1 to bound gs, — f. This will be used to bound the first
term in (51).

Lemma6.1. Fori=0,
2 lgs; = fIIL, 0 SWED,
where W (F;) is as in Definition 2.12.
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Proof. By Proposition 5.1,

62(Qu)
6:(Qu)

(52) 1w = fLyQw) < 1Qul

for all w € F;. The Q,,’s partition Q, so

5.(Qu)*
Igs,~ o= T W= flt0 S T 2:lQu) 0,1,

P it 0.:(Qu)?
Since 6,(Qu) ~2 % forall w e F;, 6;(8% ~2"'a(Qu)™" and
4 —4i -4
o 2
(M) <y 270Qu IQul g
o= ~ 2—41
weF;
as desired. .

Next, we prove the following bound on o (x, r).

Lemma 6.2. Ler Q be a rectilinear pseudoquad with 6 ;(Q) = 1 and 6(Q) = a(Q) < Amin.
Thereis a0 <t <1 depending on L such that ifr; =16 ,(Q)27" and i = 0, then

(53) / oi(x, r)*dx Sa WEF).
3Q
Before we prove Lemma 6.2, we state some lemmas that we will prove in Section 6.1.

Lemma6.3. ForanyO0<L<1and0< a<b <4, thereexists0<n <1 so that the follow-
ing holds. LetT =Ty be an L-intrinsic Lipschitz graph, and let Q be a rectilinear pseu-

doquad forT. Letinrad(Q) := min{/6.,(Q),6.(Q)} and let0 < r < inrad(Q). If V(p,nr)
intersects aQ for some p €T then V(p,nr) c bQ.

Lemma6.4. Letv,w e F;. If 6x(Qy) <64(Qy) and Qyu,n3Q, # @, then Q,, < 10Q,.
This lemma lets us prove the following bound.

Lemma6.5. Letv,w e F;. If §,(Qy) <6(Qy) and Q,N3Q, # @, then

02(Qu)
54 ly—1 < .
(54) (1 V||LOO(QW)N5X(QW)
Proof. By Lemma 6.4, Q, < IOQU, S0
@5 1 5 (Qv) 02(Qu)
! <—|f-1 < 1Qul <
IQw 1~ lnen = a0 1~ oo Gl 5200 U 5w

In the last inequality, we used the fact that §,(Q,) = §,(Q,) and so Lemma 2.10 gives
that |Qy/1Qw! = 0(Q)/0x(Qu).

Likewise,

(35) 62(Qu)
—|| Ll w = A ,

Qu ' T hwlew = A550

so by the triangle inequality,
5z(Qw)
— |l =Lyl 0 S
IQw v Qi ~ 5 (Qu)

It remains to show that |Qulllly — il 1o (Qu) Sy —1wl, (Qu)- In fact, we claim that if
Lis any affine function and Q is a rectilinear pseudoquad, then

LIz, Q)

(55) 1Ll <24
(Q Q|
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Let I = x(Q) be the base of Q. After a scaling and translation, we may suppose that I =
[—1,1]. Since Q is rectilinear, there are functions g, g>: I — Rsuchthat Q ={(x,0,2): x €
I,z € [g1(x), g2(x)]} and quadratic polynomials hy, hy: I — R such that hy = hy +6,(Q)
and [lgi — hilleo < %@(Q). In particular, |Q| =36,(Q) and g2(x) — g1(x) = %6Z(Q) for all
xel.

Let M = ||L|l1 - Since L(x,0,z) = ax + b for some a and b, we have M = |L(1,0,0)]
or M =|L(-1,0,0)|; suppose M =|L(1,0,0)|. (The other case is similar.)

Then |L(x,0,0)| = % for x = %, o)

1(%)

1 g2 (x) M M M
1Lz, = —dzdx=—0,(Q) = —1QI.
1 /e 8 24

This proves the lemma. O
Now we prove Lemma 6.2.

Proof of Lemma 6.2. Forall i =0and w, w' € F;, if w # w', then Q,, and Q,, intersect in

a set of measure zero, so there is a function {; : Q — R such that for all w € F; and almost
every x € Qu, (;(x) = g;i—g:ﬁ. We will show that there is a 0 < 7 < 1 depending only on L

such thatif r; = 78 ,(Q)27, then
(56) ﬁ oilx,r)* 20T, )
3Q
4y 4 ~ )
and that 2*'||{; ||L4(Q) =~ W(F;).
We first choose 7. Let ag = %Q), so that, by Proposition 4.4, a(Q,) = a, for all v €

¥ (A). By our choice of S; (48), we have 6,(Q,) = 2% forall v € S;, s0 §,(Q,) = a2~}
and
inrad(Q,) = min{(sx(Q,,), \/6Z(Q,,)} > ap2!.

Therefore, by Lemma 6.3, there is an 0 <179 < 1 such that forany v € S; and p €T,
if 2Q, N V(p,ngaqz") # @, then V(p,noao2™") < 3Q,. By Lemma 2.9, Q, < 2Q,, so if
QunV(p,noao2™") # @, then V(p,noao2™") < 3Q,.

Likewise, Lemmas 2.9 and 6.3 imply that there is a 0 <7n; < 1 such thatif v € S; and
x€1Q,, then

2
V(¥ rx),mae2™") c ng < Q.
Let
1 .
T = min{no, mk;
we can choose 7 to depend only on L. Let
ri=1a(Q)27 = 16,(Q)2"" < mining, n}ae2 .

We claim that this satisfies (56). Let x € %Q andlet D(x) = V(W¢(x),r). Letuvy,...,vp €
F; be the elements such that Q,,]. intersects D(x), ordered so that 6,(Q,,) =6 x(Q,,j) for
all j. By our choice of 7, D(x)  3Q,,. For almost every y € D(x), there is a j such that
y€int Q,,j, so by Lemma 6.5,

1gs; (1) = Lo, W =11y, 1) = Ly, W S Ci ().

Therefore,

_7 7i
(67) i, r) <71, gs; = Loy Ly Sa@ 27 1l Ly
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/U(xrl) dx <o 2" // (intdydx=:1.
1o 10J/Dw)

3

and

Let ¢ be as in Lemma 2.4. Then for every x € %Q and y € D(x), we have that x €
V(¥ ¢y, cr). Our choice of T implies that D(x) < Q, so by Fubini’s Theorem,

1=2" / / Gt dxdy S er®2" 181, ) Sa@ 2 180T, o)
V(¥¢(y),cri)

which proves (56).
By (50), 6,(Qu) = 272 for all w € Fj, so, by the definition of {;,

5:Qu)* _
210013, = Z 217]Q,, 22 0u L S x ) 1QulaQu) T = WF.
5:Qu &
Combining this with (56),
ﬁ oi(x, rl) dx <a(Q) W(F)),
3Q
as desired. O

Finally, we prove Proposition 3.3.

Proof of Proposition 3.3. Since Proposition 3.3 is invariant under scaling, we can rescale
so that 0,(Q) = 1 and a(Q) = §(Q). For the sake of brevity, we write <q ),z as S in this
proof. Let T = 7(L) be as in Lemma 6.2.

Fori=0,letr; = Tﬁx(Q)Z‘i ~271, By (51) and Lemma 6.2,

ﬁo)/&f(x, rtdx < %Q rl.’7||gsi _f”Z(V(‘Pf(x),ri)) dx + W(F;).

3 3
As in the proof of Lemma 6.2, Fubini’s theorem shows

rﬁﬁ lgs: = FILuvew o, 4 / / (gs; = /)" dydx
1o V£ (0,r))
Sri_4/ (gs;~ N dy =~2"ligs, = fl1, -
Q
u
By Lemma 6.1, 2*'| g5, f||L4(Q) S W(F)), so

[ Ya, ()t dx SWEF) + W(EF) S W(EF).
30Q

3

For r € [, ri], we have yy £ (x,1) S ya £ (x,77), 50

i dr
/ / CYarer)t—dx < / Ya,r(o ) dx S W(E).
1 I r 1
3Q7 3 3Q

By (50), if w € F;, then §,(Q,) € [27%,4-272%), It follows that the F;’s are disjoint, so we
can sum over i to obtain

Téx(Q) dr o0
(58) / / Ya, (%, r)47 dx <Y W(F) = WF ().
1QJ0 i=0
By Lemma 2.13,
W () = WK (D) + W (F5(8) S WK (D) +a(@1Ql,
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so by (25),
W@ () <I1QI+a(@ QIS QL.

Combining this with (58) proves (33).
Finally, we prove (34). Let g€ I' and let R > 0. Let ¢ > 1 be as in Lemma 2.7. We apply
Lemma 2.7 with 7 = 377 'R and h = cr? to produce a rectilinear pseudoquad (Qy, Ro)

such that V(g,r) = Rg and a(Qq) = @ = \/g Then

1 1 1
V(g,R) c V(g,gr) - gRo = ng,

so by the above,

R 70x(Qo)
dr dr
/ / 7/4,}0(Jc,r)47de/1 / Y4,f(x,r)47dx
vig.R) Jo 1o

33) s
S Lap 1Qol =L R”.

This proves the proposition. ]

6.1. Geometry of rectilinear pseudoquads. In this section, we will prove some basic
results and bounds for rectilinear pseudoquads of intrinsic Lipschitz graphs. Recall that
arectilinear pseudoquad for I' = T'¢ is a tuple (Q, Rq) of a pseudoquad Q and a parabolic
rectangle R approximating Q. Then R is a pseudoquad in a vertical plane Pg, and we
define slope(Q) = slope(Pg).

Our first set of results deals with arbitrary rectilinear pseudoquads, without any as-
sumption on paramonotonicity; our goal is to prove Lemma 6.3. We first bound the
slope of a rectilinear pseudoquad in terms of the intrinsic Lipschitz constant.

Lemma 6.6. Let (Q,R) be a rectilinear pseudoquad of an L-intrinsic Lipschitz graph.
Then
L, 6:Q _

VI-1Z 6:Q% Vi-12
Proof. Let I denote the base of Q. By translation and scaling, we may assume [ =
[-0x(Q)/2,6,(Q)/2]. Let W = 25,(Q), so that 41 = [-W, W]. Let g and h be the func-
tions whose graphs are the characteristic curves forming the top boundaries of Q and
R, respectively. Since h is quadratic and slope Q = —h"(x), there are b, ¢ € R such that

h(x) = —slope(Q) x?z + bx + c. Therefore,
|h(=W) = 2h(0) + h(W)]
w2 )

(59) |slopeQ| = + a(Q)_z.

Islope(Q)I =
By Lemma 2.5,
|lg(=W)—-2g(0) + g(W)|
<|g-=W)-g0) +g' OW|+|gW)-g0) - g O)W]|
ae L
=
1-12

w2
By the rectilinearity of Q,

4
1§ W) = 28(0) + gW)| = |h(~W) = 2h(0) + h(W)I| = 02(Q),
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SO
W) =2k +hW)l _ L 10:Q _ L 8:Q

< + < + .
w2 VI—IZ 8 W2 = 112 6.(Q)?

|slope(Q)| =
O
We use this to bound the distance from Pg to I'y.

Lemma 6.7. Forany 0 < L <1 there exists a C > 0 so that the following holds. LetT ¢ be
an L-intrinsic Lipschitz graph and let Q be a rectilinear pseudoquad forUs. Let A be the
affine function such that Pg =T'y. Then for all p € 4Q,

(60) If(P)—MP)ISCmaX{\/(?z(Q),

62(Q) }
5:(Q )
Proof. Let I be the base of Q, and let gg, gr: R — R be functions whose graphs are the
characteristic curves going through the tops of Q and R, respectively. After a left trans-
lation, we may suppose that I = [-6,(Q)/2,6,(Q)/2] and that Py goes through 0. Then
Ax, z) = mx and gr(x) = gr(0) — %mxz, where m = slope(Q).

We first show that if 7 = —2L— + 2, then for all s € 41,

V1-12
0:(Q)
(61) [f(s,0,80(s)) — ms| < Tmax V6Z(Q),6 Q"
X

Let s € 41, g = (5,0,80(s), and let h = +inrad(Q) = +min{y/6,(Q),0,(Q)}, with sign
chosen so that s + h € 41. By rectilinearity, |go(x) — gr(x)| < %62(()) for all x € 41. By
Lemma 2.5,

1gQ(s+h) —gq(s) — hgy(s)| < Lr
Q Q Q= Az 2’
and by Lemma 6.6,
1 L 02(Q)
s+h) — gr(s) — hgp(s) = = Im|h? < e
18R (s + h) — gr($) = hgp(9)| = SIm| A-12 6:(Q)2

By rectilinearity,

1
|(gr(s+h) - gr(9) - (8als + h) ~ go ()| < 1£8:(Q),

so these imply

W2 6:(Q)

2L + h2+i6( )
VIZIZ  6:(Q? 16 ° Q.

|hgo(s) — hgr(9)l <

We divide both sides by | i| to find

V6.(Q)+ 0:(Q) +max{\/6z(o>, @}

2L
/ ! <t
180l = 8RN = = 5:(Q) 5:(Q)

3 5.(Q)
‘Tmax{ v 5Z(Q)’6X(Q)}'

By (15), g&(s) =—£(5,0,8q(s)) and g,(s) = —A(s,0, gr(s)) = —ms, which proves (61).
Finally, let (x,0, z) €4Q. Then x € 4] and |z — go(x)| < 165,(Q), so

[f(x,0,2) —mx| <|f(x,0,2) — f(x,0,80(x)| +1f(x,0, g (x)) — mx|

a2a61) 16 62(Q)
S ‘52(@”1““{”2(@'6;6(@)}‘

The lemma follows by taking C =1 + %. (]
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Finally, we can prove Lemma 6.3.

Proof of Lemma 6.3. Ttsuffices to consider the case that r = inrad(Q) = min{\/6;(Q), 6 x(Q)}.
We first show that there is a v > 0 such that V(p,vr) c bQ for every p € ¥ r(aQ).

Let I be the base of Q and let m = slope(Q). Let P be the vertical plane such that
R( is a pseudoquad for Rgp. After a left translation, we may suppose that Py passes
through 0 and that Rq is centered at 0. Then I = [-6,(Q)/2,6.(Q)/2], Pq =Ty, where
A(x,0,2) = mx, and

RQ:{(x,O,z):xEI,‘ergxz‘ - 6Z(Q)}.

2
Let pe ¥ r(aQ) and let v = (xp,0, 29) =I1(p). Then

2
m a
|Z() + ?x(z,‘ = ?5Z(Q)
Letc=zp+ %xé andlet g(x) =c— %xz, so that the graph of g is the characteristic curve
of Pg through v. Let d = %2 - “72 and let
T:={(x,0,2): xebl,|z—g(x)| < dbd,(Q)}.
If (x,0,2) € T, then
m , p?
|z+ X ‘ <lcl+dbd.(Q) = ?5Z(Q),

so T < bQ. We claim that there is a v depending only on L such that V(p,vr)c T.
By Lemma 2.1,

V(p,vr) < {(x,0,2) : |x - xo| < vr,|z— 20 + (x — X0) f (V)| < (vr)?}.
If (x,0,z) € V(p,vr), then
(62) 2= g0 < (vr)? +g(x) — 20+ (x = x0) f(0)| < v*8(Q) +1€(x)],
where £(x) = g(x) — 29 + (x — x) f (v). Then ¢ is a quadratic function with ¢”(xg) = -m
and ¢(xp) = 0. By Lemma 6.7, there is an C depending only on L so that
62(Q) } _ C5Z(Q)
6x(Q) ro

10 (xo)] = 18’ (x0) + F)l B 1f () = A(w)| < Cmax{\/az(Q),

Therefore, for |x — xo| < vr,

6,(Q) 21m| 69 9 2( L 5,(Q) )
63) |4(x)| =< vrC—r + (vr) 5 < vCo,(Q)+Vv°r —1 — + 5:(Q)2
<vC8,(Q) +v*5,(Q) ( —IL 77 + 1) S v +vH8,(Q).

Combining (62) and (63), if (x,0,z) € V(p,vr), then |z—g(x)| < (v+ vz)éz(Q). If0 <
v < b — a is sufficiently small, then |z — g(x)| < d§,(Q) and thus (x,0, z) € T. Therefore,
V(p,vr) c bQ, as desired.

Finally, we prove the lemma. By Lemma 2.4, there is a ¢ > 0 such that for any x € T,
p >0, and g € V(x,p), we have V(x,p) < II(B(x,cp) NT). Then ¥Y¢(q) € B(x,cp), so
B(x,cp) = B(¥¢(q),2¢p), and thus

(64) Vx,p) cl(B(x,cp)nT) cIB(Y r(q),2¢cp)) = V(g,2cp).

Let n = (2c)"'v. Suppose that x € T and V(x,nr) intersects aQ. Suppose that g €
V(x,nr) n aQ. Then, taking p = nr, we get V(x,nr) c V(q,vr) c bQ, as desired.
(]
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Finally, we consider pseudoquads in a PSFC and prove Lemma 6.4. Let A be a PSFC,
let S; be as in (48), and let F; = minS;. For p € Vg, let xr,, be a function whose graph is a
characteristic curve of I" going through p, i.e., a solution of (15) with the initial condition
xT,p(x(p)) = z(p). For w € F;, let Ry, = Rg,, and Py, = Pg,,. Let py, be the affine function
such that R,, = I'p,. Since Q, is part of a PSFC, it has a A-approximating plane A,
that satisfies Proposition 2.11, and we let [,, be the corresponding affine function. The
constructions of P, and A, are different, so they need not be the same plane, but they
must be close, as in the following lemma.

Lemma 6.8. Let A bea PSFC and let w €V (A). Let I = x(Qy,). Then, for any q € 4Q,,,

3
1%py,q = KA gllieoun < 202(Qw)
32
and

1
Ixp,,qg —Kr,qllLeoan < §6z(Qw)-

Indeed, this lemma holds for any pseudoquad Q that satisfies Proposition 2.11 with
(= é or smaller.

Proof. Let g1,82,h1,hy: 41 — R be the functions parameterizing the top and bottom
boundaries of Q, and R, so that Q,, = {(x,0,2) : x € I,z € [g1(x), g8(x)]} and R, =
{(x,0,2): x€ I,z € [h1(x), ha(x)]}.

Let g € 4Qy, let xp = x(g), and let p = (xp,0, g1(xp)) so that p lies in the graph of g;;
we can take xr,, = g1. Since A, and P,, are vertical planes,

KAw,p ~KPy,p =KAy,qg ~KPy,q»
and we have
(65) %Py, p = KAy, ploo < NKpy,p—hilloo + 171 = g1llco + 1181 =K A, plleo
where all norms are in L, (41). The graphs of xp,, , and h; are characteristic curves in
Py, so they differ by a constant, and

1
1% P,,p = P1lloo = IKp,,p(x0) = h1(x0)] = 181 (x0) — By (x0)| = §5z(Q)

by the rectilinearity of Q,,. Rectilinearity also implies that |7 — g1llco < éé 2(Q), and

the last term is at most éé 2(Q) by Proposition 2.11. This proves the first inequality.
Thus, by (65) and Proposition 2.11,

||KPw,q _Kr,q”oo = ||7<Pw,q _KAw,q”oo + "KAw,q - Kl",q”oo
3 1
= 3_262(Qw) + 3_262(Qw)
This proves the lemma. (I

Note that, by (15), this implies

62(Quw)
0x(Qu)’

We use Lemma 6.8 to prove Lemma 6.4, which states that if v,w € F;, 6x(Qy) <
0x(Qy), and Q,y N3Q, # @, then Q,, < 10Q,.

low— lw ||Loo(4Qw) S
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Proof of Lemma 6.4. Let I, = x(Q,) and I, = x(Q,,) be the bases of Q, and Q,,. Since
Quw N3Qy is nonempty, I, c41,. Let £ = w, let ¢, be the center of R, and let y, =
Kp,,c,» SO that

rQy=1{(x,0,2):xerl,lz—y,(0)| < r*¢},
and, by (50), §,(Q) < 8¢.

Likewise, let ¢,, be the center of Q,, and y,, = xp, ¢,. We claim that |y, (x) =y, (x)| =
20/ for x € I,,.

Let g = (x0,0,29) € Qu N3Qy. The graphs of y, and xp, 4 are both characteristic
curves in Py, s0 y,(x) = kp, 4(x) +d for all x, where d = y,(xp) — zp. Since g € 3Q,,
we have |d| < 9¢.

Similarly, y,, (x) = kp,, ¢(x) + d’, and since g € Qy,

|d’| = Yw(Xo0) — 2ol < 02(Qu) = 8¢.
Therefore, by Lemma 6.8, for all x € I,
1Yo () —yw@| < ld|+|d'| +|kp,,q(X) —Kp, 4(x)|

<170 +|xp,,q(X) —K1,qg(X)| + k1,4 (%) =K p,,q(X)]

62(Quw) N 62(Qv) <200,

8 8

Let p = (x,0,2) € Q. Then x € I}, and |z — 7y, (x)| < %6Z(Qw) + 3%6Z(Qw) < 8/, so
|z—7v,(x)| <28¢. Therefore p € 10Q, and thus Q,, < 10Q,,. O

<17¢+
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