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ABSTRACT. We show that the f—numbers of intrinsic Lipschitz graphs of Heisenberg
groups H, are locally Carleson integrable when n = 2. Our main bound uses a novel
slicing argument to decompose intrinsic Lipschitz graphs into graphs of Lipschitz func-
tions. A key ingredient in our proofis a Euclidean inequality that bounds the S—numbers
of the original graph in terms of the f—numbers of many families of slices. This allows us
to use recent work of Féssler and Orponen [FO19] which asserts that Lipschitz functions
satisfy a Dorronsoro inequality.

1. INTRODUCTION

In [Jon90], Jones characterized subsets E ¢ R? that lie on finite length rectifiable
curves in the now-famous traveling salesman theorem. Given a ball B(x,r) c R2, he
introduced the quantity

. d(z,L)
Bex,r)=inf sup ——,
L zeBx,nnE T
where the infimum is over all affine lines L in R?. This quantity, known as the f—~number,
is a scale-invariant measure of how close EN B(x, r) is to a line. Jones proved the follow-
ing theorem.

Theorem 1.1. A subset E c R? lies on a finite length rectifiable curve if and only if
(9]
d
(1) diam(E) + / / Brx,n?dx - <co.
0 R2 r

Note that the measure 4 has a singularity at r = 0, so (1) can be viewed as saying
r

E is close to a line (Bg(x,r) is small) for “most” balls according to the measure dx %.
Thus, this can be viewed as a quantitative version of the classical Rademacher’s the-
orem, which implies that rectifiable curves are close to affine on infinitesimal scales.
Integrals against measures of the form dx % are known as Carleson integrals.

Jones, in [Jon89], used the quantitative geometric information provided by (1) to give
another proof of the Ly—boundedness of the Cauchy transform on 1-dimensional Lip-
schitz graphs. Since Jones’s work, f—numbers and their variants have appeared fre-
quently in harmonic analysis, geometric measure theory, and related fields. In par-
ticular, Theorem 1.1 has been generalized to various other spaces and settings [0ki92,
Sch07,1LS16a, LS16b, FFP07, CLZ19, Li19, DS17]. Moreover, the introduction of Carleson
integrals of f—numbers was a starting point for the theory of quantitative rectifiability
of David and Semmes [DS91, DS93]. Briefly, this theory provides several characteriza-
tions of Ahlfors regular sets of R” satisfying a Carleson bound similar to (1) via a suite of
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geometric and analytic conditions. Notably, it serves as a broad geometric framework
for singular integrals acting on lower dimensional subsets of R".

One of the settings where generalizations of the traveling salesman theorem have
been studied is the setting of Carnot groups [LS16a, LS16b, FFP07, CLZ19, Li19]. The
Carnot groups are a class of nilpotent Lie groups whose abelian members are precisely
Euclidean spaces. Thus, they can be viewed as generalizations of R”. The simplest ex-
amples of nonabelian Carnot groups are the Heisenberg groups H,,. Extending Theo-
rem 1.1 and other aspects of quantitative rectifiability in Carnot groups contributes to
the development of geometric measure theory on these sub-Riemannian spaces. For a
recent overview of this research program, which started about 20 years ago, we refer the
reader to the lecture notes [SC16].

An interesting challenge for researchers in sub-Riemannian geometric measure the-
ory is to develop a robust theory of sub-Riemannian rectifiability. For example, the at-
tempt to define rectifiability in the (2n + 1)-dimensional Heisenberg group H,, modeled
after Federer’s classical definition using Lipschitz images is problematic; Ambrosio and
Kirchheim [AKO00] proved that a Lipschitz image f (R H,, has zero k—dimensional
Hausdorff measure for n+ 1 < k < 2n. This indicates that the notion of rectifiability
changes drastically between the low-dimensional and the low-codimensional case.

Franchi, Serapioni and Serra-Cassano [FSSC06] introduced intrinsic Lipschitz graphs
in order to define rectifiable sets of codimension 1 in H,,. These are sets satisfying a cone
condition, similar to the one satisfied by Euclidean Lipschitz graphs. The cone condi-
tion will be defined in the next section, but a notable class of examples is given by the
fact that level sets of C! functions are locally intrinsic Lipschitz graphs away from crit-
ical points. Furthermore, just as Rademacher’s theorem implies that Lipschitz graphs
in R” can be approximated by planes almost everywhere, intrinsic Lipschitz graphs can
be locally approximated by vertical planes almost everywhere [FSSC11]. The approach
initiated in [FSSCO06] has been quite successful, as several important subsequent con-
tributions [MSSC10, FSSC11] laid down the foundations for a meaningful theory of low-
codimensional rectifiability.

Recently, intrinsic Lipschitz graphs have also been used to study quantitative recti-
fiability. This approach was introduced independently in [CFO19b, NY18], which give
quantitative bounds on how close intrinsic Lipschitz graphs are to vertical planes and
vertical sets. See also [NY20, FOR18, Rig19] for some related recent results. One mo-
tivation for this work is that, as in the Euclidean case, the quantitative rectifiability of
intrinsic Lipschitz graphs is related to the behavior of a natural singular integral arising
in the study of removability for Lipschitz harmonic functions in H,;, see [CFO19a, FO18].

In this paper, we bound the quantitative rectifiability of intrinsic Lipschitz graphs
by proving bounds on the f—numbers of intrinsic Lipschitz graphs analogous to the
boundsin Theorem 1.1. Given E c H,, (typically an intrinsic Lipschitz graph) and x € H,,
we define the codimension-1 version of the f—numbers as
1/2

. —on— d(y,L) 2 2n+1
) (x,r) = inf [r 2n 1/ (—) d#2" (3
ﬁE LeVP B(x,r)nE r Y

where in the infimum, L ranges over the set of vertical planes (planes containing the
center) in Hj,. This is scale-invariant in the sense that Bs,(5) (0 (), tr) = Bg(x, r) for any
t>0.

Codimension-1 f—numbers in the Heisenberg group were previously considered in
[CFO19b], where it was shown that a weaker qualitative analogue of (1), known as the
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weak geometric lemma, holds for intrinsic Lipschitz graphs in H,,. This result was writ-

ten only for H; in [CFO19b], but the proof extends to all H,,. In this paper we will show

that intrinsic Lipschitz graphs in Hj,, for n = 2, satisfy a local version of (1) known as the

(strong) geometric lemma. We note that the (strong) geometric lemma implies the weak

geometric lemma, see [DS93, Part [, 1.1.5] for a relevant discussion in Euclidean spaces.
Our main result is the following theorem.

Theorem 1.2. Letn =2 and letT be an intrinsic A-Lipschitz graph in H,,. Then, for any
R >0 andany ball B= B(y,R) cH,,

R dr
(3) / ,BF(X, r)2 d%2n+l(x)_ S/l R2n+1'
0 JBnr r

This generalizes Dorronsoro’s Theorem, which proves a similar inequality for Lips-
chitz graphs in R”. More generally, an Ahlfors regular subset of R” satisfies a Euclidean
analogue of (3) if and only if it is uniformly rectifiable.

We prove Theorem 1.2 using a slicing technique inspired by [NY18]. In that pa-
per, the authors decomposed intrinsic Lipschitz graphs into slices using cosets of a
codimension-1 subgroup of H,, whose intersection with the vertical plane {y, = 0} is
a subgroup P isomorphic to H,_;. Each slice of the graph can then be viewed as the
graph of a Lipschitz function over cosets of P. This allowed the authors to use results
about functions from H,_; to R to study intrinsic Lipschitz graphs of H,,. Because the
authors in [NY18] were concerned with bounding vertical fluctuations of intrinsic Lips-
chitz graphs, they only needed to use one subgroup in the slicing as any codimension-1
subgroup of H,, contains the z-axis.

Unlike [NY18], we want to control the behavior of the intrinsic Lipschitz graph on the
entirety of a ball, not just the vertical fluctuations. Thus, we need to slice the graph along
cosets of multiple codimension-1 subgroups of H,,. As these slices interact nonlinearly,
we can extract information about the intrinsic Lipschitz graph in all directions via har-
monic analytic techniques. A similar slicing argument in the Euclidean setting was used
recently in [Orp18] although the methods employed there were more geometric.

Having reduced the problem to slices of the intrinsic Lipschitz graph, we are then
able to use a result of Fassler and Orponen [FO19] which proved a version of Dorronsoro’s
Theorem for Lipschitz functions on Heisenberg groups. This gives a bound analogous
to (3) for the slices.

Results of [NY20] strongly suggest that Theorem 1.2 does not generalize to the three-
dimensional Heisenberg group. Indeed, Section 3 of [NY20] constructs examples of sur-
faces I'(a, p), where a and p are large real numbers, such that

® 3 dr 4
/ / Bra,p (x, 1P dA3 (x)— > a*™P
0 JBnT(a,p) r

for any 1 < p < 4. These surfaces are not intrinsic Lipschitz, but they satisfy an intrinsic
Sobolev condition with constant independent of @ and p, and we believe the construc-
tion can be modified to produce intrinsic Lipschitz graphs with Lipschitz constant in-
dependent of @ and p. We will investigate the optimal exponent for (3) in H; in future
work. More generally, the question of whether the strong geometric lemma holds for
surfaces in a general Carnot group G remains open.

Roadmap. In Section 2, we introduce some basic notation and definition for intrin-
sic Lipschitz graphs. To prove Theorem 1.2, we need some results on balls in intrin-
sic graphs and their projections and a description of codimension-1 slices of intrinsic
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graphs, which we present in Section 3. We will also need to pass between the non-
parametric f—numbers defined in (2) (which are defined in terms of a graph I') and
parametric S—numbers (defined in terms of a function f). We prove the necessary lem-
mas in Section 4. Finally, in Section 5, we prove Theorem 1.2, modulo one last lemma
that bounds the f—numbers of a graph in terms of the f—numbers of its slices, and in
Section 6, we prove this last lemma.

2. PRELIMINARIES

R2"+1 ) where elements of

are written as (x, y, z) for x, y € R” and z € R. The group product is defined as

We define the Heisenberg group H,, as the Lie group (
R2n+1

32 -y, ) =x+x,y+y,z+2 +Q(x,y), &, y))/2)

where Q((x, ), (X', y)) =X, (xiyg - x;.y,-) is the symplectic form on R?". Note that two
elements (x, y,z), (x',y,z) € H,, do not commute unless Q((x, y), (x', y")) = 0. We will
also use the standard commutator notation [u, v] = uvu~'v~! for u, v € H,,. The identity
element in H,, is 0 = (0,0,0).

Let X1,...,Xpn, Y1,..., Yy, Z be the coordinate vectors of H, and let xy, ..., X, y1,.-., ¥n,
z: H, — R be the coordinate functions. The center of the group is (Z) = {(0,0,z) : z € R}.
A subgroup W c H, is vertical if it contains the center (Z). An element w € H,, is said to
be a horizontal vector if z(w) = 0, and we let A be the set of horizontal vectors. Let d be
the Carnot-Carathéodory metric on H,. For any h € H,, we let || k|| = d(0, h).

We define a family of automorphisms

0 H,—Hy,
(X,1,2) — (tx, 1y, 1°2)
for t € R. The 6, dilate the metric in that for any g, h € H,,, we have
d(6:(8),6:(m) =tld(g, h).

For any horizontal vector w € Hj, and a € R, we define w® = §,(w); when « € Z, this
agrees with the usual notion of exponentiation.
The projection

7: H, — R*"
x,3,2)— (x,9)

is a Lipschitz homomorphism. A function f: H,, — R¥ is affine if there is an affine func-
tion 7: R?" — R¥ so that f =T o .

Avertical plane V isasubset V = 7~ 1(P) c H,, where P c R*" is a (2n—1)-dimensional
affine plane. One particular vertical plane, which we’ll use very often is Vy = {y, = 0}. A
function f: Vp — Ris vertical if it is constant on cosets of (Z). We will denote by VF the
set of vertical functions on Vj, and by Aff the set of vertical affine functions on Vy; i.e.,
restrictions to Vj of affine function H,, — R. Note that these functions are of the form

n n-1
f) = Z a;x;(v)+ Z Biyi(w)+7y.
i=1 i=1

Let w € A be a horizontal vector such that y,(w) = 1, we let IT,,: H,, — V, be the
map such that IT,, (k) is the unique point of intersection of the coset h{(w) and the ver-
tical plane V4. This map projects H; to V, along cosets of (w), and we have I1,,(h) =
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hw=Y"" _Forany g, he H,,
4) Hw(gh) — gh w‘)’n(g)_J’n(h) - g(h w‘)’n(h)) . w‘}’n(g) — Hw(gnw(h))

For any function f: Vy — R and any horizontal vector w with y,(w) = 1, we define
the w-intrinsic graph of f as

Tpw={vw! P vep).
For 0 < A <1, let Cone, be the open double cone
Coney ={p eH,:A1d(0, p) < |y.(p)}.

We say that a subset I' € H,, is an intrinsic A-Lipschitz graph if for every x € T, (x-
Coney) NT = @. For any such I" and any w € Cone) with y,(w) = 1, the restriction IT,, |t
is injective, so we can define a function f,: I1,,(I') — R, f,,(IT1,,(p)) = yn(p) such that
I' =Ty, w- Conversely, if ', is an intrinsic A-Lipschitz graph, we say that f is an in-
trinsic (w, A)-Lipschitz function.

We finally record that that the Hausdorff (2n+1)-measure .#>"*! is an Ahlfors (2n+1)-
regular measure when restricted to an intrinsic A-Lipschitz graph I’, see e.g. [FS16, The-
orem 3.9]. That is, there exists a constant C > 1 depending only on A so that

C 2 < 2V (B(x, )N <Cr?™,  Vxel,r>0.

3. PROJECTIONS AND SLICES OF INTRINSIC LIPSCHITZ GRAPHS

We will sometimes need to pass between balls in H,, and their projections to Vp,
which can be highly distorted. In this section, we define some quasiballs that will make
this more convenient. Moreover, we will introduce a slicing method in order to obtain
a family of decompositions of an intrinsic Lipschitz graph I' into graphs of real valued
Lipschitz functions with domain H,,_;.

We start with some notation. For any subspace S c A, let S be the symplectic com-
plement of S, i.e.,

S2 = {fveA:Q(v,s)=0forall se S}.

The subspace S c A is called symplectic if SN S? = @. In a similar manner, for any
subspace S ¢ A we define

S® = (heH,:Qh,s)=0forallse S},

where Q: H,, x H, — R is the the alternating form Q(g, h) = Q(7(g),n(h)). Note that
lg,hl =Q(g,h)Z forall g, he H,.
Slightly abusing notation, for a vector w € A we let

v = (w)Q and vﬁz <w)§: n_l(wQ).

Note that since Q(w, w) = 0, we have w € w. It is well known that for any subspace
S c A it holds that dim S + dim S = 2n, see e.g. [Ber01, Chapter 1]. Hence, for every
horizontal vector w such that y, (w) = 1, the complement wis a (2n — 1)-dimensional
horizontal subspace that contains w. For such w, welet C;, = Vjn w thisisa (2n—2)-
dimensional horizontal subspace of V4. Note that C,, does not uniquely determine w,
since we have Cy, = Cy4x, for any r € R. Let also

Py =Vonw®=Cp+(2),

and observe that this is a (2n — 1)-dimensional vertical subspace of V.
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Let w and C,, be as above and let v € An Vj be a horizontal unit vector orthogonal to
Cy; this is unique up to sign. Let

Ry={sv+p+tZeVy:peBc,0,1),[s|=1,[t[ =1},
where B¢, (0,1) is the unit ball in C,,. For any g € H,, and any r > 0, we define

Qu(g, 1) =11, (g6 (Rw)).
Since R, c Vp, when g = 0, we simply have Q,,(0,7) = §,(R,). Note that the map x —
IT,,(gx) preserves Lebesgue measure on Vj, so if u is Lebesgue measure, then
(5) 1(Qu(g, 1) = uB, (Ry)) = r*™*.

We now recall the definition of quasiballs. Let (X, p) be a metric space and let A = 1.
Recall that a A-quasiball (or simply a quasiball if A is understood) is any set E c X for
which there exist x € X and R > 0 for which

B, (x,R) € E < By(x,AR).
In the next lemma we’ll show that when we slice Q,, (g, r) with cosets of P, we obtain

quasiballs.

Lemma 3.1. Let w € A with y,(w) = 1. For any g e H,, anyr >0, and any u € Vy, the
intersection Q,,(g,r) N uP,, is either a quasiball of radius = r or empty.

Proof. Let Ry, and v be as above. We first consider the case g =0. ForaeR, let D, =
Ry,nNv%P,. When |a| <1,

Dy={av+p+tZ:peBc,01),]t| <1}

is a quasiball of radius = 1 in v¢P,,. Otherwise, when |a| > 1, D, = @.
Every coset uP,, can be written v*P,, for some s € R, and

Quw(0,7) NV’ Py =6,(Ry NVFPy) = 5(Ds).

This is either a quasiball of radius = r or the empty set.
Suppose g € H,, and s € R. Then

Qu(g r)Ngv Py =T, (gQw(0,r) N gv’span(Py, w))
= Hw(gﬁr(D;)) =6, ([6,-1 (g)Dg))-

We claim that IT,, (0 ,-1(g)Ds) is isometric to Ds. It suffices to consider the case r = 1.

Let B= D and let a = —ynr(g). Since B c Vj, rwe have y,(gb) = y,(g) for all b € B,
so I1,,(gh) = ghw®. Since B c v*P,, = sv + P, and Q(w, P,,) = 0, we have Q(b, w) =
Q(sv, w). Thatis, [b, w] is independent of the choice of b. Therefore,

I, (gh) = gbw® = glb, w  w®b = g 790w @ = g 7sAU W) yyay,

Therefore, I1,,(gB) = g Z5*?'W) ¥ B is a left-translate of B, so IT,,(gB) is a quasiball of
radius = r in gv°P,,. O

Let I be an intrinsic Lipschitz graph. When g €T is large, Q,, (g, r) can be highly dis-
torted, but the following lemma shows that Q,, (g, r) is the projection of a quasiball with
respect to the induced metric on I'. Using this property, we’ll show that the pushforward
measure of #2"1|r by I, is globally equivalent to the Lebesgue measure on V.

Lemma 3.2. Let0< A < A < 1. There is a ¢ > 0 depending on A and A’ such that for
any intrinsic A-Lipschitz graph T’ such that Ily, (') = Vy, any g €T, any r > 0, and any
horizontal vector w € An Coneyr such that y,(w) = 1:
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(1) Thereis a function fy,: Vo — R such thatTU =Ty, .

) Qu(g c™'r) cMy(B(g, ) NT) € Qu(g,cr).
(3) Let i be Lebesgue measure on Vy. Then = (I1,) « (A2 ).

Proof. We start with the proof of (1). Let L = (% - %)‘1 > 0. Since Ily, (I) = Vp, the
complement H\T has two connected components, I'* and I'". Since 0 € T, the double
cone Cone, is disjoint from I', and we can label its two connected components Cone;[
and Cone; so that Conei’ cT®.

Let v € Vy. We claim that there is a unique #(v) = fp € R such that vw? € ' and that
|to| < Ld(0, v). Suppose that ¢ > Ld (0, v) and let h = vw!. Note that h € Conez. Indeed,
since w € Coney,, we have |y, (w)| > 1'd(0, w) = '|w|, i.e., |w| < (A))~!. By the triangle
inequality,

4, h) — J’n/ih)

t t t

<dOo,v)+t-|w 1 =d,v)+ 1o do,v)—Lt<0,
so d(0,h) < y"T(h) and thus vw' e Cone;{. Likewise, vw ="' € Cone;. These points are on
different sides of I, so there is some fy such that vw™ € T; in fact, we can take |fy| <
Ld(0, v). Since w* € Cone, for any a # 0, this fy is unique. Therefore, T is a w-intrinsic
graph with IT,, (') = V;, and we define f,,: Vi — R to be the function such that vw/v®) €
I for all v € Vy. In particular, f,(v) = fo(v).

For the proof of (2), note that by scaling, we may assume r = 1. We first prove (2) for
g =0 (sowe are assuming 0 € I'). If p € B(0, 1), then |y, (p)| < 1, so

d(0,I1,(p) =d©,p)+d(p,1,(p) < 1+|ya(P)I-lwl Sa 1.

Therefore, there is a C > 0 depending on A’ such that I1,,(B(0,1)) < Vo n B(0,C), and if ¢
is sufficiently large (depending only on A'), then IT,,(B(0,1)) < Q, (0, ). This proves one
inclusion.

We now prove the other inclusion. Note first, that

d©, vw’Vy < d 0, v) + | wl| fiy ()| < (1 + % d(o,v)

and consequently vw/»® € I'n B(0, Dd(0, v)) for all v € Vy, where D =1+ % Thus, if
d(0,v) < D!, then v € I1,, (B(0, 1) NI). If ¢ is sufficiently large (depending only on A, '),
then

Qu(0,c ) c VonB(0,D!) <11, (B(0,1)NT),

as desired.
Now assume g # 0. Then g~'T is still an intrinsic Lipschitz graph which now contains
0, so

(6) Qu0,c ) cIy(BO,1)Ng ') cQu0,c).

Let i’ € B(g,1)nT. Then h' = gh for some h € B(0,1)ng™'T. Let y = I1,,(h); by the
upper bound of (6), y € Q,,(0,¢) =d.(Ry,) and y = hw? for some a € R. Then gy(w) =
gh{w) = h{w), so My (h") =, (gy) and thus 1, (k') € I1,,(g6.(Ry)) = Qu(g,c). This
proves the upper bound of part 2, and the lower bound follows similarly.

To prove the last part, let W: Vo — I'be the map ¥ (v) = vw/* "), so that ¥ is inverse to
I, r. By (6) and part 2, u(IT,,(B(x,r)NT)) = r2n+l for any x € I'. Thus, by Theorem 2.4.3
of [AT04], ¥, (u)|r = #?" | and thus u = (IT,,) « (2" 1), O
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For every k < n, we identify Hy with span(Xj,..., X, Y1,..., Yk, Z) c H,. The vertical
subspace {y, = 0} is then the internal direct product of H,_; and (X,). In fact, every
codimension-1 vertical subspace P c H, is isomorphic to H,_; x R, so the cosets of P
decompose H, into copies of H,—; x R. In the following, we will use these decompo-
sitions to construct a family of decompositions of an intrinsic Lipschitz graph I into a
union of graphs of Lipschitz functions H,,—; — R.

Recall that for every w € A, we defined P, = Vpn w; this is a codimension-1 sub-
space of Vj. Then Py, n{(w) = {0}, Py, - (w) = w?, and w and P,, commute, so w® =
(w) x Py,. Furthermore, since n(P,) = span(Xj, w)® and span(X,, w) is a symplectic
subspace of A, n(P,,) is a symplectic subspace and thus P,, is isomorphic to H,_;.

By Lemma 3.2, if I is an intrinsic Lipschitz graph, then for every horizontal vector
w € A that is sufficiently close to Yy, there is a function f;, such that I' =Tz, ,,. These

functions satisfy a Lipschitz condition on cosets of P,,.

Lemma3.3. Let0< A< A' < 1. Thereisan L> 0 such that if T is an intrinsic A-Lipschitz
graph, w € AnConey, y,(w) =1, and f,: Vo — R is the parametrizing function of T,
ie, =Ty, u, then for any g € W, the restriction fylgp,, is L-Lipschitz with respect to
dn

n*

Proof. Let fi: Vo — R be the function such that I' =T, ,,, as in Lemma 3.2 and let
g € Hy,. We claim that fy,|gp, is Lipschitz. We may assume g = 0 as d is left-invariant.
Define ¥: I1,,(I) — T, ¥(w) = uw/v®,

Let u,v e Py, NI, (I). Since ¥ (u), ¥ (v) € T, the intrinsic Lipschitz condition implies
that ¥ (u) ¢ ¥ (v) - Cone,, or

h:=¥ ) '¥(u) ¢ Cone,.
Since v lue P, isin the ﬁ—complement of w, it commutes with w, so we can decom-
pose h as

h= (vwf'”(”))’l(uwf“’(“)) = wfw@® =1 fe@ — =1 = fu @)
Then, since v 'u e v,
(7) V()] = [y (/O S0 W) = | £, (w) = fu (V).
Moreover, since w € Coney and y,(w) =1,
d(h,0) < d(u, v) + d(w/v®, wle®)
) =d(u,v) +d (0, w)| fu (V) = fu ()]
1
=d(u,v)+ Wlfw(v) = fw@)l.

Since h ¢ Cone,, we have |y, (h)| < 1d(0, h). Then,

@

1
@ = Fo @] L 1y < Ad©, 1) L A [ d(u, v) + —\fur0) = fu a0

and by the fact that A’ > A,

A AN
T d(u,v) = md(u, V).

A!

|fw(u)_fw(v)| = 1
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4. COMPARING 3~NUMBERS

Since Theorem 1.2 deals with intrinsic graphs, its proof will use parametric versions
of f—numbers, i.e., quantities that measure how close a function f is to an affine func-
tion rather than how close the graph I' ristoa plane. In Lemma 3.3, we saw that there
are many different ways of writing I' as a graph, all of which lead to different paramet-
ric f—numbers. In this section, we prove some inequalities comparing parametric and
non-parametric f—numbers.

We first prove the following simple lemma.

Lemma 4.1. Let0 < A < A’ < 1. There is a ¢ > 0 with the following property. Let w €
AnConey’ be such that y,(w) = 1. Let f: Vo — R be an intrinsic (w, A)-Lipschitz function
and letT :=T' g, be its intrinsic graph. Foranyr >0 and any x €T,

_2ne3 |
9) Brx,r) Saavr 2 inf 1f = hllL,Quer)-
heAff

Proof. Let ¢ be as in Lemma 3.2 so that IT,,(B(x,r) N T") € Q, (x,cr). Let Q = Qu(x,cr).
Let h € Aff be the affine function that minimizes ||h - fll1,g). Let S=Ty,, and let y be
Lebesgue measure on V. Then S is a vertical plane, so

,BF(X, r)2 < 772n73/ d(y, 5)2 dz]fszrl(y)
B(x,r)nl"f

Lem.3.2 _o9,_
< T / dww!™,$)? du()
Iy (B(x,r)NI'f)

srfznfe’/ dww! ™, vw" ) du(v)
Q

Saa T2 =Rl )

Taking square roots of both sides gives the desired inequality. U

Let P c Vj be a vertical subgroup. We say that a measurable function f is P-slice
affine if for every v € Vj, the restriction of f to vP is a vertical affine function. Let SAffp
be the set of P-slice affine functions. Note that we have the following inclusion of func-
tion spaces:

(10) Aff < SAffp < VF.

The second result we will need deals with different parameterizing functions for the
same graph. Suppose that T is an intrinsic Lipschitz graph, w and w' are horizontal
vectors with y, (w) = y,(w') = 1 and [w, w'] = 0. Moreover, assume that f and f’ are two
parameterizing functions for I', so that I' = I'y ,, = T’y ,,v. The relationship between f

and f’ is nonlinear. Indeed, by Lemma 3.3, f is Lipschitz on cosets of P = P, = Von w%,
while f’ need not be. Regardless, we will show that if f is close to P-slice affine, then f’
is close to P-slice affine too.

Lemma4.2. Let0< A< 1. Thereexistc>0and) € (%, 1) depending only on A so that
the following holds. Let w, w' € AnConeys be horizontal vectors with y,(w) = y,(w') =1
and [w, w'] =0.

Let T be a A-intrinsic Lipschitz graph with parameterizing functions f, f': Vo — R
such thatU =T, =T . Then, foranyxeT andr >0,

¢8)) min ||f -0l < min [If -0l ,
oeSAffp,, ! 2(Qur (r)) oeSAfEp, f 2(Qu(x,cr)
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The key to this bound is that since [w, w'] = 0, we have w — w' € P,, and thus P, +
(w) = Py, +(w'). Thus, if F € SAff p,, satisfies a Lipschitz bound on each slice, then there
isan F' € SAffp, such that Tgy =T .

We will need two lemmas dealing with affine functions on slices.

Lemma 4.3. Let u > 0. There is a constant ¢ > 1 depending only on p and n so that if
f:H,; — Risa Lipschitz function and U c H,, is a p—quasiball, then the affine function
F: H, — R such that

-F = inf -T
If=Fl,w Aot If—Tl,w
satisfies | FllLip < ¢l f Lip, where the infimum is taken over affine functions on Hy,.
Proof. Since U is a p—quasiball, there is a up € U and an r > 0 such that
B(ug,r) U < B(ug, ur).

By rescaling and translation, we may suppose that r = 1 and uy = 0. Let (g, h)y =
nghdez’”Z be the inner product on Ly (U) and let || - ||» denote the norm in Ly (U).
Let fo = f — f(0), and let Fy = F — f(0). Then

— Fyllo = inf —-Tl>,
I fo—Foll2 TeAfF”fO Il

so it suffices to prove the lemma for f; and Fp.
Let
1Kl 1Kl
C; = max ————P - max 15 5 .
KeAff |Kll,B0,1)) KeAff |[K— fB(O,l) Kd.ze-n+ Iz, (B0,1))

This is finite by compactness, and if K € Aff, then
I KllLip < C11K ;80,1 = C11IK]l2.

Let
lgll2

2= IM .
Iglip<co | g llLip
g(0)=0

If g(0) =0, then gl < pligllLip, SO

Co < pV/ A2m+2(U) S ™+,

Since fy — Fy is orthogonal to Fy, we have || Fyll2 < || foll2 and thus

I Follip < C1llFoll2 < Cill foll2 < C1Call folluip S 1™ 1 fo lLip- 0

Lemma 4.4. Let L > 0. There is a A € (0,1) such that if w,w' € AnCone,, y,(w) =
yn(w) =1, [w,w']1 =0, and T: P,, — R is an affine function with Lip(T) < L, then there
is an affine function T': P, — R such that T, =Ty and Lip(T') < 2L.

Proof. Let Cy, = m(Py), which we think of as a vector space with norm | - ||. As affine
functions do not depend on the z-coordinate, we see that T = T o where 7: C,, — R is
affine and Lip(T) = Lip(z). Let A € (0,1) be such that if w, w’' € AnCone, and y,(w) =
yn(w')=1,then |lw-w'| < 2L . Lets=w—w'.
Since [w, s] = —[w,w'] = 0 and y,(s) = 0, we have s € P,,. Let M: P,, — P, be the
map
M(p) =y (pw"™?) = pw™P W) TP = ps"®  vpep,.
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Since M(v+tZ)=M(w)+tZforallve Py and t € R, M descends to amap m: Cy, —
Cy. Let m=moM|c,. By our choice of A, forall p,q € Cy,

. lp—ql
Im(p)=m(@l = Ip=q+ T (p)=T(@)s = Ip=ql~Lip@lp—ql - 15l = L.
Therefore m and M are invertible and Lip(m ™) < 2.

Let T'(M(p)) = T(p) for all p € P,,. This is affine and by construction,

pr(P) - M(p)(w’)T(P) - M(p)(w/)T’(M(P)),

$0 7, =T . Finally, T'=1om o, so Lip(T") = Lip(to m™1) < 2L. O
Now, we prove Lemma 4.2.

Proof of Lemma 4.2. By Lemma 3.2, there is a ¢y > 0 such that for every x € I' and every
r>0,Qu(x,r)cIl, (B(x,cor)nI) and I, (B(x,r)NT) € Qu(x,cor). Let ¢ = c(z).

Let P = P,,. We first consider a single slice Q,,(x, cr) n vP; without loss of generality,
we may take v = 0. Let D := Qu(x,cr)n P and D' := Q,(x,r)NP. Let T: P — R be the
affine function minimizing || f — Tl z,(p). We know from Lemma 3.3 that f is Lipschitz
on P, and if % < A <1, then Lip(f|p) is bounded by a function of A. Therefore, by
Lemma 4.3, Lip(T) is also bounded by a function of A, say Lip(T) < L = L(A).

The intrinsic graph I'r,,, is a plane which we call R. We suppose that A’ € (0,1) is close
enough to 1 that we may apply Lemma 4.4 to find an affine function 7’: P — R such that
R=Ty s and Lip(T") < 2L.

LetgeI'n(P+(w)) and u =11,,(g). Then g = uw/® and thus fw) = yu(g). Let
h=gwT W, then h = uw™™ € R. Let u' =11,,(g) and v = I, (h), so that f(u) =
(W) =yn(g)and T(u) = T' (V') = y,(h). Since [w, w'] =0, we let s = w — w' and write

u' = uwl W (" FW = yf W

and v/ = usT®W,

We have
If' W) =T W)l <If(w) - T +Tw) - T ()]
=|fw) - Tw)|+|T' ) - T' W) <|f(w) - Tw)]| +Lip(TdW/', V).
Since d(u',v') = |Isl| - | f (w) — T (),
(12) |f' (M (8) = Ty (I S 1 f (T (8)) — T ()

forevery geI'n (P +(w)).
Applying the argument above to every coset of P shows that if o € SAffp minimizes
I f —0ll1,Qux,cr), then there is a slice-affine function o' € SAffp such that

(13) Lf (M (8)) = 0 (M (N S 1f (Mo (8)) — 0 (T (8))]

forevery geT.
By Lemma 3.2, if i is Lebesgue measure on Vj, then

(14) p= () (A2 D) = (Ty, ) o (A2 ).
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Therefore,

(13)
If' =", S / (f (M (8)) — 0’ (M (g))” A"+ ()
TnB(x,\/cr)

(14)
< / (f( () - 0 (M, (g)* d7#>" (g)
I'nB(x,y/cr)

(13) )
S =01, 0uer

Thus

If =0 1500, e SIf =0l LQuery =MD N f =0l 1,(Qu (x,cr)»
oeSAffp

as desired.

5. STRONG GEOMETRIC LEMMA FOR INTRINSIC LIPSCHITZ GRAPHS

In this section, we will prove Theorem 1.2, modulo a bound that we will prove in
Section 6. Our strategy is to reduce from the intrinsic Lipschitz graph I" to Lipschitz
graphs on cosets of H,,_; by slicing. By the results of Section 3, there are codimension-1
vertical subgroups W < H,, such that the intersections vW N T are graphs of Lipschitz
functions defined on subgroups isomorphic to H,_;.

We start with some standard notation. Let f: H,, — R be a smooth function. The
horizontal derivatives of f in the directions X;, Y;,i = 1,..., n, are the left invariant vector

fields:
of py 1 0f : _9f 1 .9f
o (h) 2y,(h) 32 (h)and Y; f(h) := v (h) + 2x,(h) 32 (h), heH,.

The horizontal gradient of f is defined as
Vafh) =X fh),.... XnfW,Nf(H)...Yy f(R), heH,.

Féssler and Orponen proved that Lipschitz functions on Heisenberg groups satisfy
the following version of Dorronsoro’s Theorem. For any function f: H, — R and any
xeH,, r>0,let

Xif(h):=

(f(x) — g(x))? e

15 07(B(x,r)=r"""* inf |f-gl? ~ inf][
(15) r(B(x,1)) geAfF”f g”Lz(B(x,r)) Blx.r) r2

geATF
Theorem 5.1. [FO19, Theorem 6.1] Let f € Lo(H,,) withVgf € Ly(H,). Then

° dar
// 0rB(x,r)— dx SIVufIT, e,
H, JO r

This will let us bound how well each slice vW N T can be approximated by planes,
but even if vW NT is close to a plane for every v, the whole graph I' may not be. We
thus prove Theorem 1.2 by considering slices of I" parallel to several different planes W;.
Using a bound that will be proved in Section 6, we will show that if vW; N T is close to a
plane for many different choices of W;, then the whole graph T' is close to a plane. We
then deduce the strong geometric lemma for I" by applying Theorem 5.1 to each slice.

We will need a weak local version of Theorem 5.1.

Corollary 5.2. Let f: H, — R be a Lipschitz function and B(y, R) cH,, a ball. Then

R dr < L FI2. p2n+2
0rB(x,r)—dx S fl7;,R".
B(,R) J0 r
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Proof. We translate so that y = 0 and f(0) = 0. We first construct a Lipschitz function
F:H, — Rsuchthat F = f on B(0,2R) and Vg F |, 2 S ||f||§ipR2"+2.
Let S= B(0,2R) U (H\ B(0,4R)) and define F: S — R by

Pl {f(x), d(0,x) <2R,
0 d(0,x) =4R.
If pe B(0,2R) and d(0, q) = 4R, then
If () = f@I _ 1 fllrBo2R)
dp.q 2R
so Lip(F) = Lip(f). Since Ris an absolute 1-Lipschitz retract [BL0O, Ch. 1], we can extend

F to a Lipschitz function from H to R with Lip(F) = Lip(f). This function is supported in
B(0,4R), so

< Lip(f),

IVHFI?, @, <Lip(F)*#°"**(B(0,4R)) < Lip(f)*R*"*?
as desired.
If x € B(O,R) and r < R, then f|pw,»n = Flp,r» and thus Op(B(x,1)) = 07(B(x,T)).

Then
R R
d d
/ /ef(B(x,r))—r dx:/ /HF(B(x,r))—r dx
B(y,R) J0 r B(y,R) JO r

5/ / HF(B(x,r))ﬂ dx
H, JO r

SIVEFIT, g,

2 2n+2
< I fIZ, R2"2.

We now prove the main theorem.

Proof of Theorem 1.2. Let Q(x,1) = Qy, (x,7). Let A € (1£2 1) be as in Lemma 4.2.
We first construct some (2n — 1)-dimensional vertical subspaces P, P, ..., P2,-1. Re-

call that P,, = Vy n w® and let
P:= Pyn = span(Xl,...,Xn,l, Yl,..., Ynfl,Z).
Let Wy = P+(Yy) = {x, =0} and let wy, ..., w2,—1 € AN WynConey be linearly indepen-

dent vectors such that y, (w;) = 1. Let P; := Py, = N wl5 Each vector w; is close to Yy,
so each plane P; is close to P. Since the w;’s span An Wy, we have

Nw? = (AnWp)? = span(Z, Y,,),
i

and N; P; =Vpn(); w? =(Z). Foralliandall xeT,let Q;(x, 1) := Qu,(x,71).
In Lemma 6.2 in Section 6, we will show that there is a ¢ > 1 depending on A and the
P;’s such that if fV: Vy — R s a vertical function, then

min || f¥ - hll, < min |f'-olL
Inin. f 2(Q(x,1) ;ges A, f 2(Q(x,cr)

for any x € I" and r > 0. We also suppose that c is large enough to satisfy Lemma 4.2,
Lemma 3.2, and Lemma 4.1. In particular,

r"32Br(x, 1)< min || f — Al Qu,ery = (%)
heAff

forany xeT.
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Now, fix some x € I" and let f” € VF be the vertical function such that
(16) If = Ul Quern = Min | f = Al L, Qexery-
heVF
Let fu;: Vo — R be the parameterizing functions such that I' = T'y, .. Then, by the
triangle inequality,
= 1f - Ul wer + min I f¥ = Rl L Q,er
Lem. 6.2

< Nf-fY ||L2(Q(xcr))+z lglAIlF IfY =0l
P

SIf = FUlQuern + ). min (1Y = fll, e + 1f =0l
i UESAprl.

Lem. 4.2

v
S -7 ||L2(Q(x,czr))+z IglAl? I fw; = 0l 1y Q;(x,c2r)-

By (16) and the inclusion SAffp < VF,

n+3/2 v :
r Bre, ) =1f = L, +Z em/gflf I fw: =0l 0,2y

a7 < min |If-al| oy + Y min [ fu =0l 0 (0c?
oeSAffp ! L2(Qx,c*r)) Z T€SAffp, fw, L2(Qj(x,c%1))

Thus, in order to prove Theorem 1.2, it suffices to bound how well f and the f,,’s can
be approximated by slice-affine functions.
Let po T, R> 0, and B = B(po, R). After a translation, we may suppose pg = 0. Let

_ 2
y(x, 1) = r—2n—1 min “f a||L2(Q(X,r))
’ oeSAfFp r? :

We consider

R If- ol?
o . L 2
I:/ Fen 1/ min zz(Q(xc M4 / / Y(x, ¢ r)dx—
0 Bnr o€SAffp r BAT'

We first pass from the integral above to a sum over the balls in a family of bounded-
multiplicity covers € of I

By Lemma 3.2 and our choice of ¢, we have
(18) Qx,c'r) c(B(x,1)NT) < Q(x, cr)

for any x e I" and r > 0. For k = 0, let .4} be a maximal R2k_netinTnB. Let ry =
2¢3R27% and let 6 ={Q(p, %) : p € N}. By the Ahlfors regularity of I', 6% has bounded
multiplicity, i.e., for any x € Vg, [{Q € 6% : x € Q}| < 1. Furthermore, there is a D > 0 such
that if Q € 6%, then Q < Q(0, DR).

For any x € 'n B, there is an p € .#; such that d(x, p) < R27%, so by (18),

Q(x,R27%) cT1(B(x,c?R27%) nT) cT(B(p,2¢*R275) nT) <« Q(p, 23 R27H),
and thus y(x, R2%) < y(p, ). It follows that

I< Z Y 2" (B(p,R27F) nT)y(p, 1)
k=0 peNt

00
(19) SZ Z R2n+12_k(2n+l)Y(p,rk),
k=0 peN

that is, I is bounded by a sum over the quasiballs in the €% s.
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Next, we write the sum in (19) as an integral over slices. For notational convenience,
we shorten x¥ to just u. For nonempty sets S c uP, let

0%(S) = di -2n-2 5 —g|? .o,
(S) = diam(S) ot If =8Nz,

and let 6% (@) = 0. By Section 3, uP is isomorphic to Hj,_;.
Since Vj is a product,

—2n-1

If-gl? »
n 2(Q(x,r)NuP) du

yen=r n SCATE r2
di 1) N P2n+2
:r—l/ 1am(Q(J;22)+2 DY 94 (Qx, 1) 1 uP) du
R

:r‘l/G”(Q(x,r)muP)du,
R

where the last line follows from the fact that Q(x, r)nuP is either empty or an r—quasiball
(Lemma 3.1). Therefore,

(20) IS Y Y rRM272"g*(QnupP)du.
R k=0 Qe€}

Finally, we apply Corollary 5.2 in each slice and integrate. We can slice each cover 6}
into a family of bounded-multiplicity covers of slices. Let <€,€‘ ={QnNuP: Qe 6\ {p}.
This is a set of quasiballs in uP with bounded multiplicity, and by Fubini’s Theorem, we
can rewrite (20) as

[e o)
IS Y Y RM2729%(S)du.
R k=0Ses

Let a > 0 be such that diam S < ary for any S € 6}/ and let Fy, = f|,p. Then for any
Se ‘6,? and any s € S, we have 0%(S) < 6, (Byp(s, ary)), where 6, is as in in (15). Since
U el §<Q(0,DR), the bounded multiplicity of € implies

Y RT2TRgu() < Y RF2TH R A (8) 7! / 0, (Bup(s, ary))ds
Se6 Se6 S

N / 0F,(Byp(s,ary))ds.
Q(0,DR)NuP

This is zero when |u| > DR, so

DR oo
15/ Z/ OF,(Byup(s,ary))dsdu
-DR k=0J Q(0,DR)nuP

DR 2ary dr
5/ / / 0r,(Byp(s,r))ds—du.
-DRJoO Q(0,DR)NuP r

By Lemma 3.1, there is a D’ > 0 such that for each u € [-DR, DR], there is a ball B, c uP
of radius D'R such that Q(po, DR) N uP < By,. Thus, by Corollary 5.2,

DR 00 dr
15/ / / 0“(Byup(s,r))ds—du
-DRJO JB, r

D

R
S / IFulIf;, (D' R)*" du
-DR

SA ZDR-(DIR)Zn :R2n+1'
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That is,

R If-gl? 2 d

—on— . L ) r

/ ro2n 1/ inf —ZZ(Q(“ D qx— < RPL
0 BT 8€SAffp r r

Similarly, we can prove

R I fuw; — g%

_2n— . i L i (x,c2 dr

/ ro2n 1/ inf ZZ(Q SR P <) R
0 BnT gESAffpi r r

This, together with (17) allows us to conclude

R
dr

/ / Br(x,r)?—dx <y R¥™,

BnrJo r

as desired. O

6. SLICING VERTICAL FUNCTIONS

In this section, we prove bounds on functions that are close to affine on many fami-
lies of parallel hyperplanes. The simplest version of this bound deals with functions on
the cube that are close to affine on any axis-parallel hyperplane. For V' a vector space
and U c V a subspace, we define SAff; (V) to be the set of measurable functions that
are affine on every coset of U.

Proposition 6.1. Letd = 3 and let Ry,...,Rg € RY be the coordinate (d — 1)-planes, so
that R; consists of points whose ith coordinate is zero. Let I = [—1,1] and let SAffg, (Rg) €
Ly(I%) be the set of functions that are affine on each plane parallel to R;. Then, for any
ge L%,
(21) min ||g—All2 =4 min  |lg—All».
Jents 'S 2 Xi:/kSAfFRi ®) 8 ?

This proposition implies the bounds on slice-affine functions on H,, used in the proof

of Theorem 1.2.

Lemma 6.2. Letn=2 and let Py, ..., Py,_1 <V be vertical hyperplanes in general posi-
tion, i.e., vertical (2n — 1)—planes such that(\; P; = (Z). There is a ¢ > 1 such that for any
vertical function f € Ly(Vp), any x€T'¢, and anyr >0,

(22) I&i\lflf 1f = glLo Q) SPrPoney 2 If =8l Qu,cr»
8

min
i gEsAffpi(V())
where for convenience we define Q(x, ) = Qy, (x,1).

Proof. After applying a translation, we may suppose that x = 0.
Let Ag= AnVp and let P = Py, = Y!n V. Then Q(x, ) = Iy, (6, (K)) where

K={sX,+a+tZ:a€eBs(x,1)NnPB|s|<1,|t]| <1}.

Let S, = m(Q(x, r)); this is isometric to the product of an r-ball and an interval of length
2r, so it is a quasiball of radius r in Ap. Furthermore, for any p € S,, the intersection
a! (p) N Q(x, r) is an interval of length 2r2,

We identify Ay with R>"~! by an isomorphism. The projections 7(P;) are subspaces
of Ay in general position, so there is a linear transformation M: Ay — Ap such that
M(m(P;)) = R; for all i. Let D, = [—t,1]*""! c Ay. This is a quasiball in Ay, and MS,
and M~'S, are quasiballs with constants depending on M, so there is a b > 0 depending
only on M such that MS; c Dj,; and D, € M~'S,,, for all £ > 0.
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Since any g € Aff is a vertical function,

2 _ 2 2
IS = &I, e m = 271 — 8lL,s,)-

Let h: Ay — R be the function h(v) = f(M~!v); this is also a vertical function, and by a
change of variables,

)I:Illn Ilf- AIILZ(Q(“)) mm 2r? Ilf- /IIILZ(S)
= min 2r%|det(M)| "' - |h—=Ao M ! 2,
min | I~ 17, s,
< min 2r%|det(M)| " |h - A2 .
oin, [det(M)| |l ”LZ(Dhr)

By Proposition 6.1,

2
min 1= M, p,,) NZ I = AL, Dy,

min
AeSAffg, (R27-1)
Let J; be the determinant of the restriction M~ 1|g,: R; — 7(P;). If A € SAffg, (R*"™ 1),
then Ao M € SAff;(p,) (Ap) and Ao M ox € SAffp, (Vp), so by another change of variables,

2 -1 2
”h_ﬂ'”Lz(Dbr): I]l| ”f_A'OM”LZ(M—lDbr)

min
A€SAff, (R21-1)

: -1 2
< min i f =2l
AESAfFa(p,) (Ao) illf Ly(S,2,)

min
AeSAffp, (R211)

_ -4 _ -2 .
=20 1eSATth (V) Uil ™Hf = ;L”Lz(Q(xbzr))
1

Combining these calculations, we find

min | = AL, g Sv min rlh= AL, p, )

<yr? _min o lh-Alf
Xi: AeSAffR ([RZn ) L2(Dpr)
-2 2
S Z min T ”f_Mle(Q(x,bzr)‘

AESAffp (Vo)

Since b and M depend on P;,..., P,, we conclude
min || f = All7 SPrap min _ [If-Al? .
AeAff f=MiyQeery SPn Xl: A€SAFfp, (V) f =M, e e
as desired. O

In the rest of this section, we prove Proposition 6.1 using a wavelet decomposition.
Lety x € L2([-1,1]) be the Haar wavelet basis for L ([—1,1]). Thatis, let ¢0(¢) = 1, and
for j>0and 0 < k<271, let

-1 2k-277H _1<r<@k+1)-277%1 -1
Yiet)=21 @k+D1-277" 1 -1<r<@k+2)-27/" -1
0 otherwise.

When j > 0, the support of ¥ j () is an interval of width 271+2,
For multi-indices j = (jy,..., ja), k= (k1,..., kg) € 7% with 0 < k; <max{1,2/i71} let

d
Wikt ta) = [Tw ok ().

i=1
Let supp(j) = {i | j; # 0}. It is straightforward to check that the ‘I’j,k's are orthogonal.
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Let
(& YK

Cilg = ——
bk (i YK
so that
g=2 Gx¥jk-
ik
We partition this sum in two ways. For every subset S c {1,...,d}, define
(23) fs= Y ¥k
ik
supp(j)=S
ForeachO0<i=<d,let
gi= Y Gx¥ik= 2 fs
ik 1SI=i
[supp(j)|=i
Note that fs(f,..., fz) depends only on the ¢; such that i € S; in particular, fs = go is
constant. The fg’s are pairwise orthogonal, as are the g;’s.
Let A: Ly([0,1]%) — Aff be the orthogonal projection to Aff. Let SAff; = SAffp, (R%)
and let A; be the orthogonal projection to SAff;. For every j, k with |suppj| = 2, we have
Wik L Aff. Likewise, for every j,k with |suppj\ {i}| = 2, we have Wik L SAff;. Therefore,

(24) AMg) = A(go + 81) = 8o+ A(g1),

and

(25) Ai(8)=Ai(go+ 81+ 82) =8o+Ai(g1+82)
for all i.

We will need two lemmas.

Lemma6.3. Let g; and fs be as above. Foranyl <l,m=d, |l # m, we have A;(fi;}) = fu,
Am(fiy) = A(fuy), and
Mgy = fuy+ X Afim)-
m#l
Proof. Since fi(t1,..., t;) depends only on ¢, it is constant on each plane parallel to R;.
Therefore, A;(fi1) = fi-

When m # [, then f;; is independent of ¢,,, so A,,(fi;;) is independent of t,, and
affine on every plane parallel to R,,. Therefore, A,,(f;) is affine and A, (fy) = A(fip)-
This implies

A1) = A fim) = Mi(fu) + D Afimy)-
m

m#l
[l
Lemma 6.4.
o0
(26) lg— A5 =llgr—AgDI*+ Y ligill?,
i=2
and foranyl,
o] 2
@7) Ig=M@I? = g1 - Aien + g~ Mg + Y. i
i=3

= g1 - Mg |+ lg2 - Mg |+ X [l & |-
i=3
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Proof. By (24) and the orthogonality of the g;’s,
2

=g - A3+ llgil3+2 (g1 —Ag1), gi)-

2 i=2 i=2

g-Ag)+) g

i=2

lg—AMgl3=

For i = 2, g; is orthogonal to g; and to Aff, so (g1 — A(g1), &) = 0. This implies (26).
By (25),

g-Mi(@=(g1-Mi(g))+ (g - Ni(g) + ) gi-
i=3

19

We claim that the terms in this sum are orthogonal. When i = 3, g; is orthogonal to

g1, &2, and SAff;, so it suffices to check that (g; — A;(g1), &2 — A;(g2)) = 0.
Since (g1 — A;(g1)) L SAff; and (g1, 82) =0,

(81— A1(81), 82— Ai(82)) = (81— 11(81), &) = —(A1(81), &2
By Lemma 6.3,
</11(g1);82> = <a,g2> + <_f{l}vg2>r

where @ = ¥, A(fim) is affine. Since g» is a sum of ‘Pi,k's with |supp(j)| = 2, it is or-
thogonal to any affine function. Likewise, fi;; is a sum of ‘I’j,k’s with [supp(§)I =1, so fi;

is orthogonal to g,. Therefore,

(81— Ai1(g1), 82— Ai(g2)) = —{A;(g1),82) =0,

as desired.

Next, we use these lemmas to show that

d
(28) lgr = AgDI* =a Y g1 —Ai(gn)I1?
=1
and
d
(29) lgal?=a Y llgz — Ai(g2) 1%

=1
To prove (28), we decompose the left and right sides. For the left side, note that g;
Y fiiyy s0
g1 Alg) = fuy = M fuip)-
i

Each function fi;(t1,..., tg) = A(fii) (f1,..., tz) depends only on ¢; and satisfies

/[ L Jiy—Afwy) dp=0,

sowhen i # j,
Sy — AU, fiy — AUy = 0.
Therefore,
lgr — AGI* = Y Il fimy = A fump I%.
m

For the right side, by Lemma 6.3,

g1 —-Aig) = Y (fim = AUfim)-
m#l

As noted above, the terms in the sum are pairwise orthogonal, so

g = A2 = 3 || fim = AU |1*-
m#l
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Summing over [, we get
3 llgr = Al = Y. (d =D || fimy = Afim) |I° = (d =Dl - AgII?,
1 m

which proves (28).
To prove (29), note that if |S\ {I}| = 2, then fs is orthogonal to SAff;. Let

hi= Y, fs
Sctl,... d\ 1}
1S|=2
and k; = g» — hy, so that h; is orthogonal to k; and to SAff;.
Then
g2 = Ai(g2)11* = hy + Ky = Ay (g2)I” = 1 hgll* + 1 ey = Ay (g2) 1% = 1y 1P
and

Ylg-M@F =Y hi*=Y. Y lfsl*
1 1 1 Sc{1,...,d}\{l}
|S|=2

Each subset S of order 2 appears d — 2 times in the sum on the right, so
Yl - Mgl = (d=2) Y lIfsl*=(d-2)lgl>
1 1S]=2

Conversely, [|g2—A;(g2) 1l < [l g2—A(g2)ll, s0 X 82— 1:(g2)* < dll g2—A(g2) 1. This proves
(29).
Finally, we prove Proposition 6.1. By (26),

00
. ) 2 _ -2 2 _ -2 2 X 2'
g&%llg I° =g =A% =llgi = Ag)lI*+ )_ llgill

i=2
By (27)-(29),

e Al =S e — A ()2
%:Agﬁghﬂg ll2 %;Hg 18l

=Y e -t |+l - re|* + X &l
l )

i=3
o0
~a |g1-Mgn|*+ &+ X |l&il
i=3

= min g - A%
AeAff

as desired.
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