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ABSTRACT. We develop a comprehensive theory of conformal graph directed
Markov systems in the non-Riemannian setting of Carnot groups equipped
with a sub-Riemannian metric. In particular, we develop the thermodynamic
formalism and show that, under natural hypotheses, the limit set of an Carnot
conformal GDMS has Hausdorff dimension given by Bowen’s parameter. We
illustrate our results for a variety of examples of both linear and nonlinear
iterated function systems and graph directed Markov systems in such sub-
Riemannian spaces. These include the Heisenberg continued fractions intro-
duced by Lukyanenko and Vandehey as well as Kleinian and Schottky groups
associated to the non-real classical rank one hyperbolic spaces.
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Introduction

In this monograph we lay the foundation for a theory of conformal dynam-
ical systems in nilpotent stratified Lie groups (Carnot groups) equipped with a
sub-Riemannian metric. In particular, we develop a thermodynamic formalism for
conformal graph directed Markov systems which permits us to identify the Haus-
dorff dimension of the limit set as the zero of a suitable pressure function. We also
consider the structure of conformal measures and investigate when the Hausdorff
and packing measures of the limit set are either positive or finite. Finally, we
extend to the sub-Riemannian context a result, first proved by Schief and later
extended by Peres—Rams—Simon—Solomyak, on the equivalence between the open
set condition, strong open set condition, and positivity of the Hausdorff measure
of the limit set. The well established theory of Euclidean conformal graph directed
Markov systems (see [46]) serves as a model for our investigations.

We formulate the preceding theory in the general setting of a Carnot group
equipped with a left-invariant homogeneous metric. However, our results are of
particular interest in the special situation of Iwasawa groups. Such groups, a par-
ticular class of Carnot groups of step at most two, arise as boundaries at infinity of
the classical rank one symmetric spaces, or alternatively as nilpotent components
in the Iwasawa decomposition of real rank one simple Lie groups.

Provided the dimension of the ambient Iwasawa group is at least three, a version
of Liouville’s rigidity theorem holds: every locally defined conformal self-map is
the restriction of a Mdbius map, acting on the (conformally equivalent) one-point
compactification equipped with a suitable spherical metric. As in the Euclidean
case, the space of M6bius maps is finite-dimensional, and may be identified with a
group of matrices acting by isometries on the corresponding hyperbolic space. The
action of this group is sufficiently rich, for instance, it is two-point transitive with
nontrivial stabilizer subgroups.

A recent rigidity theorem of Cowling and Ottazzi (see Theorem 2.13) asserts
that every conformal mapping defined on domains in a Carnot group which is not
of Iwasawa type is necessarily an affine similarity mapping. Moreover, the theory
which we develop applies to families of contractive similarities of any homogeneous
metric on any Carnot group, which need not be conformal, see also Remark 4.8. Our
results therefore encompass two settings, graph directed Markov systems (GDMS)
consisting of either contractive similarities or contractive conformal mappings, in
any Carnot group. We stress that a number of our results are new in the setting
of similarity GDMS in general Carnot groups, especially in the case of countably
infinite systems. Finite self-similar iterated function systems in Carnot groups have
previously been studied in detail by the second author and his collaborators [4],
[7], [9]. The results of the present monograph apply equally well either to finite or
countably infinite self-similar iterated function systems in arbitrary Carnot groups.

vii



viii INTRODUCTION

See Chapter 5 for further information. Moreover, all of the results of this monograph
apply to non-affine conformal GDMS in Iwasawa groups; such a setting is entirely
new.

We briefly indicate the structure of this monograph. Chapter 1 briefly reviews
the algebraic, metric and geometric structure of general Carnot groups and the
primary morphisms of interest: the contact mappings. In Chapter 2 we describe in
detail the class of Iwasawa Carnot groups which plays a particularly important role
throughout this monograph. We also recall the definition of conformal mappings in
Carnot groups, and describe both the classification of conformal maps on Iwasawa
groups as well as the Cowling—Ottazzi rigidity result mentioned above. In Chapter
3 we develop a series of metric and geometric properties of conformal mappings.
Throughout the remainder of this monograph, we will primarily only make use of
such properties in our consideration of Carnot conformal GDMS.

Chapter 4 introduces abstract graph directed Markov systems, as well as confor-
mal graph directed Markov systems in Iwasawa groups. A brief interlude (Chapter
5) describes several examples of Iwasawa conformal GDMS. In the self contained
Chapter 6 we provide a detailed treatment of thermodynamic formalism in the
context of countable alphabet dynamics. In Chapters 7 and 8 we employ the ther-
modynamic formalism from Chapter 6 and the distortion estimates obtained in
Chapter 3 to establish formulas for the Hausdorff and packing dimensions of in-
variant sets of Iwasawa conformal GDMS. Moreover we investigate the structure of
conformal measures on such sets. We revisit the examples of Chapter 5 in Chap-
ter 9, where we apply the results of earlier chapters to compute or estimate the
dimensions of several invariant sets. In Chapter 10 we investigate finer properties
of limit sets. We study the finiteness or positivity of Hausdorff or packing measure
on the invariant set. We also extend a dynamical formula for the Hausdorff dimen-
sion of invariant measures, known as the Volume Lemma, in the context of Carnot
conformal GDMS. In Chapter 11 we establish the equivalence between the open
set condition, the strong open set condition, and the positivity of the Hausdorff
measure of the limit set of finite Carnot conformal GDMS, extending a well known
theorem of Peres, Rams, Simon and Solomyak [51].

Acknowledgements. Research for this paper was completed during visits of
various subsets of the authors to the University of Illinois, the University of Bern,
and the University of North Texas. We wish to acknowledge the hospitality of all
of these institutions. We would particularly like to acknowledge the detailed and
helpful comments provided by the referee.



CHAPTER 1

Carnot groups

In this chapter we introduce Carnot groups and their sub-Riemannian geometry.
We discuss the differential geometric, metric, and measure-theoretic structure of
such groups. We also describe the class of contact mappings of a Carnot group,
that is, mappings which preserve the inherent stratified structure. Typical examples
of contact mappings include left translations, dilations, and automorphisms, which
together generate the family of orientation-preserving similarities. We recall one of
the most basic examples of a Carnot group: the (complex) Heisenberg group. In
the following chapter we introduce the so-called Iwasawa groups, which comprise
the Heisenberg groups over the complex numbers, over the quaternions and over
the Cayley numbers. Each Iwasawa group is endowed with a natural conformal
inversion mapping which ensures that the full class of conformal self-maps is larger
than the group of similarities.

We conclude this chapter by reviewing the Dimension Comparison Theorem
which relates the spectra of Hausdorff measures in a Carnot group defined with
respect to either a sub-Riemannian metric or a Euclidean metric. The Dimension
Comparison Theorem will be used later to deduce Euclidean dimension estimates
for limit sets of conformal graph directed Markov systems in Carnot groups.

1.1. Carnot groups

A Carnot group is a connected and simply connected nilpotent Lie group G
whose Lie algebra g admits a stratification

(1.1) g=01®---Dv,
into vector subspaces satisfying the commutation rules
(1.2) [b1,0;] = 041

for 1 <i < ¢ and [p1,,] = (0). In particular, the full Lie algebra is generated via
iterated Lie brackets of elements of the lowest layer vy of the stratification. This
layer is known as the horizontal layer of the Lie algebra, and elements of v; are
known as horizontal tangent vectors. The integer ¢ is known as the step of the
group G.

We identify the elements of g as either tangent vectors to G at the neutral
element o, or as left invariant vector fields on G. This identification is obtained
as follows: any left invariant vector field X on G defines an element X (o) in T,G,
while any vector v € T,G induces a left invariant vector field X by the rule X (q) :=
(¢y)«(v) for all ¢ € G, where ¢, : G — G, {,(p) = g * p, denotes left translation
by ¢. In this way, the horizontal layer v, corresponds to a distribution HG in the
tangent bundle TG given by the rule H,G = {X(p) : X € v1}. The distribution
HG is known as the horizontal distribution. The bracket generating condition (1.2)

1



2 1. CARNOT GROUPS

implies that HG is completely nonintegrable. According to a fundamental theorem
of Chow and Rashevsky, see e.g. [47], the complete nonintegrability of HG ensures
that any two points of G can be joined by a horizontal curve, i.e., a piecewise
smooth curve v such that 7'(s) € H, ;)G whenever 7/(s) is defined.

Since G is connected, simply connected and nilpotent, the exponential map
exp : g — G is a global diffeomorphism and G is naturally identified with a Eu-
clidean space g = R™. Nilpotence implies that the group law on G is given by
polynomial operations in the coordinates of the corresponding Euclidean space RY.
The precise formula for the group law can be derived from the Baker—Campbell-
Hausdorff-Dynkin formula

(1'3) eXp(U) * exp(V) = eXp(U +V+ %[U) V] + T12([U’ [Ua V]] [Vv [V’ U]]) T+ )7

+
valid for U,V € g. (See, for instance, [12, Theorem 2.2.13].) Note that nilpotence
ensures that the series occurring on the right hand side of (1.3) is a finite sum. For
instance, in the case when G has step two, (1.3) reads as

(1.4) exp(U) x exp(V) = exp(U + V + 3[U, V]).

Introducing ezponential coordinates of the first kind p = (Uy,Us), where p =
exp(Uy + Uz) with U € vy and Us € vy, we deduce from (1.4) that

(15) p*qz(U1+V1,U2+‘/2+%[U1,V1])

if p=(U1,U2) and q = (V1,V2).

For r > 0 we define the dilation with scale factor r, §,, to be the automorphism
of g which is given on the subspace v; by the rule §,(X) = r* X, X € v;. Conjugation
with the exponential map transfers this map ¢, to an automorphism of the group
G which we continue to call a dilation and continue to denote by §,., thus

(1.6) 6(p) = exp(d,(exp™ ' (p))).

1.1.1. Homogeneous metrics. Each Carnot group can be equipped with
a geodesic metric, the Carnot—Carathéodory metric d...  To define this metric,
we fix an inner product (-,-) on the horizontal layer v; of the Lie algebra, which
we promote to a left invariant family of inner products via left invariance of the
elements of g. Relative to this inner product, we fix an orthonormal basis of vector
fields X1,..., X;, € v1, and we define the horizontal norm of a vector v € H,G to
be

1/2
m

p,G = Z<U7Xj(p)>2

j=1

|v

The horizontal length £..(7y) of a horizontal curve v : [a,b] — G is computed by
integrating the horizontal norm of the tangent vector field along ~:

b
leolr) = / () o0 ds.

Taking the infimum of ¢..(7y) over all horizontal curves 7 joining p to ¢ defines
the Carnot—Carathéodory distance d..(p,q). It is well known that d.. is a geodesic
metric on G. We record that a CC-geodesic connecting two points p,q € G is a
length minimizing horizontal curve v : [0,7] — G, such that y(0) = p, ¥(T) = q.
Explicit formulas for the Carnot-Carathéodory metric are difficult to come
by and are known only in very specific cases. For many purposes it suffices to
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consider any bi-Lipschitz equivalent metric on G. A large class of such metrics is
given by the homogeneous metrics. A metric d on G is said to be homogeneous
if d : RV x RN — [0,00) is continuous with respect to the Euclidean topology,
is left invariant and is 1-homogeneous with respect to the dilations (4, ),>0. The
1-homogeneity of d means that

d(0,(p),6-(q)) = rd(p,q)

for all p,q € G and all » > 0. We note in particular that the Carnot—Carathéodory
metric d.. is a homogeneous metric. The Kordnyi (gauge) metric on an Iwasawa
group (defined in subsection 2.1.4) provides another example of a homogeneous
metric. Any two homogeneous metrics d; and ds on a given Carnot group G are
equivalent in the sense that there exists a constant L > 0 so that

(1.7) L™ 'dy(p,q) < d2(p,q) < Ld1(p, q)

for all p,q € G; this is an easy consequence of the assumptions.

1.1.2. Haar measure and Hausdorff dimension. By a theorem of Mitchell
(see also [47]), the Hausdorff dimension of G in any homogeneous metric is equal
to the homogeneous dimension

(1.8) Q=> idimv;.
=1

In all nonabelian examples (i.e., when the step ¢ is strictly greater than one), we
have @@ > N where N denotes the topological dimension of G. It follows that the
Carnot—Carathéodory metric d. is never bi-Lipschitz equivalent to any Riemannian
metric on the underlying Euclidean space RY.

We denote the Haar measure of a set E in a Carnot group G by |E|. The Haar
measure in G is proportional to the Lebesgue measure in the underlying Euclidean
space RY. Moreover, there exists a constant ¢y so that for any p € G and r > 0 we
have

(1.9) |B(p,r)| = cor?,

where @ is as in (1.8). One way to see this is to note that B(o,1) is mapped onto
B(p,r) by the composition of left translation by p and the dilation §, with scale
factor 7 > 0. Observe that the Jacobian determinant of the (smooth) map §, is
everywhere equal to r?. Tt follows that (1.9) holds with co = |B(o,1)|.

1.1.3. The Heisenberg group. We briefly record a simple example of a
nonabelian Carnot group: the first (complex) Heisenberg group. This group is the
lowest-dimensional example in a class of groups, the Iwasawa groups, which we will
describe in detail in the following chapter.

The underlying space for the first Heisenberg group Heis is R3, which we also
view as C x R. We endow C x R with the group law

(z;t) % (2/;t) = (2 + 25t + ¢/ + 21m(z2")),

where we denote elements of Heis by either (z;t) € C x R or (z,y;t) € R3. The
identity element in Heis is the origin in R3, and the group inverse of p € Heis
coincides with its Euclidean additive inverse —p.
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The vector fields

0 0 0
X=—"+2= and Y =— —2
oz T Vo M oy ot
together with
9
ot’

form a left invariant basis for the tangent bundle of Heis. The horizontal bundle
HHeis is the non-integrable subbundle (horizontal bundle) which is spanned, at
each point p € Heis, by the values of X and Y at p. Consequently, Heis has the
structure of a Carnot group of step two, with two-dimensional horizontal space b
and one-dimensional vertical space (center) vy. For each r > 0 the dilation §, of
Heis takes the form

(1.10) 5e(m,y;t) = (ro, ry; r2t).

1.2. Contact mappings

Let Q and Q' be domains in a Carnot group G. A diffeomorphism f: Q — Q/
is said to be contact if its differential preserves the horizontal bundle (and hence
preserves each stratum in the decomposition (1.1)). More precisely, f is contact if
J+p maps H,G bijectively to Hy,)G for each p € ). Since f is a diffeomorphism,
its action on vector fields is well defined, and the preceding statement implies that
f+« maps vy to itself (recall that H,G = {X(p) : X € v:}. Moreover, f, preserves
the Lie bracket and hence maps v; to itself for each j = 1,...,:. Hence when f is
contact we obtain

fop : H)G = H} G VpeQ j=1,...,1,

where H)G = {X(p) : X € v;}.

Examples of contact mappings of Carnot groups include left translations, di-
lations and homogeneous automorphisms. For instance, denoting by ¢, the left
translation of G by a point g, {4(p) = ¢ * p, we note that (¢;).p(Y,) = Ygup for
all left invariant vector fields Y and any p € G. In particular, ({;). acts as the
identity on each stratum v; of g. Similarly, the dilation ¢, acts on the level of the
Lie algebra as follows:

() ip(Yi+ -+ Y) =r(Y1)s,0) + - + 7 (Y6, (p)s where Y; € v,

and hence (6,), acts on v; as multiplication by 7/. An automorphism of G is a
bijective map L which preserves the Lie group law: L(p x q) = L(p) * L(gq). We
say that L is homogeneous if it commutes with dilations: L(d,(p)) = 6,.(L(p))
for all p € G and r > 0. The differential of a homogeneous automorphism is an
automorphism of Lie algebras which is again homogeneous and strata-preserving.

ExampLE 1.1. In the Heisenberg group Heis, the maps
Ry : Heis — Heis, Ro(z,t) = (e'2,1), R

are homogeneous automorphisms. The action of the differential of Ry on the Lie
algebra has the matrix representation

cosf sinf O
—sinf cosf O
0 0 1
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when expressed in the basis X,Y,T.

1.3. Dimension comparison in Carnot groups

Each Carnot group is equipped with two distinct metric structures: the sub-
Riemannian geometry defined by the Carnot—Carathéodory metric and the under-
lying Euclidean metric geometry. These two metrics are topologically—even bi-
Hoélder—equivalent, but are not bi-Lipschitz equivalent (except in the trivial case
when the group is abelian). It is natural to ask for precise estimates describing
the relationship between the Hausdorff dimensions defined by these two metrics.
This Dimension Comparison Problem was first considered by Balogh, Rickly and
Serra-Cassano in the Heisenberg group [5] (see also [7] for a continuation of this
line of research) and later by Balogh, Warhurst and the second author in general
Carnot groups [8], [9].

We first state the Dimension Comparison Theorem in its most general form
(on arbitrary Carnot groups), and then specialize to the case of step two groups.
Denote by G a Carnot group of arbitrary step ¢« > 1, with stratified Lie algebra
g=1v, @ - ®v,. Let m; be the dimension of the vector subspace v; in g ~ RY.
Recall that the topological dimension N and the homogeneous dimension @ of G

satisfy
L
N = ij
j=1
and ,
Q=) _jmj.
j=1

For convenience, we also set mg = 0 and m,41 = 0. We define the upper and lower
dimension comparison functions By = ﬁﬂ(ﬁ and B_ = BC as follows:

l_ l_
B [0N]=[0,Ql,  B(a)=> jmj+(1+L){a=) m,
Jj=0 j=0

where ¢_ = ¢_(«) is the unique integer in {0,...,.— 1} such that
1+6_

o
ij <a< Z mj,
3=0 §=0

and
+1 v+1
6+:[07N]_>[07Q]a ﬁ-‘r(a): ij]+(_1+€+) Q= ij
J=t4 =ty

where ¢, = ¢, («) is the unique integer in {2,...,¢ 4 1} such that

t+1 +1
g mj < a < E m;j.
J=t J=—14Ly

The integers £ and ¢_ can be interpreted as weighted versions of the usual greatest
integer function |z |, € R. The integer £_(«) is the largest number of layers of the
Lie algebra, starting from the lowest layer vy, for which the cumulative dimension
Zﬁ:o m; is less than «. The integer ¢4 (o) has a similar interpretation, starting
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from the highest layer v,. The dimension comparison functions 54 (a) each involve
two terms, one of which gives the sum of the weighted dimensions of the relevant
subspaces v; determined by the value of ¢4 (), and the other of which gives the
fractional value of the weighted dimension of the ‘boundary’ subspace v14s_ or
v_14¢,. Note that the formulas for the dimension comparison functions 5+ involve
only the dimensions of the subspaces v;, and do not depend in any way on the
precise algebraic relationships (e.g., commutation relations) involving vector fields
determining bases for these subspaces.

In the special case of step two groups (which will be of primary interest), these
formulas simplify as follows. Let G be a step two Carnot group with topological
dimension N = my + mo and homogeneous dimension ) = mj + 2msy, where
g = b1 ® vy and m; = dimv;. The dimension comparison functions S+ satisfy

ifo<a<
(1.11) B(a)=42 Lo=asm
2ac —mq, ifmy <a<N,

and

(112) Bila) = {

2a, if 0 < a < my,
a+meo, ifme<a<N.

Note that S_ and 34 are continuous and strictly increasing piecewise linear func-
tions from [0, N] to [0, @] satisfying the symmetry relation 54 (N —a) = Q — 56— (),
0 < a < N. (These facts are true for the dimension comparison functions of Carnot
groups of arbitrary step.)
For instance, in the first Heisenberg group Heis, where ¢+ = 2, m; = 2 and
mgo = 1, we have
B-(a) = max{a, 2a — 2}
and
B4 (o) = min{2a, a + 1}
for0<a<3.
We are now ready to state the Dimension Comparison Theorem. See [5] for
a proof in the Heisenberg group and [9] for a proof in arbitrary Carnot groups.
In the statement of the theorem, we have denoted by dimy .., resp. dimy g, the
Hausdorff dimension with respect to the metric d., resp. dg on a Carnot group G.

THEOREM 1.2 (Dimension Comparison in Carnot groups). Let G be a Carnot
group of topological dimension N and homogeneous dimension Q. Let d.., resp.
dg, denote the Carnot—Carathéodory, resp. Fuclidean, metrics on G. For any set
S CG@G,

(1.13) B (dimyy, g S) < dimyy . S < By (dimy g S).

The estimates in (1.13) are sharp in the following sense: for each ordered pair
(o, B) € [0, N] x [0, Q] such that _(«) < 8 < B4 («), there exists a compact subset
Sa,8 C G such that dimy . Sap = B and dimy g S = @. Invariant sets of
self-similar iterated function systems provide a large class of examples of sets S
which often realize the lower bound dimy .. S = S_(dimy, g S). For more details
and more precise statements, see [9].



CHAPTER 2

Carnot groups of Iwasawa type and conformal
mappings

In this chapter we consider Carnot groups of Iwasawa type equipped with a sub-
Riemannian metric. Such groups occur as the nilpotent components in the Iwasawa
decomposition of real rank one simple Lie groups. The one-point compactifications
of these groups, equipped with suitable sub-Riemannian metrics, arise as boundaries
at infinity of the classical rank one symmetric spaces. The study of conformal (and
more generally, quasiconformal) mappings in Iwasawa groups dates back to the
foundational work of Mostow [48], [49] on rigidity of hyperbolic manifolds, with
significant later contributions by Kordnyi and Reimann [36], [37] and Pansu [50].
In this chapter we recall the definitions and basic analytic and geometric properties
of conformal mappings of Carnot groups, especially Iwasawa groups.

2.1. Iwasawa groups of complex, quaternionic or octonionic type

In this section we describe a collection of examples of Carnot groups, the so-
called Iwasawa groups of complex, quaternionic and octonionic type. These are
precisely the Carnot groups which admit a sufficiently rich family of conformal
self-mappings (see Theorem 2.13 for further explanation).

We give a unified description which covers both the complex and quaternionic
cases. In subsection 2.1.1 we recall the definition of these objects, and in subsection
2.1.2 we indicate how to view them as sub-Riemannian Carnot groups. In subsection
2.1.4 we describe an explicit homogeneous metric on these groups (the so-called
gauge metric) which is closely tied to conformal geometry.

The octonionic case is more subtle. While the definitions and basic formulas,
e.g., for the gauge metric, are ostensibly identical to those in the complex and
quaternionic cases, the nonassociativity of the octonions leads to many complexities
in the derivation of those formulas. We make brief remarks about the octonionic
case in subsection 2.1.3, where we also provide copious references to the literature
for those wishing to learn more about this fascinating construction.

2.1.1. The group law. Let K denote either the complex numbers C or the
quaternions H. We denote by k = dimg K € {2,4} the dimension of K as an R-
vector space. The Heisenberg group Heisg is modeled by the space K™ x Im(K)
equipped with the non-abelian group law

(z;T)* (7)Y =G+257+7 + QImZgzu).
v=1
Here z = (21,...,2,) and 2’ = (2{,...,2}) lie in K™ and 7,7’ € Im(K) := {Im(z) :

z € K}. We recall that Z denotes the conjugate of an element z € K, i.e., Z = z — iy
ifz=zo+iye Candz=a—ib—jec—kd if z = a + ib + jc + kd € H, while

7



8 2. CARNOT GROUPS OF IWASAWA TYPE AND CONFORMAL MAPPINGS

Im(2) denotes the imaginary part' of z € K, i.e., Im(z) = iy if z =  +iy € C and
Im(z) =ib+je+ kdif z=a+ib+ je+ kd € H.

For the benefit of the reader we recall that the space of quaternions is the
four-dimensional real vector space H spanned by indeterminates e;, j = 0,1,2, 3,
and equipped with an R-linear noncommutative multiplication rule -. We adopt the
standard convention, denoting ey = 1 for the multiplicative identity, e; =i, es = j
and ez = k, and summarize the multiplication rule in the following diagram:

[l e [ e | es |

€1 -1 €3 —€9
€2 —e3 -1 (3]
€3 €9 —€e -1

We call Heisg either the complex Heisenberg group or the quaternionic Heisenberg
group. We often abbreviate Heis" = Heis: and Heis = Heis'. Note that Heis}
is identified with the Euclidean space R where N = kn +k — 1, k = dimg K. We
briefly pause to explicitly record the group law in real coordinates. In the complex
Heisenberg group C" x Im(C) «» R?"*! we obtain

(@,y;t) x (2, yt) = (@ + 2y +yit+ ' + 22"y —2-y)),
where z,2',y,y’ € R" and ¢, € R. In the quaternionic Heisenberg group H™ x
Im(H) < R**+3 we obtain
(x7 y7 Z? w; t’ u? v) * (x/’ y/’ Zl? w/; tl? u/’ v/) = (‘,I/.//7 y//7 le? wl/; tl/’ ul/’ U/,)

witha" =x+2,¢" =y+y,2" =2+2', v =w+ ',

t"=t+t'+2(z" y—z-y+uw-z2—w- 2,

W=u+u +20 -z Y w—y-w),
and

V=040 +2@ w—xw + 2y —z-y).
In this case, z,z’,y,y, 2,2 ,w,w’ € R™ and t,¢,u,u’,v,v" € R.

The identity element in G is the origin of the corresponding Euclidean space

RF?+E=1. we denote this element by o. The inverse of p € G coincides with its

Euclidean additive inverse —p, however, we denote this element by p~! to emphasize
the nonabelian character of the group G.

2.1.2. Left invariant vector fields and the horizontal distribution. In
this section we indicate how to view the Heisenberg group Heisg as a Carnot group.
We first consider the complex Heisenberg groups. The vector fields

0 0 0 0
X,=—+4+2y,— d Vi=—-2z,—, j=1,...
J 6$J + Yj ot an J ayj Lj at? J ’ y 1,
together with
0
T=_—
ot’
form a left invariant basis for the tangent bundle of Heis". For convenience we
also write X,,1; = Y; for j = 1,...,n. The sub-Riemannian geometry of the

e define the imaginary part of z to be iy rather than just y in order to be consistent with
the quaternionic convention.
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Heisenberg group is defined by the non-integrable subbundle (horizontal bundle)
HHeis", where

H,Heis" = span{X1(p),..., Xn(p), Y1(p),...,Yn(p)} = span{Xi(p), ..., Xon(p)}.

The non-integrability of this distribution is clear, since [X;,Y;] = —4T for every
j=1,...,n. The Carnot—Carathéodory metric on Heis" is defined by fixing on
HHeis" a frame such that the vector fields X;,Y1, ..., X,,Y, are orthonormal.

The Heisenberg group Heis" is naturally equipped with the structure of a
contact manifold. Define a 1-form o on Heis™ as follows:

(2.1) a = dt+22(xj dy; — y; dx;)
Jj=1
The 1-form « is a contact form, which means that a A (da)™ is a nonzero multiple
of the volume form. Observe also that da = 4377, dwj Adxy, is a multiple of the
standard symplectic form in R?", and that the horizontal space H,Heis" coincides
with the kernel at p of a.
For each r > 0 the dilation J, of Heis" takes the form

(2.2) S (x,y;t) = (ra,ry; r°t).

A similar story can be told in the quaternionic Heisenberg group. The vector
fields

X; = aij +2yj% +2Zj82u +2wj§v,
Y, =X, = (;)% — ij% — ij% +2zj%,
and
W)= Xos = 5o 2+ e g G=Lle.n

form a left invariant basis for the horizontal distribution HHeisy. This distribu-
tion is not integrable, since the Lie span of the vector fields X;,Y;, Z;, W; con-
tains the vertical subspace spanned by 9/9t, 9/0u and 9/0v. Again, the Carnot—
Carathéodory metric on Heisyy is defined by introducing a frame on HHeisy for
which the vector fields X;,Y;,Z;,W;, j =1,...,n, are orthonormal.

The horizontal space H,Heisy coincides with the kernel at p of the Im H-valued
quaternionic contact form

a= (dt + QZ(xj dy; —yj dz; + zj dwj —w; dz;),

j=1
(2.3) du +2 Z(x] dzj — zjdz; — y; dw; + w; dy;),
j=1
dv +2 Z(x] dw; —wjde; +y;dz; — 25 dyj)> .
j=1

We will not use the quaternionic contact structure of Heisy in what follows.
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As for the complex Heisenberg groups, the dilation §, of Heisy takes the form

2.4 S,.(z,y, 2, wi t, u,v) = (ra, ry, vz, rw; r2t, r2u, rv).
7y7 ) Y ) 7y7 ) ) ) )

2.1.3. The first octonionic Heisenberg group. The octonionic Heisen-
berg group Heisé) is defined in a manner analogous to its complex or quaternionic
cousins, however, the nonassociativity of the octonions introduces significant com-
plications into the derivation of basic metric features of this space and its connection
to octonionic hyperbolic geometry. We give here a brief description and refer the
reader to [1], [2], [3] and [41] for more detailed information and background re-
garding the octonionic hyperbolic plane H3 and the first? octonionic Heisenberg
group Heisg.

Recall that the octonions (also known as the Cayley numbers) can be defined
as the eight-dimensional real vector space O spanned by indeterminates e;, j =
0,...,7, and equipped with a certain R-linear nonassociative multiplication rule -.
By convention we take the first indeterminate eg to be the identity element for this
multiplication rule, i.e., ep-e; =e;-eg =e; forall j =0,...,7. We write eg =1
and summarize the remaining relations in the following multiplication table:

[l e [e2 | es [ ea [ &5 [ es | er |

€] -1 €y ey —e€9 €g —e5 | —e3
€9 —€y -1 €5 (3] —es3 er —€g
es3 || —e7 | —es | —1 €g e | —ey | e
€y €9 —€e] | —€g -1 ey €3 €5
e; || —eg | e3 | —ex | —er | —1 e ey
€g €5 —er ey —e3 | —ey -1 (D]
er || es e | —e | —e5 | —e4 | —ey | —1

We note that this multiplication table can be conveniently recalled via its connection
to the Fano plane as indicated in Figure 2.1.3. Observe that each of the basis
elements e;, 1 < 7 < 7, satisfy e? = —1 and anticommute (e; - e = —ey, - €5,
1<, k<7, j#k).

FiGURE 1. The Fano plane

2Note that while the octonionic Heisenberg group Heisa can be defined for any n, it is only
the first octonionic Heisenberg group Heisb which arises as an Iwasawa group. This is due to
complexities stemming from the nonassociativity of the octonions, which preclude the definition
of octonionic hyperbolic spaces of dimension strictly greater than two.
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Expressing a typical element z € O in the form z = 2y + 237‘:1 zje; with
20, - - -, 27 € R we recall that the real part of z is Re(z) = 29 and the imaginary part
is Im(z) = Z;:l zjej. The conjugate of z = Re(z) + Im(z) is Z = Re(z) — Im(z)
and the modulus is |z| = vZz = v/2Z. Note that

Re(zy) = Re(yz)

for all z,y € O.

Since the octonions are not associative, one must be careful when performing
computations. It is useful to observe that certain associativity-type formulas hold.
For instance, any product of octonions involving only two octonions is associative;

this is a result of Artin. For instance, if x € O and p is an imaginary unit quaternion
(so that T = —u), then the triple product

is unambiguously defined. Furthermore, the Moufang identities
(2.6) Re((zy)z) = Re(z(yz)),

(2.7) (pom)(py) = plzy)

and

(2.8) (zp)(myp) = (zy)p

hold true for all z,y,z € O and all imaginary unit quaternions p. In view of (2.6)
we may unambiguously denote by Re(zyz) the quantity specified in that formula,
despite the nonassociativity of Q.

The first octonionic Heisenberg group is modeled as Heis%» =0 xImO (in real
coordinates, as R'®). Here ImQ denotes the space of imaginary octonions. The
group law, by analogy with the complex and quaternionic cases, is

(z;7) % (257) = (2 + 257+ 7' + 2Im(2'2)).
The group Heisb is equipped with an 8-dimensional horizontal distribution H Heisé)
defined by a left-invariant basis of horizontal vector fields X1, ..., Xg; we omit the

explicit formulas for these vector fields in real coordinates. By analogy with (1.10),
the dilation automorphisms 4, of Heisg, are given by

5:(2;7) = (rz;r?7), (z;7) € O.

2.1.4. The gauge metric of an Iwasawa group. The conformal geometry
of an Iwasawa group G is naturally described in terms of a more computationally
friendly homogeneous metric called the gauge metric (also known as the Cygan or
Kordnyi metric)

du(p,q) = lp~" - allu,
where
1z )|l = (21* + 7% for (2;7) € Heisg.
The fact that dy is a homogeneous metric is well known. See [20, p. 18] for a
proof in the case G = Heis". In the case G = Heisé) a proof can be found in [41,
Section 3.3]. However, since the presentation of Heisg, in [41] is slightly different
from ours, we give here a direct proof which is valid for any Iwasawa group.

PROPOSITION 2.1. The expression dy defines a metric on any Iwasawa group
G = Heisg.



12 2. CARNOT GROUPS OF IWASAWA TYPE AND CONFORMAL MAPPINGS

PRrROOF. It suffices to show that |[(z;7) * (2';7)||lg < ||(z;D)llg + ||z 7)||u
for all (z;7) and (2/;7') in G. We take advantage of the identity

2
e = |—z|2+7

‘We compute

(25 7) * (5[ = (2 + 257+ 7' + 272 = 22")| |y
2
=|—|z+ P +r+7 + 227

2

(=l2l?+7) =222 + (- + )

2

IN

1G5 DI + 2021 2]+ 115 7)1

(G Dl + 115 7)e)*.

IN

O

Throughout this monograph, we will denote by d a general (unspecified) homo-
geneous metric in a Carnot group. We reserve the notations d.. and dy to denote
the particular examples of the Carnot—Carathéodory metric (defined in any Carnot
group) and the gauge metric (defined in any Iwasawa group). We will denote by
B(p,7), resp. B(p,r) the open, resp. closed, ball with center p and radius r in the
metric space (G, d), with similar notations for the metrics d.. and dp. Diameters
of and distances between sets will be denoted diam and dist, and suitably adorned
with subscripts when necessary.

REMARKS 2.2. Let G be an Iwasawa group. It follows from (1.7) that

(29) Bcc(poa T/L) C BH(p07 T) C Bcc(p07 LT)

for all pp € G and r > 0. Here L denotes a comparison constant as in (1.7) relating
the Carnot—Carathéodory and gauge metrics.
We also record the following elementary fact:

(2.10) diampy By(p,r) = 2r for all p € G and r > 0,

Equation (2.10) follows from the observation that through every point p € G there
exist horizontal embedded lines pxexp(RV), V € H,G, |V |, = 1. The restriction
of dy to such a line coincides with the Euclidean metric, whence p * exp(£rV) €
By (p,r) are two points whose distance is equal to 2r.

Among the many remarkable features of the gauge metric is the following Ptole-
maic inequality:

(2.11) dr (p1,p2)du(p3, pa) < du(p1,p3)du (P2, pa) + du(p2, p3)du (p1,pa)

for all p1, ps, p3, ps in G. We refer the reader, for instance, to the paper [52] for a
proof of the Ptolemaic inequality for the gauge metric in Iwasawa groups. See also
[24] and [15] for more information about Ptolemaic geometry and its relation to
Iwasawa groups.
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2.1.5. Extended Iwasawa groups and cross ratios. Let G be an Iwasawa
group. We denote by G = G U {oo} the one-point compactification of G. Note that
G is homeomorphic to the sphere SV. The gauge metric dy induces a spherical
metric d on G, given by the formula

2dm (p,9)
_ _ \/1+dH(p,o)2 \/1+dH(Q7O)2
2

V1+du(p,0)?

The quantity dg is a natural analog of the usual spherical metric on the Euclidean
sphere S” = R™. The fact that dy is a metric on G follows from the Ptolemiac
inequality (2.11).

The extended Iwasawa group M = G can be equipped with the structure of a
sub-Riemannian manifold locally modeled on G. In the complex case, this structure
arises from the usual CR structure on the sphere S?"*!, while in the quaternionic
case, it arises from the quaternionic CR structure on the sphere S**+3. The Carnot—
Carathéodory metric d.. on G coming from this sub-Riemannian structure is the
length metric generated by, and is bi-Lipschitz equivalent, to the spherical metric
dy defined above.

The cross ratio of four points py, p2, p3, ps € G, at most two of which are equal,

if p# oo and ¢q # oo,

if ¢ = 0.

is

der(p1,p3)de(p2,pa)
dr(p1,pa)du(p2,p3)

(2.12) [p1:p2:p3:pa] :=

This quantity is well-defined as an element of [0, co], where we make the standard
conventions § = 400 for a > 0 and =% = 0 for a > 0. If any one of the points p; is
equal to the point at infinity, we modify the definition of [p;1: pa: ps: p4] by deleting
the terms in the numerator and denominator containing that term. The value of
the cross ratio in (2.12) is unchanged if the spherical metric dg is used in place of
dg.

2.1.6. Summary. To summarize, the Iwasawa groups G = Heisy consist of
the following;:

e the (complex) Heisenberg group Heis" = Heis¢ for some n > 1,
e the quaternionic Heisenberg group Heisy for some n > 1,
e the first octonionic Heisenberg group Heisb.

Each of these is a Carnot group of step two, with an even-dimensional horizontal
layer and a second layer of dimension 1 (resp. 3 or 7). The group G is equipped with
a sub-Riemannian structure, coming either from the Carnot—Carathéodory metric
dee or from the bi-Lipschitz equivalent Kordnyi (gauge) metric dg. Moreover, the
gauge metric dy induces a natural spherical metric dy on the one-point compacti-
fication G. Later we will see that conformal mappings of G interact naturally with
the gauge metric dg, extend to G as Mdbius transformations, and preserve cross
ratios.

Henceforth we denote by m = kn the rank of the horizontal bundle HG, by
N = kn + (k — 1) the topological dimension of G (and also of G), and by Q =
kn + 2(k — 1) the homogeneous dimension of G.
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2.2. Conformal mappings on Carnot groups

Conformal mappings of Carnot groups admit several mutually equivalent de-
scriptions. We adopt an abstract metric definition for conformality. All conformal
mappings are smooth and contact, and a Liouville-type conformal rigidity theorem
holds: every conformal map between domains in an Iwasawa group G is the re-
striction of a globally defined M&bius map acting on the compactified space G. We
give an explicit description of all such mappings and a list of basic geometric and
analytic properties which will be used in subsequent chapters.

2.2.1. Definition and basic properties. We adopt as our definition for
conformal maps the standard metric definition for 1-quasiconformal maps.

DEFINITION 2.3. Let f : Q — Q' be a homeomorphism between domains in a
Carnot group G. The map f is said to be conformal if

sup{dec(f(p), f(@)) : dec(p,q) =7} _

(2.13) P50 i {dee(F (). F(0) © declpod’) =17}

1

for all p € Q.

REMARKS 2.4. (1) For topological reasons, the value on the left hand side of
(2.13) is unchanged if the quotient is replaced by

Sup{dcc(f(p)7 f(Q)) : dCC(p’ q) S ’I"}
lnf{dcc(f(p)7 f(q/)) : dCC(pv q/) 2 ’)"}.

The formulation of conformality using (2.14) is more suitable in the setting of
general metric spaces, where the sphere {y : d(z,y) = r} may be empty for certain
choices of x and r > 0. See [33] for a detailed discussion of quasiconformality in
metric spaces.

(2) It is clear that every Carnot—Carathéodory similarity map (i.e., every map
f which distorts all distances by a fixed scale factor r > 0) is conformal. Examples
of such maps include left translations, dilations, and certain automorphisms. In
the following section we will give a complete classification of all conformal maps in
Iwasawa groups (henceforth termed Iwasawa conformal maps).

(3) Definition 2.3 is formulated in terms of the Carnot—Carathéodory metric.
In Iwasawa groups, the same class of maps is obtained if the Carnot—Carathéodory
metric is replaced throughout by the gauge metric dg. In other words, f is confor-
mal if and only if

(2.14)

- swldu (/). f@) : dua) =1} _ |

r=0 inf{dn (f(p), f(¢) : du(p.q') =1}

for all p € Q. See the introduction of [37] for a discussion of this matter in the
complex Heisenberg groups; the rationale given there extends to the remaining
Iwasawa groups without any complication.

(4) No a priori regularity is assumed in Definition 2.3. However, every homeo-
morphism f satisfying (2.13) at all points p in € is necessarily C>.* This fact was
proved by Capogna [17], [18] in the case of the complex Heisenberg group, and by
Capogna and Cowling [19] in arbitrary Carnot groups.

(5) Pansu [50] proved that if two domains Q@ C G and Q' C G’ are equiv-
alent by a conformal (or more generally, a quasiconformal) map, then G = G'.

(2.15)

3Regularity is understood with respect to the underlying Euclidean structure.
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Moreover, every quasiconformal map between domains Q,€) in either the quater-
nionic Heisenberg group Heis}; or the first octonionic Heisenberg group Heisb is
1-quasiconformal and hence conformal in the sense of Definition 2.3. In the complex
Heisenberg groups Heis¢ there exist plenty of nonconformal quasiconformal maps.
An extensive theory of quasiconformal mappings in the complex Heisenberg group
can be found in the papers [36] and [37] of Koranyi and Reimann.

(6) According to a classical theorem of Liouville , conformal maps of a Euclidean
space R™ of dimension at least three are the restrictions of Mobius maps acting on
S® = R". In Liouville’s original formulation, the maps in question were assumed
a priori to be of classs C*. Gehring [31] relaxed the smoothness assumption by
showing that the same conclusion holds for 1-quasiconformal maps (assumed ini-
tially only to lie in the local Sobolev space VVllof) In particular, 1-quasiconformal
maps of Euclidean domains are C°°. Analogous rigidity results hold for Iwasawa
conformal maps, see Theorem 2.10.

For a proof of the following result, see [37] for the complex case and [25] for
the remaining cases.

PROPOSITION 2.5. Every Iwasawa conformal map is a contact mapping.

In the following subsections, we give a number of examples of conformal map-
pings of Iwasawa groups. Later, we will see that the full group of orientation-
preserving conformal mappings is generated by these mappings.

2.2.2. Classification of Iwasawa conformal maps I: similarities.

EXAMPLE 2.6. Left translations and dilations are conformal maps in any Carnot
group.

EXAMPLE 2.7 (Rotations). (1) The rotations of the (complex) Heisenberg group
Heis" are the automorphisms R4 : Heis" — Heis", A € U(n), given by

Ra(z1) = (Azt).

These were already discussed in Heis' in Example 1.1. The complex Heisenberg
group Heis™ is equipped with another mapping p : Heis"” — Heis" given by
p(z,t) = (Z,—t). The map p is also an automorphism. The rotations of Heis" are
the mappings generated by R4, A € U(n), and p.

(2) Rotations of the quaternionic Heisenberg group have a more complicated
structure. The class of all rotations of Heisy include both the “horizontal rotations”
R4 : Heisy — Heisy, A € Sp(n), given by

Ra(z7) = (Az 1)
as well as the “vertical rotations” R}, : Heis}; — Heis}j, B € Sp(1), given by
RY(2;7) = (B2B; BTB).

Here we identified Sp(1) with the group of unit quaternions. The full group of
rotations is generated by these two types.

(3) For each imaginary unit octonion g, the map R, : Heis%» — Heisql) given
by
Ry(z7) = (21, pT)
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defines a rotation. Note that the expression urm is well-defined; see (2.5). The
collection of maps R, generates the full rotation group of Heisb. However, the
function p +— R,, is not a homomorphism, and the full rotation group is larger than
the space S® of imaginary unit quaternions. In fact, the first octonionic rotation
group is isomorphic to Spin(7). For more information, see [41, Section 3.2].

Rotations, left translations and dilations generate the full similarity group
Sim(G) of each Iwasawa group G.

2.2.3. Classification of Iwasawa conformal maps II: inversion. Each
Iwasawa group is equipped with a conformal inversion map which serves as an
analog of the Euclidean inversion map x — z/|z|2.

EXAMPLE 2.8 (Inversion). Let G be an Iwasawa group G. The inversion J :
G\ (o) = G\ (o) is defined as follows. On the complex Heisenberg group Heis",

7@“:<wiHWQ&J’

while on Heis, or Heisg,

J(z,7) = (2(2* = )7 =ll(z, )l 7 7).

Observe that J is an involution (72 is the identity). It is an easy exercise (see also
Remark 2.9 below) to check that

1

(2.16) dp(J(p),0) = an0o) for all p € G\ {o}.
More generally,
@17 de(T0T@) = D o apg e o).

~ du(p, 0)dnu(g,0)

See Proposition 3.2 for a more general statement.

REMARK 2.9. In the case of the first octonionic Heisenberg group, equations
(2.16) and (2.17) are derived in Proposition 3.5 of [41]. However, as already men-
tioned, the presentation of Heisé) is slightly different in that reference. Namely,
points of Heis, are considered as pairs (z,y) € Q2 such that = + 2/ + |y|> = 0,
with group law (x,y) x (2/,y') = (x + 2’ — 5y',y + ¢/). In that presentation, the
inversion map is given by (x,y) — (|z| 72T, —|x|"2yx). We leave it as an exercise
to the reader to verify that the choice = —|z|?> + 7, y = v/2 2 identifies our model
of Heisy, with that of [41], and that the expressions for the conformal inversion
coincide when this identification is taken into account.

Conformality can also be defined for maps between domains in an extended
Iwasawa group G, equipped with either the spherical metric d or the Carnot—
Carathéodory metric d... As was the case in Definition 2.3, the class of conformal
maps is the same. Each similarity of G extends to a map of G preserving the point
at infinity; the extended map is still conformal. In particular, the inversion J
extends to a conformal self-map of G interchanging the neutral element o and oo.
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2.2.4. Classification of Iwasawa conformal maps III: Liouville’s the-
orem. Liouville’s rigidity theorem in Iwasawa groups reads as follows.

THEOREM 2.10. Let f : Q@ — Q' be a conformal map between domains in an
Twasawa group G. Then f = F|q where F is a conformal self-map of G. Moreover,
the group of conformal maps of G is generated by the similarities of G and the
conformal inversion J .

In complex Heisenberg groups, Theorem 2.10 is due to Kordnyi and Reimann
[36], [37] for smooth conformal maps and to Capogna [17], [18] for general 1-
quasiconformal maps. In other Iwasawa groups, it follows from the regularity the-
orem of Capogna—Cowling [19] together with recent work of Cowling—Ottazzi [25].

In general, we will denote by Conf(G) the group of conformal self-maps of an
extended Iwasawa group G.

The decomposition of conformal maps in the following proposition corresponds
to the Bruhat decomposition of the corresponding matrix group acting on the as-

sociated rank one symmetric space (cf. [36, p. 312]).

PROPOSITION 2.11. If f : Q — Q' is a conformal map between domains in an
Twasawa group G, then f = F|q, where

(2.18) F =006, 0RoT 0l,1,
where a € G\ Q, be G, r >0, e € {0,1}, and R is a rotation of G.

The scaling factor r is uniquely determined by the map f; we denote it by ry.
For the benefit of the reader we provide a short proof.

PROOF. Let f: Q — €' be a conformal map between domains in an Iwasawa
group G. By Theorem 2.10, f = F|q for some F which is conformal on G. If
F(0c0) = oo then F, hence also f, is a similarity. In this case, (2.18) holds with
e =0, a=o0,b= F(o0), r the scaling factor of F, and for a suitable choice of a
rotation R. If F(c0) # 00, let a := F~'(c0) € G. Then F := F o/, 0J € Conf(G)
and F (00) = oco. It follows that Fisa similarity of G, whence, as in the first case,
F = {,00,0R for suitable b € G, r > 0 and a rotation R. The proof is complete. [

REMARK 2.12. Tt follows from (2.17) and the explicit description of Conf(G)
that each conformal map f preserves cross ratios of arbitrary quadruples of points,
i.e., is a Mobius transformation. That is,

(2.19) [f(p1): f(p2): f(p3): f(pa)] = [P1:D2:P3: P4l

for all quadruples p1, pa, p3, pa of points in G for which the expressions are defined.
For the definition of the cross ratio, see (2.12).

The extended Iwasawa group G may be identified with the boundary at infinity
of a rank one symmetric space. The classification of such spaces is well-known: every
such space is either real hyperbolic space H{{H, complex hyperbolic space Hg“,
quaternionic hyperbolic space HI’{‘“, or the octonionic hyperbolic plane Hé.4

Elements of Conf(G) act as isometries on the corresponding hyperbolic space,
conversely, each isometry of one of the preceding hyperbolic spaces extends to a

“4We omit real hyperbolic space H]E”Jrl from the ensuing discussion as its boundary at infinity
is the standard round sphere S™ equipped with its Euclidean metric and we are interested in
nonabelian Iwasawa groups, i.e., Iwasawa groups of step two.
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conformal self-map of the corresponding extended Iwasawa group. Each of these
isometry groups is finite dimensional, obtained via the action of a suitable matrix
group. More precisely,

Conf(Heis") ~ Isom(Hg 1) ~ PSU(n, 1),

Conf(Heis}) ~ Isom(Hp ™) ~ PSp(n, 1),
and

Conf(Heisg) ~ Isom(H3) =~ Fifzo).

Here PSU(n, 1), resp. PSp(n, 1), denotes the component of the identity in the non-
compact Lie group of (n+1) x (n+1) complex, resp. quaternionic, matrices preserv-
ing an indefinite Hermitian form, resp. quaternionic Hermitian form, of signature
(n,1). For the identification of the exceptional Lie group Fi_QO) as the isometry
group of the octonionic hyperbolic plane, see for instance [2].

2.2.5. Classification of conformal mappings on Carnot groups. The
following theorem of Cowling and Ottazzi [25] indicates that Iwasawa groups are
the only Carnot groups which admit non-affine conformal maps. In view of this
theorem, the theory of conformal dynamical systems which we develop in this paper
provides for a nontrivial generalization of self-similar dynamical systems only in the
Iwasawa group case. See the introduction for further information and discussion.

THEOREM 2.13 (Cowling—-Ottazzi). Let f : Q — ' be a conformal map between
domains in a Carnot group G. Then either f is the restriction of an affine similarity
of G or G is an Iwasawa group.

By an affine similarity of a Carnot group G equipped with the metric d., we
mean the composition of a left translation, a dilation, and an isometric automor-
phism. Note that not all automorphisms of Carnot groups (even of the Heisenberg
group) are necessarily isometries.



CHAPTER 3

Metric and geometric properties of conformal
maps

In subsequent chapters, we will only need to use a number of basic metric and
geometric facts about Carnot conformal mappings. We collect these facts in the
present chapter. Most of the results which we need derive from certain fundamen-
tal identities (3.1), (3.2), (3.3) which hold for arbitrary conformal mappings. We
introduce the pointwise stretch factor ||Df(p)|| of a conformal map f at a point
p. This quantity coincides with the norm of the horizontal differential of f at p,
and also with the local Lipschitz constant. Lemma 3.6 states a relative continuity
estimate for the function p — ||D f(p)|| which plays a key role in later chapters. In
section 3.2 we use Lemma 3.6 to derive estimates for Iwasawa conformal mappings
in the spirit of the classical Koebe distortion theorem.

We reiterate that all of the results of the present chapter are valid in arbitrary
Carnot groups, however, the main content comes in the Iwasawa group case. In
particular, if the group in question is not of Iwasawa type, then all conformal
mappings are similarities, and many of the estimates stated here become trivial.
To simplify the exposition, we do not dwell on this point.

REMARK 3.1. Throughout this chapter, G denotes a general Carnot group and
f denotes a conformal map of G. If G is an Iwasawa group, then d will denote the
gauge metric dy. If G is not an Iwasawa group, then d will denote the Carnot—
Carathéodory metric d..

3.1. Norm of the horizontal differential and local Lipschitz constant

The following result can be derived from Proposition 2.1 of [41]. It can also be
easily deduced from Proposition 2.11. Note that if G is not of Iwasawa type, then
only (3.1) arises.

PROPOSITION 3.2. Let f € Conf(G) and let vy > 0 be the scaling factor from
Proposition 2.11. If f(co) = oo then

(3.1) d(f(p), f(q)) =rsd(p,q)  forallp,qeG.

If f(o0) # oo then

B2 AW 10) = g iy o allpa € G\ ),
and

(33)  d(f(p), f(0) = —t——  forallpe G\ {f(o0)}.

d(p, f~(0))
As a corollary, we observe that all elements of Conf(G) act conformally in a
metric fashion, as follows.

19
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COROLLARY 3.3. Let f € Conf(G) and let p € G, p# f~(c0). Then

), f(a)
(34 25 dp,g)

exists and is positive.

Note that existence of the limit in (3.4) is a more restrictive condition than the
1-quasiconformality at p as in (2.13) or (2.15). Indeed, if the limit in (3.4) exists,
then

o S (), £(9) = d(p,q) =} _ limsosup{d(f(p), f(a)/7 : d(p,q) =1}
re0 mf{d(f(p), f(¢) = dlp.q) =r}  lim,_o mf{d(f(p), f(¢))/r = d(p,q) =1}
which is equal to one.

The quantity in (3.4) is the local stretching factor of f at the point p. In
Proposition 3.5 we will see that it agrees with the operator norm of D f(p), the
restriction of the differential f, to the horizontal tangent space at p. Note that
the horizontal differential D f(p) maps H,G to H,)G. Recalling Subsection 2.1.6
we interpret D f(p) as an automorphism of the Vector space R*" and denote its
operator norm by

DS @)l
Corollary 3.3 follows from the identities (3.1) and (3.2) upon dividing by d(p, q)
and letting ¢ — p. In the case when f(co0) = co we obtain

IDfp)l=r;  foralpeG,

while in the case when f(00) # 0o we obtain

Tf -1
(3-5) IDfPl = 7=z forallpe G\ {f " (c0)}.
d(p, f~1(0))?
It also follows from Corollary 3.3 that the quantity ||Df(-)|| satisfies the Leibniz
rule

(3.6) IID(f o g)®)Il = [IDf(g@)II | Dg(p)l|

whenever p & {g~*(c0), (f 0 g)~*(c0)}.
Next, we provide an analytic formulation of conformality in Carnot groups as

well as the promised relationship between the operator norm ||D f(p)|| and the limit
n (3.4).

THEOREM 3.4. Let f: Q — Q' be a Carnot conformal map. Then

(3.7) IDf(p)|[*™ = det D f(p)
and

(3.8) IDf(p)I|? = det f.(p)
for all p € Q.

PROPOSITION 3.5. Let f: Q — Q' be a Carnot conformal map. Then

d(f(p), f(9))
3.9 D = lim ———- =222,
(39) 1Df)| = im SR
We clarify that in the previous proposition d denotes the gauge metric when G
is an Iwasawa group and d = d.. when G is not an Iwasawa group. Recalling (3.1)
we will also denote ry = || Df(p)|| when f is a metric similarity in (G, d) and d is
any homogeneous metric.
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PROOFS OF THEOREM 3.4 AND PROPOSITION 3.5. First assume that f is a
similarity mapping. (Recall that this is automatically the case if G is not an Iwasawa
group). Then f is a composition of left translations, dilations and automorphisms.
In this case, (3.7), (3.8) and (3.9) are trivial.

Suppose then that G is an Iwasawa group and that f is not a similarity mapping.
Since the Jacobian determinants det Df and det f, as well as the stretch factor
[|Df(p)|| are multiplicative under composition, it suffices to verify (3.7), (3.8) and
(3.9) for the inversion mapping. This is an elementary computation which we leave
to the reader. (]

The following lemma states an inequality of Harnack type for the norm of the
horizontal differential of a conformal mapping.

LEMMA 3.6. Let S be a compact subset of a domain Q C G. Then there exists
a constant K1 = K1(9) depending only on 6 = diam(S)/ dist(S, 9Q) so that

IDf ()| ‘ d(p, q)
3.10 1| <K
(310 IDf@) = da(s)
whenever p,q € S and f: Q0 — G is conformal. In particular,
(3.11) IDf)I| < K|IDf(a)ll

for all p,q € S, where K = K(§) also depends only on §.
PROOF. Let f be conformal with a = f~!(c0) & Q and let p,q € S C Q. Then

d(g,a) _ d(g,p) +d(p,a) d(p,q)
dpa) = dpa) =T s, 00)

d(g,a) )’ 2 diam(5)
(d(p, a)) =t (dist(S, 99) " dist(S, ag)2> d(p, q)-

Reversing the roles of p and ¢ yields

(d(q, a)>2 .
d(p,a)
with K (6) = 20+62. If f(c0) # oo then an application of (3.5) completes the proof

of (3.10). If f(c0) = oo then (3.10) follows by Proposition 3.2 (in particular (3.1))
and Proposition 3.5. Equation (3.11) follows from (3.10) with K(d) = K1(6)+1. O

and so

d(p, q)
diam(S)

< Ky (6)

In view of (3.5), the maximal stretching factor ||Df|| of a conformal map f
is continuous whenever it is defined. For f : @ — G conformal and S a compact
subset of {2, we denote by

(3.12) IDflls := max{||[Df(p)|| : p € S}

From (3.11) we immediately deduce
COROLLARY 3.7. Let S be a compact subset of a domain Q). Then

IDflls < K|[Df(p)ll
for allp € S, where K = K(§) denotes the constant from Lemma 3.0.
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For an arc length parameterized 7 defined on [a, b] and taking values in a metric
space, we denote by f7 gds = fab g(y(t)) dt the line integral of a real-valued Borel
function g along ~.

The following lemma is a standard fact. For technical reasons we temporarily
work with the Carnot—Carathéodory metric d...

LEMMA 3.8 (||Df]| is an upper gradient for f). Let f: Q — Q' be a conformal
map between domains in a Carnot group G. Let «y : [a,b] — Q be a horizontal curve
with y(a) = p and v(b) = q, parameterized with respect to arc length in (£, dec).
Then

el 1) @) < [ 105 ()] ds.
gl
PROOF. The curve f o+ is a horizontal curve joining f(p) to f(g). Hence

dec(F (D), F(@)) < beelf 07) < /

~

(UDF(4(s)'(5)|ds < / IDF(+(s)]| ds.

3.2. Koebe distortion theorems for Carnot conformal mappings

The estimates of the previous section imply certain theorems in the spirit of
the Koebe distortion theorem for conformal mappings of Carnot groups. We first
state such theorems for the Carnot—Carathéodory metric, then derive corresponding
results for general homogeneous metrics.

PROPOSITION 3.9. Let pg € Q and let 7 > 0 so that S := Bec(po,2r) C Q.
Then

(313) f(Bcc(pOa 7“)) C Bcc(f(pO)a ||DfHS 7”)
and
(3.14) diam f(Bec(po, 7)) < ||Df||s diam(Bcc(po,T))-

In particular, if Be.(po,3r) C Q, then

(315) f(Bcc(p(JaT)) - Bcc(f(pO)vK”Df(pO)Hr)
and
(3.16) diamee f(Bee(po, 7)) < K |[Df(po)|| diamee(Bee(po, 7))

for some absolute constant K.

PROOF. Given two points p,q € B..(po,r) there exists a Carnot—Carathéodory
geodesic v connecting p to ¢ and contained in Be.(po, 27). By Lemma 3.8,

dec(f(p), £(@)) < |[Dfls dec(p, q)-

Choosing ¢ = po leads to (3.13). Taking the supremum over all p,q € B(po, )
leads to (3.14). Conclusions (3.15) and (3.16) follow via Corollary 3.7, noting that
the constant K in that corollary is uniformly bounded for points py such that
Beo(po,3r) € Q when S = B..(po, 2r). O
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The following distortion estimate is related to the so-called egg yolk principle
for quasiconformal mappings, see for instance [32, p. 93]. We will state the result
first for the Carnot—Carathéodory metric, and derive a similar statement for the
gauge metric on Iwasawa groups as a corollary. In what follows, L will denote a
comparison constant between the Carnot—Carathéodory and gauge metrics in case
G is an Iwasawa group (cf. (1.7)). If G is not an Iwasawa group, we may take L = 1.

PRrOPOSITION 3.10 (Koebe distortion theorem for conformal maps). Let f :
Q — Q be a conformal map between domains in an Iwasawa group G, let py € S
and let r > 0 be such that B..(po,3r) C Q. Then

(3.17)  Bee(f(po), ™ [IDf(po)llr) € f(Bee(po,)) C Bee(f (po). e |IDf (po)ll )

for some constant ¢ depending only on the constant K from Proposition 3.9 and
the constant L defined above.

In the proof of Proposition 3.10 we will make use of the following lemma, which
provides a quasisymmetry-type estimate for conformal maps in compact subsets of
their domain.

LEMMA 3.11. Let f : Q@ — Q' be a conformal map between domains in a
Carnot group G, let pg € Q and let » > 0 be such that B..(po,3r) C Q. For

P1,P2 € Ecc(pO,r) c deﬁne

Then
1
(318) ch(p07p2) = 97 L4ch(p07p1)'

PrOOF. If f is a similarity the result is obvious. Assume that G is an Iwasawa
group and that f is not a similarity. We appeal to the preservation of cross-ratios
by conformal maps. By assumption ¢ = f~!(c0) # oco. Since f(2) C G, we must
have q ¢ Q. Let dy denote the gauge metric in G. Appealing to the preservation
of the cross ratio, (2.12), by conformal maps (see Remark 2.12), we deduce that

dr(f(po), f(p1)) _ du(po,p1) du(p2,9)
di(f(po), f(p2))  du(po.p2) du(p1,q)

and so, by (1.7),

dcc(f( ) ( )) > i dcc(pOapl)dcc(anQ)
dee(f(po), f(p2)) LA dec(Po, p2) dee(p1, 9) .
2,4q) > > 3r. Therefore,

dec(p2, q) dee(po,p1)
dee(p1,P2) + dec(P2,9) dec(po, p2)
dcc(pZaQ) dcc(pO;pl) > dcc(p07p1)
T 2r 4 dec(p2,q) dec(Posp2) ~ 2dec(po; p2)

-
Observe that d..(p 2r since dee(po, q)

rLA

Y

O

PROOF OF PROPOSITION 3.10. Since the right hand inclusion in (3.17) has
already been proved in Proposition 3.9, it suffices to prove the left hand inclusion.
We accomplish this by applying the previous argument to the map g = f~1.
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Let f, po and r > 0 be as in the statement of the proposition. From (3.6) we
conclude that ||Dg(f(po))|| = ||Df(po)||~!. Let R > 0 be the maximal radius such
that

(3.19) Bee(f(po),3R) C f(Bee(po,1))-
For topological reasons, we conclude that
(3:20) Of M (Bee(f(po), 3R)) N OBcc(po, 1) # 0.

Moreover, Be.(f(po), 3R) C f(Bee(po,7)) C . Applying the conclusions of Propo-
sition 3.9 for g = f~! gives

f_l(Bcc(f(po),R)) C Bee(po, K || Dg(f(po))l| R) = BCC(vaKHDf(pO)H_lR)
and so
(3.21) Bee(f(p0), R) C f(Bee(po, K||Df(po)|| "' R)).

In order to use this conclusion in combination with the choice of R we employ
Lemma 3.11. Let s > 0 be the minimal radius such that

Bee(f(po), R) C f(Bee(po, 8))-
Again for topological reasons we conclude that
(3.22) OBee(po, ) N Of~ (Bee(f(po), R)) # 0.
By (3.20) and (3.22) it is possible to select p; and ps so that
dec(po,p1) =7, dec(Po,p2) =8, dec(f(po), f(p1)) = 3R

and

dcc(f(pO)v f(Pz)) = R.
Applying Lemma 3.11 with 7 = 3 yields s > 6%7“. By the choice of s and (3.21),
we obtain s < K||Df(po)||~* R, and so

1
> — .

Therefore, using also (3.19)

Bee(f (o), sz DI (o)1) € Beelf(po), B) € F(Bec(po, ).

This completes the proof. (I

Finally, we convert the statement of the Koebe distortion theorem for conformal
maps back to the gauge metric on Iwasawa groups, for convenience in later work.

COROLLARY 3.12 (Koebe distortion for conformal maps, gauge metric version).
Let f: Q — Q be a conformal map between domains in an Iwasawa group G, let
po € Q and let v > 0 be such that By (po,3Lr) C 2. Then

(3:23)  Bu(f(po), C~'IDf(po)llr) C f(Br(po, 7)) € Br(f(po), ClIDf(po)ll7)

for some constant C depending only on the constants K and L as before.

The corollary follows immediately from Proposition 3.10 and the inclusions in
(2.9).
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REMARK 3.13. All of the distortion estimates discussed in this chapter continue
to hold in an arbitrary Carnot group G equipped with an arbitrary homogeneous
metric d, provided that the mapping f : Q — ' is assumed to be a metric similarity.
In this case, (3.1) of Proposition 3.2 is just the definition of a metric similarity, and
the remainder of the chapter follows. In particular r; = || Df(p)|| = |Df|lcc, for
p € Q2. We will return to this point in connection with Definition 4.7 and Remark
4.8, see also subsection 5.1.






CHAPTER 4

Conformal graph directed Markov systems

In this chapter we introduce conformal graph directed Markov systems (GDMS)

in Carnot groups. In Section 4.1 we define graph directed Markov systems in

metric spaces and we also discuss one important subclass of such systems, namely

maximal systems, which will also occur in several subsequent chapters. In Section

4.2 we define conformal GDMS in general Carnot groups and we employ results

from Chapter 3 to obtain fundamental distortion properties of conformal GDMS in
our setting.

4.1. Graph Directed Markov Systems
A graph directed Markov system (GDMS)
S= {‘/7 Ev A7 t, ia {Xv}UGVa {(be}eEE}

consists of

e a directed multigraph (E, V) with a countable set of edges F, frequently
referred to also as alphabet, and a finite set of vertices V,

e an incidence matrix A: E x E — {0,1},

two functions i,¢ : E — V such that t(a) = i(b) whenever A, =1,

a family of non-empty compact metric spaces {X,}yev,

e anumber s, 0 < s < 1, and

a family of injective contractions

{¢e : Xt(e) — Xi(e)}eEE
such that every ¢, e € E, has Lipschitz constant no larger than s.

We will always assume that the alphabet E contains at least two elements,
because otherwise the system is trivial. For the sake of brevity we will frequently
use the notation S = {¢.}ecr for a GDMS. We will also assume that for every
v € V there exist e,e/ € E such that ¢(e) = v and i(e') = v. A GDMS is called
finite if F is a finite set. In the particular case when V is a singleton and for every
el,ea € B, A e, = 1 if and only if t(e;) = i(ez2), the GDMS is called an iterated
function system (IFS).

We set

E* = GOE”,

and for every w € E*, we denote by |w| the unique integer n > 0 such that w € E™.
We call |w]| the length of w. We make the convention that E° = {@}. If w € EN
and n > 1, we put

Wp=wir...w, € E™

27
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If 7 € E* and w € E* UEYN, we define
TwW = (7'1,...,7'|T‘,w1,...).

Given w, T € EN, we define w AT € ENU E* to be the longest initial block common
to both w and 7.

Given the {0,1} valued matrix A: E x E — {0,1} we set
EY:={wecE": A =1 for all ¢ € N}.

WiWi+1

Elements of EY are called A-admissible. We also set

Ef ={weE": Ay, =1forall1<i<n-—1}, n €N,
and
Ey = Ej.
n=0

The elements of these sets are also called A-admissible. For every w € E%, we put
[w] :={r € EY : 7., =wt

DEFINITION 4.1. Let E be a countable alphabet. The {0,1} valued matrix
A:Ex E — {0,1} is said to be irreducible if there exists & C E% such that for
all ¢,j € E there exists w € ® for which iwj € E}.

Of course if A is irreducible then E% witnesses irreducibility. However, one
is naturally interested in sets ® which witness irreducibility and are as small as
possible. Most notably, we say that the matrix A is finitely irreducible if there exist
finite sets ® witnessing irreducibility. Finite irreducible systems abound and are
natural. The simplest example of a finitely irreducible matrix is the one whose all
entries are equal to 1. In that case ® can be taken to be the empty set. Furthermore,
if A is co-finite, i.e. if the set of its zero entries is finite, then it is finitely irreducible;
one can take ® to be any sufficiently “large” element of E. In Chapters 5 and 9 we
study in detail several natural examples of Carnot GDMS with finitely irreducible
alphabets.

Note that if the alphabet F is finite, then irreducibility and finite irreducibility
of A coincide. In dynamical terms irreducibility means that the symbolic dynamical
system o : EYf — EY (see Chapter 6 for more details) is topologically mizing, i.e.
for any two non-empty open sets U,V C E' there exists an integer n > 0 such that

e (U)NV £ 0.

Finite irreducibility is more subtle, it means that there exists a finite set of cylinders
(the ones corresponding to the elements of ®) such that if n is the length of the
shortest cylinder contained in U, then ¢™(U) contains one of these finitely many
cylinders.

We use finite irreducibility to develop a fully fledged thermodynamic formalism
in Chapter 6. Using machinery from that chapter (in particular the ergodic the-
ory of Gibbs and equilibrium states) we will obtain various properties of invariant
sets of conformal GDMS in Chapters 7, 8 and 10, including Bowen’s formula for
their Hausdorff dimension. Without irreducibility the corresponding ergodic the-
ory is significantly weaker, less elegant, and more cumbersome hence it will be left
untreated in the present monograph.
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A GDMS S is said to be finitely irreducible if its associated incidence matrix
A is finitely irreducible. Notice that if S is a finite irreducible GDMS then it is
finitely irreducible.

For w € E7 we consider the map coded by w:

(4.1) G =¢u, 0 0y, : Xt(wn) — Xi(wl) ifwe EY.
For the sake of convenience we will write ¢(w) = t(w,,) and i(w) = i(w;) for w as in
(4.1).

For w € EY, the sets {¢u., (Xt(wn))}fle form a descending sequence of non-
empty compact sets and therefore have nonempty intersection. Since

diam(¢,,|,, (Xt(wn))) <s" diam(Xt(wn)) < s"max{diam(X,) :v € V}

for every n € N, we conclude that the intersection

M b, (Xew,))

neN
is a singleton and we denote its only element by 7(w). In this way we define the
coding map
(4.2) m: B - P X,

veV

the latter being a disjoint union of the sets X,, v € V. The set

J=Js :=m(EY)
will be called the limit set (or attractor) of the GDMS S.

For each o > 0, we define a metric d, on EY by setting

(4.3) do(w,7) = e~ 2lwnl,

It is easy to see that all these metrics induce the same topology. We record the
following standard fact concerning the coding map.

PROPOSITION 4.2. The coding map 7 : EY — P, ey Xo is Holder continuous,
when EY is equipped with any of the metrics dy, as in (4.3) and @ X, 1s equipped
with the direct sum metric §.

veV

To see why Proposition 4.2 is true, observe that if w,7 € EY with p=w AT €
E™, then

d(m(w),7(7)) < diam ¢,(Xy(p,)) < 8" max{diam X, : v € V}.

This also shows that 7 is Lipschitz continuous from (EY,ds) to @,y Xv, when
a = log(1/s) because

do(w,7) =€ " = e~ log(1/s)" — gn.

DEFINITION 4.3. Given a GDMS S with an incidence matrix A, we define the
matrix A: Ex E — {0,1} by

it =i
700 if tla) # (D).

The GDMS S is then defined by means of the incidence matrix A.



30 4. CONFORMAL GRAPH DIRECTED MARKOV SYSTEMS

Of course,
E} CE}, E;CE}, E)CE],
and
Js C JS'

_ DerFINITION 4.4. A GDMS § with an incidence matrix A is called mazimal if
S = S. This equivalently means that A = A or further equivalently that A, = 1
if and only if t(a) = i(b).

The following proposition asserts that for the study of finite GDMS it is actually
enough to restrict our attention to maximal systems.

PROPOSITION 4.5. If S is a finite GDMS, then there exists a mazimal, finite
GDMS S such that Js = Jg. Moreover if S is irreducible then S is also irreducible.

PROOF. Let S = {V, E, A, t,4, {Xu}oev, {¢e}ecn )} be a GDMS. Let
S = {V7 Ea A: ia 7?7 {X’U}Uef/7 {Q§€}36E‘}

where
(1) V=F,
@) £ = ((0) ¢ £2: Ao = 1)
(3) ife€ E, e = (e',e?) € E?,

i(e) := e% and i(e) := &',
(4) the matrix A : E x E — {0,1} is defined by
i 1 if i(e) =i(f)
it (o) £ i(£),

(5) X. = ¢ge(X (e))foreef/ E,

i (e',e?) € E, then
¢e = ¢el (bez(Xt 2)) — (be ( ))
Observe that if ef € £ then #(e) = i(f), that is e = fl.

The system S is maximal by definition. We will now show that Js = Jg.
Trivially J¢ C Js. For any w € EY define & € EE by & = (&n)nen where
@p, = (wn,wn+1) € E%. Notice that

ﬂ ¢w|n (Xt(wn m ¢w\ wn) )
neN neN

hence Js C Jg.

Now suppose that S is irreducible. Recall that since S is finite, it is finitely
irreducible. Let ® C E’ be a finite set witnessing irreducibility for S. Let e, f € E.
Then there exists some 7 = (71,...,7,) € ® such that e*r£! € E%. Hence

erlrl .. . 77ls e EZ,
where 70 = (e?,71), 7™ = (Tin, Tm41) for m = 1,...,|7| = 1 and 717l = (7., £1).
Therefore S is finitely irreducible and the proof is complete. O

We end this section with the following obvious observation.
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REMARK 4.6. A GDMS is an IFS if and only if it is maximal and the set of
vertices is a singleton.

4.2. Carnot conformal graph directed Markov systems
We now introduce the primary objects of study in this monograph.

DEFINITION 4.7. A graph directed Markov system is called Carnot conformal
if the following conditions are satisfied.

(i) For every vertex v € V, X, is a compact connected subset of a fixed

Carnot group (G, d) and X, = Int(X,).
(ii) (Open set condition or OSC). For all a,b € E, a # b,

¢a(1nt(Xt(a))) n ¢b(1nt(Xt(b))) = 0.

(iii) For every vertex v € V there exists an open connected set W, D X, such
that for every e € E with t(e) = v, the map ¢, extends to a conformal
diffeomorphism of W, into Wj,.

A graph directed Markov system is called weakly Carnot conformal if only condi-
tions (i) and (iii) from Definition 4.7 are required to be satisfied; (ii) may hold or
not.

REMARK 4.8. As previously indicated in Remark 3.13, Definition 4.7 applies
to conformal mappings of Iwasawa groups with the gauge metric, or to affine sim-
ilarities of Carnot groups with the Carnot—Carathéodory metric. Nevertheless,
the subsequent theory also applies to graph directed Markov systems comprised of
contractive metric similarities of Carnot groups equipped with any homogeneous
metrics. It would be natural to term such systems Carnot similarity GDMS. Abus-
ing terminology, we choose to use the term Carnot conformal GDMS to refer to all
of these cases. Hence our theory applies when

e (G,d) is an Iwasawa group, d = dy and the maps ¢, are conformal.

e (G,d) is a Carnot group not of Iwasawa type, d = d.. and the maps ¢,
are conformal.

e (G,d) is a Carnot group, d is any homogeneous metric and the maps ¢,
are metric similarities.

For each v € V', we select a compact set S, such that X, C Int(S,) C S, C W,,.
Moreover the sets S,,v € V, are chosen to be pairwise disjoint. The assumption
that the compact sets (X,),cy are pairwise disjoint is not essential. One could
modify the definition of a GDMS in order to avoid this, see Remark 4.20 for more
details. We also set

(4.4) X:=J X, and S:= ] S..
veV veV
Since max{diam(X,) : v € V'} is finite and min{dist(X,,G \ Int(S,)) : v € V}
is positive, the following is an immediate consequence of Lemma 3.6.

LEMMA 4.9 (Bounded Distortion Property). Let S = {¢.}ecr be a weakly
Carnot conformal GDMS on (G,d). There exists a constant K so that

|Déw (p)|
1D (9|
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and

o1 2 Do) _

~ IDgu(a)l| ~
Jor every w € £ and every pair of points p,q € Sy(w)-

Recalling (3.12), for w € E% we denote
1Dl oo = ||D¢W‘|St(w)'
From Lemma 4.9 and (3.6) we easily see that
(45) K HIDduj, yllso 1D, lloo < N1Ddulloc < 1D,y lloo DS, lloo
whenever w € E’j. More generally if w € % and w = 7v for some 7,v € E7},
(4.6) E7Y|Dér||o Dol < [|D¢ulloc < [[Drlloc [1D0]loc-
We record the following consequence of Corollary 3.12 and (3.11).

COROLLARY 4.10. Let S = {¢c}ecr be a weakly Carnot conformal GDMS
on a Carnot group (G,d). For all finite words w € E}, all p € Xy, and all
O<r< diSt(Xt(w),aSt(w))/?) L,

(47)  B(¢u(p), (K C) M |Déuloor) C du(B(p,1)) C B(¢w(p), CllDul|oor)-
We shall now prove the following Lipschitz estimate.

LEMMA 4.11. Let S = {¢e}eer be a weakly Carnot conformal GDMS on (G, d).
There exists a constant A > 1 such that

(4.8) d(¢w(p); () < A[[Ddollocd(p, q)
for all finite words w € £ and all p,q € Xy). In particular,
(4.9) diam(qSW(Xt(w))) < AM|| Doy |l oo,

where M := diam X .

REMARK 4.12. Note that if the set X;(,) were geodesically convex, the pre-
vious result would follow immediately from Lemma 3.8. However, there are very
few nontrivial geodesically convex sets in nonabelian Carnot groups. Convexity
in sub-Riemannian Carnot groups remains a topic of intense focus. We refer the
interested reader to the foundational papers by Danielli-Garofalo-Nhieu [26] and
Lu-Manfredi-Stroffolini [39], which introduced the nowadays established notion of
horizontal convexity (H-converity) in Carnot groups.

PrOOF OF LEMMA 4.11. Fix
(4.10) ns := min{dist(X,,95,) :v € V}/3L >0
where, as before, L denotes a quasiconvexity constant for (G,d). Fix also some

w e E4. Ifd(p, q) < ns then there exists some ¢ € (0,1) such that (1+¢)d(p, ¢) < ns
and Corollary 4.10 implies that

¢ (B(p, (1 +€)d(p,q))) C B(du(p), CllDdulloo(1 + €)d(p, q)).
Thus
(4.11) d(¢w(p), P (q)) < 20| Doy ||00d(p; q)

and (4.8) follows in this case. Hence we can assume d(p,q) > ns. Since each X,
is compact and connected and the vertex set V is finite, there exists an integer
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N > 1 so that for each v € V, the space X, can be covered by finitely many balls
By = {B(pv,1,15/2),...,B(Ps,~N,ns/2)} with centers p, 1,...,p, v in X, and with
the property that any two points of X, lie in a connected union of balls chosen from
B,.

Therefore, for every vertex v € V and all points p,q € X,, there are kK < N
points p = zg, 21,...,2r = q in S, such that for all i = 0,...,%k — 1 the consecutive
points z;, z;+1 belong to some ball B(pyn,,ns/2) € B,. Now by (2.9) z;, 241 €
Bee(Pon;» Lns/2). Hence if ., ., , is the geodesic horizontal curve joining the
points z; and z;41, we deduce, for example by the segment property [12, Corollary
5.15.6], that v., ..., € Bee(Pon,»3Lns/2). Then again by (2.9) and the choice of 7s
we deduce that 7., ., , C Int(S,). Thus for v = t(w) an application of Lemma 3.8
gives that for allt=0,...,k -1

(4‘12) dcc(¢w(2i)v ¢w(zi+1)) < ||D¢||oodm(2i7 Zi+1)~

Moreover note that d(z;, zi+1) < ns < d(p,q) for all i = 1,2,...,k. Using (4.12)
and (1.7) we get

< L||D¢w‘|ood<ziazi+1)
1=0
< LE||Déo||oed(p, q) < LN||Déy||sod(p, q).

Recalling also (4.11) the proof is complete upon setting A := max{2C, LN }. O

Let Rs > 0 be the radius of the largest open ball that can be inscribed in any of
the sets X, v € V. Let p, € Int(X,) be the centers of balls of this radius inscribed
in the sets X,. As an immediate consequence of Corollary 4.10 and (2.10) we get
the following conclusions.

LEMMA 4.13. Let S = {¢e}ecr be a weakly Carnot conformal GDMS on (G, d).
Let Rs = min{Rs,ns}. For all finite words w € E% we have

(413) (bw(Int(Xt(w))) ) B((bw(pt(w))v (K C)ilnD(waooRS)a
and hence
(4.14) diam (g (X)) = 20K C) 7| Doy oo Bs.

LEMMA 4.14. Let S = {Pe}ecr be a weakly Carnot conformal GDMS. Then
Jor every w € £ and every pair of points p,q € Xy,

(6w (p), b (9)) = (LK)~ fio|| Ddull o (p, ),

. dist(X,,dS,) 1
o = i diam(X,) J, o' )

PRrROOF. Let w € E and p,q € Xy(,). We will consider two cases. We first
assume that the the arc of the Carnot—Carathéodory geodesic curve joining ¢,,(p)

where
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and ¢,,(q) is contained in ¢, (S¢w)). Then by Lemma 3.8 and (3.6) there exists
some £ € Sy, such that,
dec(p, @) = dec(65," (9(D)), 05 (D))
<1095 (0 () dec(bus (p)s b (0))
= [|D¢u ()| dec (¢ (1), $r(0))-
Hence by Lemma 4.9,
Ld(¢w,(p), ¢(9)) = dec(du (p); ()
(4.15) > D (é) | dec(du(p), P (q))
> K~ Dgo |l d(p, 9)-
Therefore if the arc of the geodesic connecting ¢, (p) and ¢.,(¢) lies inside ¢, (S (),

(4.16) d(¢w(p), $u(@) = (KL) | Doullocd(p, 0).
If the arc of the geodesic v : [0,7] — G connecting ¢, (p) and ¢, (g) is not
contained in ¢, (S (), let
to := min{t € (0,T) : y(t) € 0w (Siw))}-

Hence if 2 = (to) € 00 (Syw)) there exists some ¢ € 05y, such that z = ¢, (().
Using (4.16) and the segment property [12, Corollary 5.15.6] of CC-geodesics, we
have

Ld(¢u(p), 9u(q)) = dec(dw(p), $u(q)) 2 dec(duw(p), ¢ (C))

(LK)~ Dol oodee(p; €)

(LK) D¢y ||ood(p, €)

(LK) ™[ Dol oo dist(Xy(e), OSiw))

dist (Xy(w), 05¢(w))
diam (X))

(AVARLVS

(AVARLVS

> (LK) M| Dol d(p, 9)

Thus,
d(¢u(p); deo(q)) = (L*K) ™ o] Do [l ood(p, ),
and the proof follows. O

PROPOSITION 4.15. Let S = {¢c}ecr be a weakly Carnot conformal GDMS
such that 8(Js N X,) > 1 for allv € V. Then for every w € E%,

(4.17) diam(¢.,(Js N Xy(w))) = (LK) koo || Do || oo
where kg is as i Lemma 4.14 and po = min{diam(Js N X,)}.

PROOF. Notice that for every v € V there exist points p,, g, € Js N X, such
that d(py,qv) > po/2. Hence if w € EY, Lemma 4.14 implies that

diam(¢,, (Js N Xy(w))) = d(Pw(Pi(w)) Puwli(w)))
> (L2K) ™ w0l Do llood(Pe(w) s o)
> (2L°K) ™ kopol| Dol o
and the proof is complete. 0

Lemmas 4.9 and 4.11 imply that the function p +— log || D¢, (p)| is locally
Lipschitz. This fact is proved in the following lemma.
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LEMMA 4.16. If S = {¢¢ tecr is a weakly Carnot conformal GDMS, then

|log || Db, (p) || — log || D, (q) ||| < —d (p.q)

Jor allw € E% and all p,q € Xy(). Here K denotes the constant from Lemma 4.9
while A denotes the constant from Lemma 4.11.

PROOF. For every w € E}, say w € E%, and every z € Xy, put

2k = ¢Wn—k+1 © ¢Wn—k+2 ©---0 ¢W7L (Z)

Put also zg = z. In view of Lemma 4.9 and Lemma 4.11, for any points p,q € Xy,
we get

|log [[ D (p) ]| = log [ Déw(a)ll| = | Y _ (log [| D, (pr—;)|| — log | Déu, (an—j)lI)

- T

|10gHD¢wJ(pn ])” _log”D@bw, 4n—j H|

<
Il
a

[ D, (=)l = 1D, ()
7 win{|| Do, (Pn—j), |1 Ddw, (gn—5) 11}

K|||D¢>wj (p5)]l = D60, (0-)1
: D6,

M:

<.
Il

NIE

<.
Il

-

<
I
—

AKd(pn—j ) Qn—j)

\ /\

= AK

The proof is complete. O

In several instances we are going to need slightly stronger versions of Lemmas
4.11 and 4.16. We gather them in the following remark.

REMARK 4.17. Let S = {¢c}ecr be a weakly Carnot conformal GDMS on
(G,d). Set
N, = B(X,,dist(X,,8S,)/2),v € V.

Arguing exactly as in the proof of Lemma 4.11, one can show that there exists some
Ap such that for all w € £ and p,q € Ny,

(4'18) d(¢w(p)’¢w(q)) < AOHD¢0JHOOd(pa Q)'

Without loss of generality we can assume that Ag > A. Using (4.18) as in the proof
of Lemma 4.16 we also obtain that for all w € £} and all p,q € Ny,

AN K
(4.19) |log || Doy (p) || — log [ Do (q)| < ﬁd(p, Q).
LEMMA 4.18. If S = {¢e }ecr is a Carnot conformal GDMS, then
D 1D6]|S < oo

ecE
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PROOF. Let mg = min{|Int(X,)| : v € V} > 0. By the open set condition,
Theorem 3.4 and Lemma 4.9

()] > 3 Joe (Wt (X)) = 3 / 1D, (p) 2

e€E ccE Y mt(Xe(e))
> K9 It(Xye)| 1D IS = moK =2 ||Do[|S.

e€E e€E
Therefore
ST 10612 < KOmy! [nt(X))| < oo.
e€E
Now by (4.9),

3 diam(ge (Xye))? < (AM)? > [Dee||E < oo.

eck ecl

O

REMARK 4.19. If S = {¢c}ecr is a Carnot conformal GDMS without loss
of generality we can identify £ = N. In that case Lemma 4.18 implies that
lim,, o0 diam ¢, (Xy(,y) = 0. Several times in the following we will not make this
identification explicit, and we will instead write limee g diam ¢ (Xy()) = 0.

In this section, as well as in the some subsequent chapters, we are assuming
that the sets X,,v € V, (and as a result the sets S, as well) are disjoint. Although
this assumption simplifies the proofs of some of our results, it is not essential. We
will now describe how a GDMS S can be lifted to a new GDMS S such that S and
S’ have essentially the same limit sets but the compact sets XU, corresponding to
S, are disjoint. For the sake of clarity and in order not to overly complicate the
exposition of the material in this monograph, we chose to use GDMS with disjoint
corresponding compact sets X, instead of the more formal route presented in the
following remark.

REMARK 4.20. Let S = {V, E, A, t,i,{ X, }vev, {de }ccr} be a GDMS such that
the sets X, are compact subsets of a metric space (M,d). Then M=MxVis
a metric space endowed with the product metric d = d + do where dy denotes the
discrete metric on V. Let ~

Xy =Xy xv,v €V,
and notice that the sets X, are compact subsets of M. For every e € E we define
maps ¢e : Xt(e) — Xi(e) by
Pe(z,t(e)) = (de(),i(€)).
Notice that the maps ¢, are contractions with respect to the metric d and they
have the same contraction ratios as the maps ¢.. We also define a projection
7: EY — M by
7(w) = (r(w),i(w)), we EY.
Then 7(EY) = Js x V. We will call
3 = {‘/a E> A7 t? ia {XU}UEV7 {q;e}eEE}
the formal lift of S.



CHAPTER 5

Examples of GDMS in Carnot groups

This chapter contains a variety of examples of conformal GDMS in Iwasawa
groups and similarity GDMS in general Carnot groups. First, we consider self-
similar iterated function systems satisfying the open set condition. The main nov-
elty here is that we include also the case of self-similar IF'S with infinite generating
set. Finite self-similar IFS in general Carnot groups have previously been studied
in [7] and [9]. Next, we give a genuinely conformal (i.e., not self-similar) example
of a Carnot conformal GDMS whose invariant set is a Cantor set. Following that,
we define a class of conformal IFS in Iwasawa groups which are of continued frac-
tion type. Continued fractions in the first Heisenberg group have been studied by
Lukyanenko and Vandehey. The examples which we give here correspond to sub-
systems associated to continued fractions with restricted digits. Finally, we show
how conformal GDMS arise in relation to complex hyperbolic Schottky groups. The
diversity of these examples justifies our aim of providing a unified framework for
the study of conformal dynamical systems in Iwasawa and other Carnot groups.

5.1. Infinite self-similar iterated function systems

Let G be a Carnot group (not necessarily of Iwasawa type) equipped with any
homogeneous metric. Let E be a countable indexing set (either finite or countably
infinite) and, for each e € E, let ¢, : G — G be a contractive metric similarity
with contraction ratio r, < 1. For example, ¢, could be a contractive homothety
(composition of a left translation and a contractive dilation). We always assume
that

sup{r.:e € E} < 1;
needless to say, this assumption is automatically satisfied if E is finite. The col-
lection {¢. : € € E} is a self-similar iterated function system in G. Assuming the
open set condition, it follows (see, e.g., Lemma 4.18) that

(5.1) Z rQ < oo.
ecE
REMARK 5.1. Self-similar IFS with finite index set F were previously studied
in [7] and [9], where formulas for the Hausdorff dimension of invariant sets were
established. In Chapter 9 we will extend such results to the case of countably
infinite index set, as an application of the general dimension theory developed in
the following chapters.

5.2. Iwasawa conformal Cantor sets

We now present a very general method for constructing non-trivial, i.e. not
consisting of similarities only, conformal iterated function systems in any Iwasawa
group G. Let G C G be an open set such that o ¢ G and G is compact. Let

37
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P := (p,)22; C G be a discrete sequence and let d,, = inf,,£, d(pn, pm). We will
assume that lim, .. d,, = 0 and that dist(P, 0G) > sup,,cy dn-
We now construct the conformal iterated function system. Note that

(XS Ej(pn)—l o j(G)

for every n € N. Let s € (0,1) and choose real numbers (r,)22; such that r, < s
for all n € N and

ry, diam J(G) = diam(d,, o L7(p,)-1 0 T(G)) < dn/2.
We consider the iterated function system
S={¢n:G = Glen
where

¢n =14y, 00, 0lgpy-10T, n € N.

The functions ¢, are non-affine conformal maps. Moreover all ¢,,’s are injective
contractions with contraction ratios uniformly bounded by s < 1 . It follows easily
that S satisfies the open set condition since ¢, (G) C G for all n € N and ¢,(G) N
&1 (G) =0 for all n,l € N, n # [. By Lemma 4.18,

(5.2) > 11Deul|? < oo

n=1

equation (5.2) can also be easily derived directly:

oo oo oo dn Q
SIpsle sy sy (%) sel <.
n=1 n=1 n=1

5.3. Continued fractions in Iwasawa groups

We start this section by introducing a version of integer lattices in Carnot
groups of step 2.

5.3.1. Integer lattices in Carnot groups of step two. Let G = R™ xR™2
be a Carnot group of step two, equipped with a homogeneous metric d. It follows
by [12, Section 3.2]—see also the discussion associated to the Baker—Campbell-
Hausdorff-Dynkin formula (1.3), especially (1.5)—that the group law * in G has
the following form; if p,q € G such that p = (z,1),2 € R™ ¢t € R™ and q =
(w,s),w € R™ s € R™2, then

(5.3) pxq=(z+w,t+s+ (B2 w)?)

where the structure matrices B’s are skew-symmetric m; x m; matrices with real
coefficients and - denotes the usual inner product in R™!. We remark that if
p=(z,1t),q = (w,s) € G such that z =0 or w = 0 then

(5.4) Biz-w=0forali=1,...,ms.

Let
G(Z)={p=(2t)€G:2€Z™ and t € Z™2}.

In the following we are going to show that if the matrices (B*)[*? associated with

the group law of G have integer coefficients, then G(Z) shares several properties
with the usual Euclidean integer lattices.
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THEOREM 5.2. Let G be a Carnot group of step two with group operation * and
let d be a homogeneous metric on G. If the structure matrices B* of (5.3) lie in
Zmxm for alli=1,...,mo then

(i) 11 %72 € G(Z) for all v1,72 € G(Z),
(ii) there exists an absolute positive constant Ay = A1(G,d) such that for all

v € G(Z) \ {0}
d(’%O) > Alv

(iii) there exists an absolute positive constant Ay = As(G,d) such that for all
p € G there exists some v, € G(Z) such that
d(p,yp) < As.

PROOF. The proof of (i) is immediate since B* € Z™1*™1,

We now move to the proof of (ii). Note that the function || - ||z : G — [0, 00)
defined by ||p|la = d(p, 0) for p € G is a homogeneous norm; i.e. it is a continuous
function with respect to the Euclidean topology of R™*™2 ||§,.(p)|la = r||p|la for
all 7 > 0 and p € G, ||p|lqg > 0 if and only if p # o, and |p~t|la = ||pl|la for all
p € G\ {o}. For p = (2,t) € G let

ol = (121* + [¢])*/*.

It follows easily that ||-| is a homogeneous quasi-norm in G, [12, Section 5.1]. Since
all homogeneous quasi-norms are globally equivalent, see e.g. [12, Proposition 5.1.4],
we conclude that there exists an absolute positive constant A; such that

(5:5) Adlpll < liplla < A7 Ipll,

for all p € G. But [|7|| > 1 whenever v € G(Z) \ {0} and hence (ii) follows by (5.5).
We will now prove (iii). Let

Koy={p=(w,s) €G:we[-1/2,1/2] and s € [-1/2,1/2]™2}.
We will first show that

(5.6) Gc |J v+Ko

YEG(Z)
Let p = (z,t) € G, then there exists some 1 = (7,,0) € G(Z) such that
(5.7) (2,0) € 71 % Ko = {(7: +w,t + (B'y: - w)2) : (w,t) € Ko}

Now notice that if yo € G(Z) such that v5 = (0, ), then recalling (5.4)
(5.8) Yo k1 % Ko = {(72 + w, v + 5+ (B'y, - w)™) : (w,t) € Ko}

Therefore we can now choose v := ((7¢)1, - - -, (7t)mo) € Z™2 such that

|ti = B'y. - w — ()il < 1/2
for all i =1,...,ma. Therefore there exists some s € [—1/2,1/2]™2 such that
(5.9) t =9 + (B, -w)™ +s.

If v = (7.,7) € G(Z) then by (5.7), (5.8) and (5.9) we conclude that p € v * K
and (5.6) follows. Set As = max{d(q,0) : ¢ € Ko} and let p € G. By (5.6) there
exists v, € G(Z) and g € Ky so that p = , * ¢. Hence d(7p,p) = d(vp,Vp * q) =
d(0,q) < A and (iii) follows. O

REMARK 5.3. Carnot groups of Iwasawa type, equipped with the gauge metric,
satisfy the assumption of Theorem 5.2 with A; = 1.
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5.3.2. Continued fractions as conformal iterated function systems.
Continued fractions in the first Heisenberg group Heis have been considered by
Lukyanenko and Vandehey [40], see also subsequent papers of Vandehey developing
detailed number-theoretic properties of such continued fraction representations [60],
[69]. As in the Euclidean case, see e.g. [44] and [45], continued fractions can be
realized as limit sets of conformal iterated function systems. In this section we
describe a class of conformal iterated function systems in general Iwasawa groups
which generalize those arising in connection with Heisenberg continued fractions.

Let G be an Iwasawa group and recall that d denotes its Koranyi—-Cygan metric.
Let G(Z) be the integer lattice of G and for e > 0 set

I. = G(Z) N B(o, Ac)*

for
5

AE = 5 +e.

By Theorem 5.2(ii) it follows that for p € B (0, 1) and v € G(Z) \ {0},
1

(5.10) 5d(7,0) < d(y,p) < 2d(y, 0).
We now consider the conformal iterated function system
(5.11) S:={dy:B(0,1/2) = B(0,1/2)}
where

oy =T 0l

Recalling the notation of Section 4.2, in particular (4.4), we note that X = B (0, %)

and we can take S = B (0, %) Note that for every v € I. and every p € B (0, %),
1 1 1 1

5.12 d ,0) = < < <=

G2y A0 = G500 S do) —dop) = 24E 2

by (2.16) and (5.10), and hence
¢ (B (0,1/2)) C B(0,1/2).
The functions ¢, are injective contractions and

(5.13) 1D (p)l| =~ d(,0)~*

for every p € S, in particular |[D¢, || =~ d(v,0)~2. To see this, first note that as
in (2.17) for p € S and v € G(Z) \ {0}, d(y * p,0) = d(v,0). Therefore, for every
p,q €S,

d(¢~(p), d4(q)) = d(T (v *p), T (v * q))
(5.14) B d(p,q) ~ dl. 0)-2
- d(’}/ D, 0) d(’}/ % q, O) ~ d(’Y’ ) d(p, Q)

by (5.10). Finally S, satisfies the open set condition, as one can easily check that

(5.15) Oy (B (0,1/2)) N ¢y, (B(0,1/2)) =0

for all distinct 1,72 € I.. Indeed suppose that (5.15) fails. Then there exist
distinct v1,7v2 € I and p1,ps € B(o, %) such that ¢, (p1) = ¢+, (p2) or equivalently

Y5t k1 % p1 = po.
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Therefore d(v5 ' * 71 * p1,0) = d(p2,0) < 2. But by Theorem 5.2 we have

N[

d(yy 'y p1,0) > d(yy ¥ m1,0) —d(pr,0) > 1— 5 =

and we have reached a contradiction.

5.4. Complex hyperbolic Kleinian groups of Schottky type

In this section we recall the concept of complex hyperbolic Kleinian groups and
the subclass of Schottky groups. The main objective of this section is to associate
with each finitely generated Schottky group an Iwasawa maximal conformal graph
directed Markov system having the same limit set as the limit set of the group.
Having done this we essentially reduce the problem of studying geometric features of
complex hyperbolic Schottky groups to the task of dealing with Iwasawa conformal
GDMS. We emphasize that this is the only example in this chapter where the
general framework of graph directed Markov systems is needed.

Complex hyperbolic space Hg“ can be modeled as the collection of timelike
vectors in complex projective space Pg“. More precisely, we equip C**2 with an
indefinite Hermitian form ((-,-)) of signature (n,1), project to PA™!, and define

HE = {[2] € P 2 ((2,2)) < 0}

Here [zg : -+ - : zp4+1] denotes the equivalence class in Pg“ of apoint (zg,...,2n4+1) €
C™*2. The space Hg“ can be identified with the unit ball of C**! equipped with a
metric of constant negative sectional holomorphic curvature, the Bergman metric.
As mentioned in Section 2.2.4, the compactified complex Heisenberg group Heis"
arises as the boundary at infinity of Hg+17 and conformal self-maps of Heis™ are
the boundary values of isometries of Hg“.

A complex hyperbolic Kleinian group is a discrete subgroup of the isometry
group Isom(H{C“’l) = PSU(n, 1) of complex hyperbolic space. The theory of com-
plex hyperbolic Kleinian groups is a rich and active area of research; we refer to the
monograph [16] for more information and additional references to the literature.
Here we only wish to recall the notion of complex hyperbolic Schottky group.

DEFINITION 5.4. A complex Kleinian group I', which we view both as a group
of isometries of Hg“ and as a group of conformal transformations of Heis", is
called a Schottky group if the following conditions are satisfied:

(i) for some integer g > 2, there exist 2¢ pairwise disjoint closed sets By, Ba, ...,
B, and B_1,B_s,...,B_, in Heis" such that each B; is the closure of its
interior,

(ii) for every i € Vi :={1,2,...,q} there exists v; € I" so that

(516) ’Yz(Bz) = Heis"” \ B_i,
and
(iii) the elements 71,72, ...,7, generate the group I
Weset Vo = -V, ={—q,...,—2,—1} and V := V, UV_. Applying v_; := fyi_l
to both sides of (5.16) above, we see that v_;(B_;) = Heis" \ B;. Thus (5.16) holds
for all i € V. Tt also follows from (5.16) that
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Recall that A(T'), the limit set of T', is the set of all accumulation points of the
orbit I'(z) for some, equivalently for any, point z € H2*'. The limit set A(T) is a

non-empty closed (topologically) perfect subset of Heis™ invariant under the action
of I'. See [16] for this and other properties of the limit set. Now we associate a
canonical Iwasawa conformal GDMS Sr to I'. The alphabet for Sr is the above
defined set V. The edge set is E := (V xV)\ A where A := {(i,7) e VxV :i e V}.
The incidence matrix A: E x E — {0,1} is defined by the following formula:

1 ifj=—k
Ak =9, £k

Furthermore
t((j, k) =k and i((j,k)) :== —J.
For every i € V we set

and for every (i,j) € E,
Vi) = vilB;  Bj = B_i.

The system

Sr = {Va E, A7 t,1, (Bi)i€V7 {76}6615’}
satisfies all of the requirements of an Iwasawa maximal conformal graph directed
Markov system, except for the fact that the maps {v.}ecer need not be uniform
contractions. However, since the diameters of the sets 7, (B(.)) converge to zero
uniformly with respect to the length of the word w, the bounded distortion property
implies that the mappings in a sufficiently high iterate of the system Sr are uni-
formly contracting. And this is precisely what we need. We shall prove the follow-
ing result establishing a close geometric connection between the complex Schottky
group I' and the associated Iwasawa conformal GDMS Sr.

THEOREM 5.5. If T is a complex Schottky group, then A(T) = Js,..

ProOF. The inclusion Js. C A(T") is obvious. In order to prove the opposite
inclusion, fix a sequence {g,}>2; of mutually distinct elements of T such that the
limit lim,, s o0 gn(2) exists for some (equivalently, all) z € H(’CLH. For an appropriate
choice of indices ink; €V we may write

gn = ’Yin,kn o ’yin)kn’_1 ©...0 ’yin_g o ’Yin,l
in unique irreducible form. In other words, 4y j4+1 # —inj; forall 1 < j <k, — 1.
Passing to a subsequence we may assume without loss of generality that 4,1 = i
for all n > 1 and for some i € {1,2,...,q}. Fix z € B_;. Then
gn(z) = Py(in,k-,w_in,k'nfl) °© fy(in,knfh_in,kan) 00 Py(inla_in,l) ° ’y(in‘la_in,l)(z)
and
w(n) = (in7kn7 _in;kn_l) (in7kn_17 _in7kn_2) e (in;2’ _in,l)(i’l’L,la _znvl)

is an element of Ef‘". Hence g,,(2) € g (Bt(wm))). Since each of the sets g, (n) (Bt(w(n)))
intersects the limit set Jgs, and since the diameters of those sets converge to zero as
n — 0o, we conclude that lim,, o gn(2) € Js,. = Js,., where we have written the
equality sign since the system Sr is finite. The proof is complete. a



CHAPTER 6

Countable alphabet symbolic dynamics:
foundations of the thermodynamic formalism

In this chapter we recall the foundations of the thermodynamic formalism in the
context of countable alphabet symbolic dynamics with complete and self-contained
proofs. A more extensive exposition can be found in [46]. We stress that most of
the results proved in this Chapter, e.g. Theorems 6.11, 6.13, 6.14, and Corollary
6.32, generalize results previously obtained in [46]. In [46] finite primitivity was
frequently assumed, while we only need to assume finite irreducibility.

6.1. Subshifts of finite type and topological pressure

Let N ={1,2,...} be the set of all positive integers and let E be a countable
set, either finite or infinite, called in the sequel an alphabet. Let

o:EYN — EN
be the shift map, i.e. cutting off the first coordinate. It is given by the formula

U((wn)%ozl) = ((WnJrl)%O:l)-

For the reader’s convenience we recall some standard notation from symbolic
dynamics that we already defined in Section 4.1. For every finite word w € E* :=
U2 E", |w| will denote its length, that is the unique integer n > 0 such that
w € E". We also make the standard convention that E® = {#}. If w,v € EV,
7€ E* and n > 1, we put

Wp =wi...wy € E",
TW = (7'1,...,7"7|,w1,...),

w A v = longest initial block common to both w and 7.

Note that w Av € ENU E*.

All these metrics induce the same topology. A real or complex valued function
defined on a subset of EY is uniformly continuous with respect to one of these
metrics if and only if it is uniformly continuous with respect to all. Also, a function
is Holder with respect to one of these metrics if and only if it is Holder with
respect to all; of course the Holder exponent depends on the metric. If no metric
is specifically mentioned, we take it to be dj.

Now consider a {0,1} valued matrix A: E x E — {0,1} and let
EY:={weE": A =1 for all i € N}.

WiWit1

The words of EY will be called A-admissible. We also define the corresponding set
of finite admissible words

E}={weE": Ay, =1foralll <i<n-1}, n €N,

43
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and -
Ey = EX.
n=0

For every w € E, its corresponding cylinder is
N
W) :={reby: 7, =w}
Recall from Section 4.1 that the metrics
do(w, ) = e~ o >0,

induce the same topology on EN. A real or complex valued function defined on a
subset of EY is uniformly continuous with respect to one of these metrics if and
only if it is uniformly continuous with respect to all. Also, a function is Hélder
with respect to one of these metrics if and only if it is Holder with respect to all;
of course the Holder exponent depends on the metric. If no metric is specifically
mentioned, EN will be treated as a topological space with the topology defined by
dy. We also record the following obvious fact.

PROPOSITION 6.1. The set E' is a closed subset of EN, invariant under the
shift map o : EN — EN,

Recall that a {0,1} valued matrix A : E x E — {0,1} is called irreducible if
there exists & C E such that for all 7, j € E there exists w € ® for which iwj € E.
If there exists a finite set ® with the previous property, the matrix A will be called
finitely irreducible.  If in addition there exists a finite set ® C E% consisting of
words of the same lengths such that for all 7,5 € E there exists w € ® such that
iwj € E%, then the matrix A is called finitely primitive.

Given a set F' C F we put

FN.={we EY: w; € Fforall i € N},
and
Fi=EiNF'={weF": Ayu,, =1lforalll<i<n-—1}.
A sequence (a,,)52; of real numbers is said to be subadditive if
Uptm < A + Gy for all m,n > 1.
We now recall the following standard lemma about subadditive sequences.

LemMA 6.2. If (an) -
infnzl(an/n).

L 18 subadditive, then lim,, ., %> exists and is equal to

The limit in Lemma 6.2 could be —oo, but if the elements a,, are uniformly
bounded below, then this limit is nonnegative.
Given F C E and a function f : Fy — R we define the n-th partition function

n—1
Zu(F,f) =Y exp| sup > f(o?(7)) |,

wEFT Telwlr 520

where [w]p = {r € F} : 7|, = w}. If F = E, we simply write [w] for [w]p.
The following lemma is indispensable for the proper definition of topological
pressure.

LEMMA 6.3. The sequence (log Z,(F, )52, is subadditive.
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PROOF. We need to show that the sequence N 3 n +— Z,(F, f) is submulti-
plicative, i.e. that

an+7l(Faf>§Z (Ff) ( f)
for all m,n > 1. And indeed,

m+n—1
Imin(F,f)= Y exp| sup > f(o’(r))
weFy T Tellr =0
m—1 n—1 )
= 3 ol § XS0+ X S0 )
werptn  \T€llr 5= 7=0
m—1 ) n—1 .
< Y exp| sup fle(m) + sup > f(o? (0™ (7))
wergtr  \TEMIF j=0 rellr 5=0
n—1 )
< > ) exp| swp Zfaj )+ sup > f(o7 (7))
(—UEFXL peFX TE[W 'Ye[p]F j=0
m—1
=Y e sw Zfoﬂ )| > e | s > fol(v)
wEFZ‘” TE UJ]Fj 0 PEFX "KG[P}F 7=0

= Zm(F, f)Zn(F, f)-

The topological pressure of f with respect to the shift map o : FYy — FY is
defined to be

(6.1) PEL(f) = nan;O%loan(F, = inf{ilog Zn(F,f)} .

If F = E we suppress the subscript F' and write simply P°(f) for P%(f) and Z,(f)
for Z,(E, f).

DEFINITION 6.4. A uniformly continuous function f : EN — R is called accept-
able provided

osc(f) == S_élg{sup(fhi]) —inf(fl;5)} < oo.

Note that if the alphabet E is infinite, then acceptable functions need not be
bounded and as a matter of fact, those most important for us, giving rise to Gibbs
and equilibrium states will be unbounded below.

We now introduce and briefly discuss some fundamental notions from Ergodic
Theory. For more information the reader can consult e.g. the books [53, 61]. Let
(X, F, 1) be a measure space. A measurable transformation 7' : X — X is called
measure preserving if

w(T7H(F)) = u(F) for all F € F.

In that case the measure p will be called T-invariant. A Borel probability measure
on EY is called shift-ivariant, or simply invariant, if it is o-invariant.
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DEFINITION 6.5. Let (X, F,u) be a probability measure space. A measure
preserving transformation 7" : X — X is called ergodic if for every F' € F such that
T~Y(F) = F either u(F) =0 or u(F) = 1. The measure preserving transformation
T: X — X is called completely ergodic if T* is ergodic for all k € N.

Ergodic measures form fundamental blocks of measure—preserving dynamical
systems. Any two distinct ergodic measures (invariant with respect to the same
map T') are mutually singular. Any dynamical system T preserving a (probability)
measure p preserves an ergodic measure. In fact, more is true, if T' is a continuous
map of a compact metrizable space X, then T always admits a Borel probability
invariant measure, this fact is known as the Bogolubov—Krylov Theorem, see [61,
Theorem 6.9.1]. Such measures form a convex compact set and its non-empty set
of extreme points coincides with Borel probability invariant ergodic measures; by
the Krein—-Milman Theorem the closed convex hull of the latter set is equal to the
former. Even if the measurable map T : X — X (with respect to a o-algebra F on
X) is not continuous, the mere existence of a probability invariant measure p on F
frequently yields the existence of ergodic measures, and the measure p is entirely
described by them.

Indeed, let X be a Polish space, i.e. a completely metrizable separable topo-
logical space and let F be its o—algebra of all Borel sets. As above T': X — X
is measurable with respect to F. Let M(T, F) denote the set of all probability T-
invariant measures on F and let £(T, F) denote its subset consisting of all ergodic
measures. The set M(T,F) is canonically endowed with a o—algebra, namely the
smallest o—algebra for which all the maps

M(T, F) 5> pr— w(E), E€F,

are measurable. It coincides with the o-algebra of Borel sets generated by the
weak*~topology on M(T, F). The set £(T, F) is then endowed with the restriction
of this o—algebra to E(T, F),

We have the following well-known theorem, for the proof see e.g. [34, Theorem
3.8.4]. Compare also with [61, p. 153] for the case of X being compact.

THEOREM 6.6 (Ergodic Decomposition). If X is a Polish space endowed with
the o—algebra of Borel sets, T : X — X is a Borel map, and p is a Borel probability
invariant measure on F, i.e. u € M(T,F), then there exists a unique probability
measure P, on E(T,F) such that

w= / vdP,(v).
E(T,F)

This precisely means that for every real function g € L*(u), we have that

/ng,u:/g(ﬂ}_) (/}(gdu) dP,(v).

It is immediate that in terms of the ergodic decomposition, ergodicity of the
measure /4 just means that the probability measure P, is the Dirac é-measure
supported at p.

One of the most powerful tools yielded by probability invariant measures is
Birkhoff’s Ergodic Theorem, see [53, 61] for its proof. Here it goes.
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THEOREM 6.7 (Birkhoff Ergodic Theorem). If T : X — X is a measure pre-
serving endomorphism of a probability space (X, F,u) and if g : X — R is an
integrable function, then the following limit

n—1
1 .
a(r) = lim — J
g(x) = nh_r};o - E Og oT7(z)
j:

exists for p-a.e. x € X. The function g : X — R is T—invariant and fng,u =
fx gdp. If in addition T is ergodic, then the function g : X — R is constant p—a.e.,
meaning that

1n—1 )

T () — _

nll)néon EogoT (x) /gd,u for p—ae zeX.
]:

The very last of these formulations is a particularly handy tool for applications,
and we will use it throughout the book frequently. In the context of countable
symbolic dynamics, which we will employ almost exclusively in the following, the
ergodic version of Birkhoff’s Ergodic Theorem takes the following form.

THEOREM 6.8. Let fi be a Borel probability o—invariant ergodic measure on EY
and let f € L'(E"Y). Then

n—o00 N

1 1,
lim =S5, f(w) = lim — fodl(w)= [ fdp,

~ N
for fi-a.e. w e Ey.

It is evident from the above that ergodic measures abound. To name just a
few situations where they arise: all Bernoulli measures are ergodic, more generally
all Markov measures generated by an irreducible stochastic matrix are ergodic, all
Gibbs invariant measures (Bernoulli and Markov ones belong to them) considered
later in this chapter are ergodic, in particular the celebrated Gauss measure asso-
ciated with real continued fractions is ergodic, the Lebesgue measure on the unit
circle is ergodic with respect to any irrational rotation, every Dirac J—measure sup-
ported at a fixed point of T is ergodic with respect to T, and at least continuum
many more measures are ergodic with respect to some dynamical system.

If A and B are two Borel partitions of X their join is defined as

AvB={ANB:Ae€A BEeB}
We also set
A" = AVT YA V- vT- "D (A).
Let p be a T-invariant measure on X and denote by
(6.2) Ha(A) = — 37 u(A) log(u(A))
AcA
the entropy of the partition A with respect to the measure pu. The sequence

().

n=1
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is monotonically decreasing to a limit which is commonly denoted by h, (T, .A) and
it is referred to as the entropy of T with respect to partition A. The entropy of T
is defined as

h,(T) = Sjp{h#(T, A},

where the supremum is taken over all countable partitions of X with finite entropy.

It is usually very difficult to calculate h,(T") from this definition since the
supremum runs over a very big set of partitions. However if A is a generating
partition, meaning that there exists a measurable set Y C X with u(Y) = 1 such
that for all w,z € Y there exists an integer n > 0 such that T"(w) and T"(z)
belong to different elements (commonly referred to as atoms) of A, and the entropy
H,(A) is finite, then

(6.3) h,(T) = h, (T, A).

Notice that if A is a generating partition and B is finer than A, meaning that each
element of B is contained in (exactly one) element of A, then B is also generating.
In particular any refinement A" of A is then generating. Furthermore, if A is of
finite entropy then so is too each partition A". Using the Ergodic Decomposition
Theorem (Theorem 6.6) the entropy of a transformation (with respect to some in-
variant measure) can be expressed as an average of entropies over ergodic measures.
The proof of the following theorem follows as in [53, Theorem 2.8.11].

THEOREM 6.9. With the hypotheses of Theorem 6.6, we have that
h,(T) :/ h, (T)dP,(v).
E(T,F)

Needless to say that we will apply all these concepts, actually exclusively, to
the symbolic dynamical system o : Ef — EY. This dynamical system has canon-
ical countable partition, namely the one demoted by us by «, consisting of initial
cylinders of length 1. Precisely,

a:={[e]:ec E}
Of course « is a generating partition for the symbolic dynamical system o : EY —
E'}. Notice that if ¢ € N then o (which is the partition consisting of the cylinders
of length ¢) is also generating and of finite entropy if the entropy of « is finite. In

particular, it is easy to see (ex. [53, Theorem 2.8.7(b)]) that if H,(a?) < oo for
some ¢ € N, then

(6.4) (o) = im0 i LS ) og(u(a)).
Aean

We also record the following straightforward estimate
hu(a) < Hu(a)-

We now examine in detail the connections between topological pressure and
entropy provided by various, though related, versions of the Variational Principle.

THEOREM 6.10 (1st Variational Principle). If f : EYf — R is continuous and ji

is a shift-invariant Borel probability measure on E' such that [ fdp > —oc, then
ha(o) + [ fdi < P°(),

In addition, if P7(f) < 400, then there is an integer ¢ > 1 so that Hz(a9) < +o0.
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PROOF. If P?(f) = 400, there is nothing to prove. So, suppose that P7(f) <
+00. Then there exists ¢ > 1 such that Z,(f) < 400 for every n > q. Also, for
every n > 1, we have

S allel) sup(Safli) = [ Sufdi=n [ fdi>

|w|=n
where
n—1
Snf = Z f oo’
§=0
Therefore, using concavity of the function h(x) = —zlogxz, we obtain for every
n>q,
Hala")+ [ Sufdp< 3 i)sup S, ) ~ loga(le])

|w|=n

= 2(0) 3 Zuf) e S (e S )

|lw]=n

< Zu(H)h | D0 Zu(f) P Ietf(w]em Sl

|w|=n
= Zu(HMZn()7)
= 10g Zn(f)

Therefore, Hy (™) < log Z,,(f) +n [(—f)di < oo for every n > ¢, and since, in
addition a? is a generator, we obtain

(o) + [ 1 < i (5 (ato) + [ 5osm)
< lim Llog Zu(f) = P°().

T n—oon
The proof is complete. O
We will also need the following theorem, which was proved in [46] as Theo-
rem 2.1.5.

THEOREM 6.11. If f : EY — R is acceptable and A is finitely irreducible, then
P?(f) = sup P%(f),
where the supremum is taken over all finite subsets F of E.

PROOF. The inequality P?(f) > sup{P%(f)} is obvious. In order to prove the
converse let ® C E% be a set of words witnessing finite irreducibility of the matrix
A. We assume first that P7(f) < +oo. Put

(6.5)
o] —1
q:=#P, p:=max{|w|:w € @}, and T :=min\ inf Z foaj|[w] twed
3=0

Fix e > 0. By acceptability of f : Eff — R, we have M := osc(f) < oo and there
exists [ > 1 such that

(6.6) |f(w) = f(r)] <e
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whenever w|; = 7|;. Now, fix k > I. By Lemma 6.3, 1 log Zx(f) > P?(f). Therefore,
there exists a finite set F' C E such that

(6.7) %long(F, f)>Po(f) —e.

We may assume that F' contains ®. Put

f= Zf oa’.
j=0

Now, for every element 7 = 71,72,...,7, € F& x --- x F§ (n factors) one can
choose elements ay, as,...,a,—1 € @ such that T = maymas ... Th—10, 175 € .
Notice that the so defined function 7 + 7 is at most ¢"~-to-1 (in fact u"~!-to-1,
where u is the number of lengths of words composing ®). Then for every n > 1,

kn+p(n—1) kn+p(n—1)
> ZFEH=¢"" ) Y exp(supSifiu)
i=kn i=kn  weFj
|7
(6.8) > Z exp SEPZ foo?
re(Fhyn 71 j=o
7|1 _
> exp | inf oo’
> 2 ew|if ) f
TE(F)™ 7=0
Now observe that
n ~ [7|—1 .
(6.9) inf f|;,) +T(n—1) <inf foo.
; g + T = 1) < i g

To prove (6.9) let w € [7] then

Wiz = TIa1 T2 .. Ty 101 Tp

and
[7]—-1 4 [T1]—1 , [T1]+]ea] -1 4 |71+ |+]T2| -1 .
S few) =Y fodlw)+ Y. fool(w)+ > fool(w)
j=0 j=0 Jj=|71l Jj=|T1|+|ea]

[71]4]en [+ |an -1+ =1
N Z fodl(w).
Jj=Iml+ e[+ o 1]
Now note that

[T1]—1

Z foaj(w) > inf.ﬂ[‘rl]'
=0

and
|71 [+lax|—1 la1|—1

> fedlw)= Y fl@elw)) =T,
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since o™l (w) € [y] € ®. In the same way,

|71+ lex |+ T 1| F|ai— 1 [+]mi =1 |7i|—1
Follw)= 3 flai(om Ittt tiaitionl )
J=ITilH e |+ T o -1 j=0
> 1nff|[n],
and
|7 l+lax [+ 7 |+ | -1 las|—1

Z fo aj(w) — Z f(Uj(U‘analH“'H”‘(w))) > T,
7=0

J=ITl e [+ 7

for i = 2,...,n. Hence (6.9) follows. Therefore

I7|—1 n
Z exp 1[1}]f Z fool | > Z exp <Z infﬂ[n] +T(n— 1))
T =0

(6.10) TEFR” re(Fh)n i=1
n
=exp(T(n—1)) Z epoinfﬂ[n].
re(FEn =1
We will now prove that for i = 1,...,n,
6.11 sup flir1 — inf fli.1 < (k —1)e — M.
[7i] [:]

Let wy,wa € [1;]. Then, recalling that k > I,

Flwi) = fwa) = flwr) = f(w2) + flo(wr)) — fo(ws))
(6.12) +o A f(O T w) = F(eM T (we)
+oo 4 f(0F T (w1) = (0" (w2).

Since w1 |k = walr we deduce that
o? (w1 = o7 (w2)l:
for all j <k —1— 1. Hence by (6.6),
(6.13) [f(07(w1)) = flo? (w2))| <€
for all j <k —1—1. On the other hand for all j <k —1,
ol (Wi = o7 (w2)1,
therefore for all k — 1 < j < k-1

(6.14) £ (07 (w1)) = (o7 (w2))| < M.
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Hence (6.11) follows by (6.12),(6.13) and (6.14). Therefore

exp(T(n —1)) Z epoinfﬂ[ﬂ]

re(Fhyn  i=1

>exp(Tn-1) 3 exp (Z(Supfl[n] —<k—Z>e—Ml>>
re(Ffn i=1
(6.15) )

=exp(T(n—1) — (k—)en — Min) Z eXpZ sup £l
re(Ffn =1

=e¢ Texp(n(T — (k — 1)e — MI)) Z exp(sup f]7)
TEFX

Combining (6.8), (6.10) and (6.15) we deduce that

kn+p(n—1)
"> ZiF f) = e Texp(n(T — (k—1)e — MI)) | Y exp(sup flj)
i=kn TEFL

Hence, there exists kn < i, < (k + p)n such that
1
Zin (Fa f) 2 pineiT exp(n(T - (k - Z)E - Ml - log Q))Zk(F7 f)n

Note also that for k large enough
IOg Zk (F7 f)

/L7l

This follows immediately by (6.7) if P7(f) < 0, actually in this case the right hand
side in the previous inequality can be replaced by P?(f) —e. If P7(f) > 0 then
choosing k large enough such that (6.7) holds and s P%(f) we have that

lim inf > P(f) — 2e.
n— oo

k+p
1 f > Pe(f)— 11— —— Pe(f)—2e.
im in i > ’ i (P?(f)—e) (7)) > (f)—2e
Hence )
P%(f) = lim —logZ; (F,
r(f) = lim —logZi,(F, [)
—|T] le Ml +logq -

> - — P -2

=% ke PR

> P7(f) - 5e
provided that k is large enough. Thus, letting € \, 0, the theorem follows. The
case P7(f) = +oo can be treated similarly. O

REMARK 6.12. In Theorem 6.11 the supremum can be taken over all finite and
irreducible sets F' C E. This follows because if ® C E is the set witnessing finite
irreducibility for the matrix A and if

G={eeF:e=w;forsomewe®i=1,..., |wl}

that is G is the set of letters appearing in the words of ®, then F'UG is irreducible
and P o > P%.
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We say a shift-invariant Borel probability measure i on EY is finitely supported
provided there exists a finite set F' C E such that i(FY) = 1. The well-known
variational principle for finitely supported measures (see [14], [55], [61] and [53])
tells us that for every finite set F C E

P%(f) =sup {h,;(a) + /fdﬂ} ,

where the supremum is taken over all shift-invariant ergodic Borel probability mea-
sures i with i(F°°) = 1. Applying Theorem 6.11, we therefore obtain the following.

THEOREM 6.13 (2nd Variational Principle). If A is finitely irreducible and if
f: Eﬁ — R is acceptable, then

p7(f) =sup {alo) + [ fai}.
where the supremum is taken over all shift-invariant ergodic Borel probability mea-
sures [t which are finitely supported.

As an immediate consequence of Theorem 6.13 and Theorem 6.10, we get the
following.

THEOREM 6.14 (3rd Variational Principle). Suppose that the incidence matriz
A is finitely irreducible. If f : EY — R is acceptable, then

p7(f) =suwp {alo) + [ fai}.
where the supremum is taken over all shift-invariant ergodic Borel probability mea-

sures fu on EY such that [ fdji > —oc.

A potential is just a continuous function f : EY} — R. We call a shift-invariant
probability measure fi on EY an equilibrium state of the potential f if [ —=fdp < +o0
and

(6.16) ha(o) + [ fdii=P ().
We end this section with the following useful technical fact.

PrOPOSITION 6.15. If the incidence matrix A is finitely irreducible and the
function f : E' — R is acceptable, then P?(f) < +oc if and only if Z1(f) < +oc.

PROOF. Let ® = {\1,...,A\;} C E} be a set which witnesses the finite irre-
ducibility of the incidence matrix A. Let p and T as in (6.5). For any two letters
w,v € E we define

[w,v] =min{i € {1,...,q}: whjv € E}}.
We then define a map
g: E*— FE}
as follows. If w = (wq,...,wy,) € E™ we let
g(w) =@ = wi1Ws . . . Wy _10p_1Wy

where a; = A\, 0,y for i = 1,...,n — 1. As in the proof of Theorem 6.11 the
function w +— @ is at most ¢"'-to-1. Note also that,

n+(n—1) <|w| <n+pn-1).
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Since f is acceptable, we therefore get

n+p(n—1) n+p(n—1)
gt Z Zi(f) =q" ! Z Z exp sup Zf oo’
i=n+(n—1) i=n+(n—1) weEY
[]
> Z exp sup Zfoaj
weE™
> Z exp Zinf(f“wj]) +T(n—-1)
weE™ j=1
> T(n=1) Z exp Zsup f|[w —osc(f)
wekbEn
= exp(—T + (T — osc(f))n) (Z exp(sup(f[e]))>
eckE

= exp(—T + (T - osc(f))n)Zl(f)n,

where in order to obtain the inequalities in the third and the fourth line we argue
as in (6.9) and (6.11) respectively. Hence there exists a sequence (i, )nen such that

n—1<i, <pn-1)
and for all n € N,
6.17)  ¢" H(p—1)(n = 1) + 1) Znyi, (f) > exp(=T + (T — osc(f))n) Z1(f)"

Note that
log(¢" ' ((p—1)(n = 1) + V) Zy4, (f))

lim sup
n—00 n
log Z,,+i ]
= log ¢ + lim sup o8 n+,“’<f) n—|—zn.
n—00 n—+ iy n
Since
1< P
n

for all n € N, (6.17) implies that if P7(f) < 400, then also Z1(f) < +o0o. The
opposite implication is obvious since Z,(f) < Z1(f)™. The proof is complete.

6.2. Gibbs states, equilibrium states and potentials

If f: EY — R is a continuous function, then, following [46] (see also the
references therein), a Borel probability measure 7 on EY is called a Gibbs state
for f if there exist constants ()4 > 1 and P € R such that for every w € £ and
every T € [w]

-1 m([w])
(6.18) Q= exp(Sjw| f(7) — P |w]) < Qo

If additionally m is shift-invariant, then m is called an invariant Gibbs state.
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REMARK 6.16. Notice that the sum S, f(7) in (6.18) can be replaced by
sup(Sjw| fljw)) or by inf(S)) fli)). Also, notice that if 7 is a Gibbs state and if
i and m are boundedly equivalent, meaning there some K > 1 such that

K= < a(lw])/m(lw]) < K

for all w € E7%, then i is also a Gibbs state for the potential f. We will occasionally
use these facts without explicit indication.

REMARK 6.17. We record that if a continuous function f : EY} — R has a
Gibbs state m then f is upper bounded. This follows immediately by (6.18) and
Remark 6.16 because for all e € F,

sup fli) < P +1og Q.
We start with the following proposition.

PROPOSITION 6.18. If f : B — R is a continuous function, then the following
hold:
(i) For every Gibbs state m for f, Pm =Po(f).
(ii) Any two Gibbs states for the function f are boundedly equivalent with
Radon—Nikodym derivatives bounded away from zero and infinity.

PRrROOF. We shall first prove (i). Towards this end fix n > 1 and, using Re-
mark 6.16, sum up (6.18) over all words w € E7}. Since ), _, m(lw]) = 1, we
therefore get

ngleipﬁn Z eXP(SUp Snf‘[w}) <1< Qg€7PT;Ln Z eXP(SUP Snf‘[w])
|w|=n |w|=n

Applying logarithms to all three terms of this formula, dividing all the terms by
n and taking the limit as n — oo, we obtain —Py + P7(f) < 0 < =P, + P(f),
which means that Pz = P?(f). The proof of item (i) is thus complete.

In order to prove part (ii) suppose that m and v are two Gibbs states of the
function f. Notice now that part (i) implies the existence of a constant 7' > 1 such
that

T < v([w]) <T

m([w])
for all words w € E%. Straightforward reasoning gives now that v and m are
equivalent and T-1 < %@ < T. The proof is complete. O

As an immediate consequence of (6.18) and Remark 6.16 we get the following.

PROPOSITION 6.19. Any uniformly continuous function f : E'y — R that has
a Gibbs state is acceptable.

For w e E and n > 1, let
EY(A):={r€E}: A, , =1} and EY(A):={r e FE}: Ar o = 1}.

We shall prove the following result concerning uniqueness and some stochastic prop-
erties of Gibbs states. Recall that ergodicity and complete ergodicity were intro-
duced in Definition 6.5. For finite primitivity of matrices see Definition 4.1.

THEOREM 6.20. If an acceptable function f : EY — R has a Gibbs state and the
incidence matriz A is finitely irreducible, then f has a unique shift-invariant Gibbs
state. The invariant Gibbs state is ergodic. Moreover, if A is finitely primitive, the
invariant Gibbs state is completely ergodic.



56 6. THERMODYNAMIC FORMALISM

PROOF. Let m be a Gibbs state for f. Fixing w € E%, using (6.18), Re-
mark 6.16 and Proposition 6.18(i) we get for every n > 1
(6.19)
(o (W) = D m(rw])

TeEY

< Y Quexp(sup(Sntiwflir)) = P7(f)(n + [w]))

TeEEY

< Z Qg eXp<Sup(Snf|[T]) - Pa(f)n) eXp(SUP(S\Mfl[w]) - Pa(f)lw‘)

TEEY

Y QuQurin([T)Qyr([w]) < Qp([w]).

TEEY

IN

Let the finite set of words ® witness the finite irreducibility of the incidence matrix
A and let p be the maximal length of a word in ®. Since f is acceptable, it is not
difficult to show that

T = min{inf (S|4 fl[a)) — P7(f)la] : a € ®} > —o0.

For each 7,w € E%, let a = a(1,w) € ® be such that Taw € E%. Then, we have for
all w e £ and all n

(6.20)
n+p n+p

Zﬁ%(aﬁ([w])) = > ()

i=n TeEEY

> Z m([ra(r, w)w))

TEER

> Y Qy exp(Inf(S)r 4 a(rw) +lwl fliraw) = PTU(IT] + [a(r,w)| + |w]))

TEEY

>Qy" Y exp(inf(Suflir) —nP7(f)+

TEER

+ inf(S\a(T,w) ‘f|[a(7,w)]) - |Oz(7’,(d)| Po(f) + lnf(s\w|f|[w]) - |w| Pa(f))
> Qe exp (inf (Siu fliw))-P7 (Flwl) S exp(inf(S,, flim)-nP7(f))

> Q% m(w]) Y exp(inf(Syfliry) — nP(f))
TEER
> Qy %" m([w)Qy " Y m([r])
TEE:;

= Qy e m([w]).

Recall that a (real) Banach limit is a continuous linear functional L : £*° — R such
that the following conditions hold,
(i) if z = (xy,) € £ satisfies x,, > 0 for all n € N then L(z) > 0,
(ii) L(s(z)) = L(z) for all x € £°° where s : £>° — (> is the shift operator, i.e.
(s(z))n = @y for all z = (z,) € £°°,
(iii) if z = (z,,) € £*° is convergent then L(z) = limy, o0 Tp.-
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Using the Hahn-Banach theorem one can prove the existence of Banach limits, see
e.g. [23, III, Theorem 7.1]. Therefore let L : ¢, — R be a Banach limit. It
is not difficult to check that the formula fi(B) = L((m(0c~"(B)))n>0) defines a

shift-invariant, finitely additive probability measure on Borel sets of EY satisfying
QQ_SGT
p

for every Borel set B C EY. Since m is a countably additive measure, we deduce
that [ is also countably additive.

Let us prove the ergodicity of & or, equivalently of any shift-invariant Gibbs
state m. Let w € E7. For each 7 € E*, as in (6.20) we find:

(6.21) (B) < i(B) < Q*m(B),

n+p

> w7 0 ) 2 ml(wa(w, 7))

i=n

(6.22)
> Qy *eTm([r])m([w]).

Take now an arbitrary Borel set B C EY and fix ¢ > 0. Since the nested family
of sets {[7] : 7 € E’,} generates the Borel o-algebra on EY, for every n > 0 and
every w € '} we can find a subfamily Z of £ consisting of mutually incomparable
words such that B C |J{[r]: 7 € Z} and for n < i < n + p,

Y e () Nw]) < m(w]no~(B)) +e/p.

Then, using (6.22) we get

n+p n+p
e+ m(wlno!(B) =303 (W] no (7))
(6.23) > 37 Qe r([r))ri([w])

Hence, letting € \ 0, we get

n-+p

i=n

From this inequality we find

ntp n+p
S (e (EN B N]) = Y w(wl \ o (B) N w)
n+p

= Z m([w]) — (o™ (B) N [w])

< (p = Qg %e"m(B))im([w).
Thus, for every Borel set B C EY, for every n > 0, and for every w € E% we have

n+p

(6.24) > mle T (B)N[W]) < (p— Q" (1 —m(B)))m([w]).

i=n
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In order to conclude the proof of the ergodicity of o, suppose that c=!(B) = B

with 0 < m(B) < 1. Put vy = 1 — Q,*e" (1 — m(B))/p. Note that (6.21) implies

that Qg’3eTp’1 <1, hence 0 < v < 1. In view of (6.24), for every w € E% we get
(B 0 [u]) = (o™ (B) 1 [u]) < ()

Take now 1 > 1 so small that yn < 1 and choose a subfamily R of E’ consisting of
mutually incomparable words such that

B C U{[w] :w € R} and m < U {[w]}) < nm(B).

wER
Then

m(B) <Y m(BN[w]) <Y ym(w])

wER wER
=ym U{ :w € R}) < ypm(B) < m(B).

This contradiction finishes the proof of the existence part.

The uniqueness of the invariant Gibbs state follows immediately from ergodicity
of any invariant Gibbs state and Proposition 6.18(ii).

Finally, let us prove the complete ergodicity of i or, equivalently, of any shift-
invariant Gibbs state 7 in case A is finitely primitive. Essentially, we repeat the
argument just given. Let ® be a finite set of words all of length ¢ which witness
the finite primitiveness of A. Fix r € N. Let w € E’}. For each 7 € £, we find the
following improvement of (6.20).

o ([7]) N u]) > ()
(6.25) Q€PTNET: A,y 0y =Aagrr =1
> Qg e Tm([r])m([w]).
Take now an arbitrary Borel set B C E'. Fix e > 0. Since the nested family of
sets {[7] : T € E’} generates the Borel o-algebra on EY, for every n > 0 and every

w € E% we can find a subfamily Z of E consisting of mutually incomparable words
such that B C J{[7] : 7 € Z} and

> (o™ T (7)) N [w]) < (jw] N o TI(B)) +e.
TEZ
Then, using (6.25) we get

e+ (W No~"HN(B)) > 3 Q7 e Tim([r])m([w])

Hence, letting € \ 0, we get

m(w]No™H(B)) > Q(r)im(B)m([w)),
where Q( ) = Qy 3exp(rT). Note that it follows from this last inequality that
Q := Q(r) < 1. Also, from this inequality we find that

m (o~ (BN B) N [w]) = m(jw] \ o~ "(B) N [w])
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Thus, for every Borel set B C EY, for every n > 0, and for every w € E} we have

(6.26) m(o” (B N [w]) < (1-Q (1 — n(B)))m([w).
In order to conclude the proof of the complete ergodicity of o suppose that =" (B) =
B with 0 < m(B) < 1. For k € N, let
(B ={weEF :w=0v'".. vFand v’ € B forall i =1,... k},
and
o\ ¥ r\k
(Ep)" = ED"
kEN

Put v = 1 — Q(1 — m(B)). Note that 0 < v < 1. In view of (6.26), for every
w € (ER)* we get m(BN[w]) = m(e~«+a)(B)n [w]) < ym([w]). Take now n > 1
so small that yn < 1 and choose a subfamily R of (E7)* consisting of mutually
incomparable words such that B C |J{[w] : w € R} and

(el w € BY) < nin(B).

m(B) < Y mBNW) <Y ym(lw)

wER w€ER
=m U{ w € R}) < ypm(B) < m(B).

This contradiction finishes the proof of the complete ergodicity of m. The proof is
complete. O

Then

There is a sort of converse to part of the preceding theorem which claims that
finite irreducibility of the incidence matrix A is necessary for the existence of Gibbs
states. This justifies well our restriction to irreducible matrices. We need the
following lemma first. The next two results are due to Sarig [56].

LEMMA 6.21. Suppose that the incidence matric A : E x E — {0,1} is ir-
reducible and m s a shift-invariant Gibbs state for some acceptable function f :
E% — R. Then there is a positive constant K such that for every e € E,

min{ Z exp(sup(f“a]), Z exp(sup(f“a]))} > K.

a€E:A.q=1 a€E:Ay.=1

PrOOF. Let m be a shift-invariant Gibbs state for f. Fix a,b € E arbitrary.
Since m is a Gibbs state for f, we have

Qg_le_zpv(f) exp(inf (f1ja)) exp(inf (f|p))) < m([ab])
< Qe exp(sup(f o) exp (sup(f1y))-
Therefore,

m(a)= Y m(lac)

ceE:A,.=1

< Qe Wexp(sup(flwy)) D exp(sup(fli)-

cEE:Aq.=1
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Since 7 is a Gibbs state for f, we have that m([a]) > Q; e P exp(sup(f|}q)-
Hence,

(6.27) Q%W < 37 exp(sup(flig)).
ceEE:Ay.=1
Since m is shift-invariant, we have that
m(la)) = e~ ()= Y mllca]).
cEE:Acq=1

But then

Qe exp(sup(flia)))

< m(o~"([a]))

< Que "IN exp(sup(flie)) exp(sup(flia)))-

CEE:Apa=1
Therefore,
Q2" < 3" exp(sup(flig))-
c€EE:Apa=1
Along with (6.27) this completes the proof. O

THEOREM 6.22. Assume that an incidence matric A : E x E — {0,1} is
irreducible. If an acceptable function f : E'y — R has an invariant Gibbs state,
then the incidence matriz A is finitely irreducible.

PRrROOF. Since the incidence matrix A is irreducible, it suffices to show that
there exists a finite set of letters F' C E such that for every letter ¢ € E there exist
a,b € F such that

Age = Ay = 1.
Without loss of generality £ = N. Since f has a Gibbs state, we have that
Z exp(sup(fhn])) < Qgepn(f) < +00.
neN
So, there exists some ¢ € N such that

(6.28) Zexp(sup(fhj])) < K,
J>q
where K is the constant coming from Lemma 6.21. Let
F:={1,2,...,q}.
It now follows from (6.28) and from Lemma 6.21 that every letter is followed by

some element of F' and every letter is preceded by some element of F'. The proof
is complete. O

Recall that for w,7 € EN, we defined w A 7 € EN U E* to be the longest
initial block common for both w and 7. Of course if both w,r € Eﬁ, then also
wAT € EY UFEY. We say that a function f : EY — R is Hélder continuous with an
exponent o > 0 if

Va(f) = Sup{Va,n(f)} < 00,

n>1
where

Vo (f) = sup{|f(w) = f(7)|e*" ™V 1w, 7 € E} and |w A 7| > n}.
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Note that if g : B} — R is Hélder continuous of order a and p,v € EY, then
Va(9)da(p,v) = Valg)e P > e=|g(p) — g(v)].

Also, note that each Hoélder continuous function is acceptable.

The last theorem in this section, Theorem 6.24, shows that the assumption
f —fdpy < +oo is sufficient for the appropriate Gibbs state to be a unique equi-
librium state, recall (6.16) for the definition of equilibrium states. For the proof of
the Theorem 6.24 we will need the following lemma.

LEMMA 6.23. Suppose that the incidence matriz A is finitely irreducible and
that the acceptable function f: EY — R has a Gibbs state. Denote by fis its unique
invariant Gibbs state (see Theorem 6.20). Then the following three conditions are
equivalent:

(i) Jy —Fdity < +o0.
(i) Y ocpinf(—=fle)) exp(inf f|f¢) < 4-o00.
(iii) Hp,(a) < +oo, where o = {[e] : e € E} is the partition of EY into initial
cylinders of length 1.

Proor. Without loss of generality we can identify £ = N. We start with the
proof of the implication (i) = (ii). Suppose that [ —fdji; < oco. This obviously
means that ) f[@] —fdfiy < +oo and consequently

+00 > z};inf(*fhi])ﬂf([i]) > Q! ZEinf(ffm) exp (inf f|y — P7(f))
ic
=Q, e W) Zinf(—ﬂm) exp(inf ;).
We will now prove that (;ie)i» (iii). By definition,
Hp, (a) = ZE —fag ([i]) log fi ([4])
< 2}; — i ([i]) (inf (fl) = P7(f) — log Q).

Since Y-, it ([())(P7(f) +1og Qg) < oo, it suffices to show that
> —fig (i) inf(f]) < +oo.

ier
And indeed,
> = (@) inf(fl) =D fip([i]) sup(—flz)
i€E i€F
<> g () (inf (= £l) + ose(f))-
i€EE

Since Y, fiy([i])osc(f) = osc(f), it is enough to show that
Z/Jf ) inf( f|[,]) < +00.
S

Since fiy is a probability measure, lim; o fif([i]) = 0. Therefore, it follows from
(6.18) that lim; (sup(f|[i]) — P"(f)) = —oo. Thus, for all ¢ sufficiently large, say
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i >k, sup(f|f;) < 0. Hence, for all i > k, inf(—f[j;) = —sup(f]j;) > 0. So, using
(6.18) again, we get

Z/‘f )inf(—f|j;) < ZQQ exp(inf(f];) — P7(f)) inf(—fl)

i>k i>k
= Qe " U "exp(inf(fy)) inf(— f)
i>k
which is finite due to our assumption. Hence we have shown that Hj, (o) < +o0,
and the proof of the implication (ii) = (iii) is complete.
Finally we will show that (iii) = (i). Suppose that Hj, (a) < +00. We need to
show that [ —fdfiy < +00. We have

oo > Hy, (o) = Z —fuy ([d]) log (s ([d]))
i€E

> g ([i]) (inf (f]) — P7(f) +log Q).

IS
Hence, >, p —fis([i]) inf(f]};) < 400 and therefore

/ fig =3 [ —rdis

icE " li]
<> sup(—fla)iip([i]) =Y —inf () fis ([i]) < +o0.
i€E i€E
The proof is complete. O

For the next theorem recall (6.16) for the definition of equilibrium states.

THEOREM 6.24. Suppose that the incidence matriz A is finitely irreducible.
Suppose also that f : EY — R is a Hélder continuous function which has a Gibbs
state and

/—fdﬂf < +00,

where fi is the unique invariant Gibbs state for the potential f (see Theorem 6.20).
Then jiy is the unique equilibrium state for the potential f.

PRrOOF. In order to show that fis is an equilibrium state of the potential f
consider a = {[e] : e € E}, the partition of EY into initial cylinders of length
one. By Lemma 6.23, Hz, (o) < 4-00. Applying the Breiman-Shannon-McMillan
Theorem [53, Theorem 2.5.4], Birkhoff’s Ergodic Theorem, and (6.18), we get for
fip-a.e. w € Eﬁ

by (0) = lim " log iy (fols])
> Tim (o8 Qy + Suf(w) ~ nP7(f)) = lim LS, f(w) + P (f)

- / — fdiy +P(f)

which, in view of Theorem 6.13, implies that fif is an equilibrium state for the
potential f.

In order to prove uniqueness of equilibrium states we follow the reasoning taken
from the proof of Theorem 1 in [28]. So, suppose that 7 # fis is an equilibrium
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state for the potential f : EYf — R. Assume first that # is ergodic. Then, using
(6.18), we have for every n > 1:

0= n(ho(0) + / (f — P7(f))d7) < Hy(a") + / (Suf — P°(f)n)di

- - 1 - -
==Y (w]) <logv([w]) ) /M<snf -p (f)n)dV>

|w|=n
< - Z v([w]) (log o([w]) — (Snf(1w) —P?(f)n)) for a suitable 7, € [w]
|w|=n
=— > o)) (logl#([w]) exp (P (f)n — Suf(r))])
|w|=n
<= Y () (og #([w]) (s ([W))Qy) ")
|w|=n
=1lo — v(|w|)lo 7 ([w))
=loeQy = 2 7(le)! ()

Therefore, in order to show that o = puy, it suffices to show that

e e (DY)
nli“io< 27 Dlg(m([wn))

|w|=n

Since both measures 7 and iy are ergodic and o # iy, the measures o and fiy must
be mutually singular. In particular,

o ({oe s Sy =5}) =0

for every S > 0. For every j € Z and every n > 1, set

i w N . efj I;([w|’ﬂ]) 67j+1
o { CEA TS ) < }

Then

Notice

" e L) < (B < s

|w|=n

Now, for each k = —1, -2, -3, ... we have

= > #lw)log (;f(([b[ﬂrj]))) < ka/(Fn,j) + Zjefjﬂ

lw]=n

Thus, we have for each negative integer k,

timsup (— > (el o M;%)) <kt Y g,

— N
e lw]=n >1
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Now, letting k£ go to —oo completes the proof that 7 = uy in the case when 7 is
ergodic.

Now let 7 be an arbitrary equilibrium state for f, then, as E'} is a Polish space,
it follows from Theorem 6.6 and Theorem 6.9 that

(6.29) P7(f) = hs (o) + . fdi= /g - (hl,(a)—|— /E fdu) dPs(v),

N
A

where B is the Borel o-algebra on E'. Note also that again by Theorem 6.6

—00 < fdv :/ (/
EY E(0,B) \JE

hence Remark 6.17 implies that for P;-a.e. v € £(o, B) we have that

f dy) APy (v),

N
A

(6.30) fdv > —oo.

2

Now by (6.30) and the 1st Variational Principle (Theorem 6.10) we deduce that
the integrand on the rightmost part of this formula is always bounded above by
P?(f). Therefore, by the first part of the proof, it is equal to P?(f) if and only
if v = pp. But, if U # py then Py is not the Dirac-d measure supported on py
and, in consequence, the rightmost integral in (6.29) is smaller than P?(f). This
contradiction finishes the proof. O

6.3. Perron-Frobenius Operator

In this section we define the appropriate Perron-Frobenius operators and col-
lect some basic properties of them. These operators are primarily applied (see
Theorem 6.31) to prove the existence of Gibbs states. We start with the following
technical result usually referred to as a bounded distortion lemma.

LEMMA 6.25. If g : EY — C and V,(g9) < oo, then for all m > 1, for all
w,T € E§ with wy =71, and all p € B with A, o, = A, =1 we have

|Sng(pw) — Sng(pr)| < %da(w,ﬂ

ProoOF. We have

n—1
|9ng(pw) = Snglpr)] < lg(0" (pw)) — g(o* (Tw))]
=0

<3 Vi (g)dalo (), (i)
=0
n—1
< Valg) 3 e 0w, 7)
=0
< Val9) o 7)
< Veld) g w.m)

The proof is complete. O
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We set

Va(9)

T(g) = — .
(9) = exp <ea —
From now throughout this section f : Ef — R is assumed to be a Holder contin-
uous function with an exponent 8 > 0, and it is assumed to satisfy the following

requirement

(6.31) > exp(sup(fli)) < oo

eck

Functions f satisfying this condition will be called in the sequel summable. We
note that if f has a Gibbs state, then f is summable. This requirement allows us to
define the Perron—Frobenius operator Ly : Cy(EY) — Cy(E"Y), acting on the space
of bounded continuous functions Cy(EY) endowed with ||-||, the supremum norm,
as follows:

Lig)w)= > exp(f(ew))g(ew).

e€E: Ay, =1

Then |[Lf|loo < ocpexp(sup(fli)) < +oo and for every n > 1

L3 (g)(w) = Z exp (S, f(Tw)) g(Tw).

TEET:Arp =1

The conjugate operator £} acting on the space C;(Eﬁ) has the following form:

£3)e) = nLs(9) = [ £(g)de

Our first goal now is to study eigenmeasures of the conjugate operator L%, precisely
to show that these eigenmeasures coincide with Gibbs states of f. We next show
the existence of eigenmeasures in the case of finite alphabet, and then, using the
two above facts, to prove the the existence of eigenmeasures of £} for any countable
alphabet.

We now assume that m is an eigenmeasure of the conjugate operator L7 :
Cy(EY) — C;(EY). The corresponding eigenvalue is denoted by . Since Ly is a
positive operator, we have that A > 0. Obviously

L () = A"

for every integer n > 0. The integral version of this equality takes on the following
form

(6.32) /EN Z exp (S, f(Tw)) g(Tw) dim(w) = )\"/ gdm,

N
ATEE™ AL b =1 Ea

for every function g € Cy(E"Y). In fact this equality extends to the space of all
bounded Borel functions on E'}. In particular, taking w € E%, say w € E%, a Borel
set A C EY such that A, ,, =1, for every 7 € 4, and g = 1y, 4], we obtain from
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(6.32)
At ([wA]) = / > exp(Suf(1p) Liway(rp) din(p)
‘I'GE":ATnp1 =1
(6:33) -/ exp(Su f (wp)) dii(p)
{p€A: AL, o =1}

- / exp(Snf (wp)) din(p)
A

REMARK 6.26. Note that if (6.33) holds, then by representing a Borel set
B C EY as a union J, ¢ pn [wBy], where B, = {a € B : A, 0, =1 and wa € B},
a straightforward calculation based on (6.33) demonstrates that (6.32) is satisfied
for the characteristic function Ip of the set B. Next, it follows from standard
approximation arguments, that (6.32) is satisfied for all 7n-integrable functions g.
Finally, we note that m is an eigenmeasure of the conjugate operator L} if and only
if formula (6.33) is satisfied.

THEOREM 6.27. If the incidence matriz A is finitely irreducible and f : EY — R
is a summable Holder continuous function, then the eigenmeasure m is a Gibbs state
for f. In addition, its corresponding eigenvalue is equal to e (f).

PrOOF. It immediately follows from (6.33) and Lemma 6.25 that for every
w € E% and every T € [w]
(6.34) m([w]) < ATT(f) exp(Snf(7)) = T(f) exp(Snf(7) — nlog ),
where n = |w|. On the other hand, let ® be a minimal set which witnesses the
finite irreducibility of A. For every o € ®, let
E,={r € EY : war € EY}.

By the definition of ®, (J,cq Fa = E'. Hence, there exists v € ® such that
m(E,) > (#®)~1. Writing p = || we therefore have
(6.35)

() = () = A~ [ exp (S (19) ()

PEEN: Ay, o =1

=\~(p) / exp (S f(wyp)) exp(Spf(vp))din(p)
pEE>:Ay, =1

> A" exp(min{inf(S|q) flja)) : @ € @} — plog A) / exp(Sy f(wyp))dm(p)

pEER:A, =1

= C/\‘"/ exp (S f(wyp))dm(p) > CT(f)~*N""m(E,) exp(S, f(7))

> CT(f) " (#®) " exp(Snf(1) —nlog ),

where C' = exp(min{inf (S|, f|a]) : @ € ®} — plog A). Thus 7n is a Gibbs state for
f. The equality A = P’ (/) follows now immediately from Proposition 6.18. The
proof is complete. O

THEOREM 6.28. If the incidence matriz A is finitely irreducible and f : EY — R
is a summable Holder continuous function, then the conjugate operator e_Po(f)ch
fixes at most one Borel probability measure.
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PROOF. Suppose that m and m; are such two fixed points. In view of Propo-
sition 6.18(b) and Theorem 6.27, the measures m and My are equivalent. Consider
the Radon-Nikodym derivative p = d;;ﬁ;. Temporarily fix w € E%, say w € E}. It

then follows from (6.33) and Theorem 6.27 that
m(w]) =

- / exp(Sy, f(wr) — P7(f)n) diin(7)
TEE>®: Ay, r =1

- / s (Suf(o(wr)) = P7(f)(n = 1) exp(F(wr) = P7(f))dm(7)

-/ exp (S, f(o(wr)) = P7(£)(n = 1)) exp(f(wr) = P7()din(r).
TEEOO:AW(N))"il.,.l:l
Thus,
inf(exp (/] — P7()))(ow]) < () < sup(exp(fl — P7()))ri[owl).
Since f : EY — R is Holder continuous, we therefore conclude that for every w € E'}
(6.36) lim_ nm = exp(f(w) — P7(f))

and the same formula is true with m replaced by m;. Using Theorem 6.27 and
Theorem 6.20, there exists a set of points w € EY with /m measure 1 for which the
Radon-Nikodym derivatives p(w) and p(o(w)) are both defined. Let w € E' be
such a point. Then from (6.36) and its version for m; we obtain

. ml([w|n])
i ( i (leln]) i (lo@)a]) | m([a<w>|n_11)>
ne i (o @) a))  i(fo@lca])  (la])
= exp(f(w) = P7(f)) plo(w)) exp(P?(f) = f(w)) = p(o(w)).
But according to Theorem 6.20, o : E§ — Eﬁ is ergodic with respect to a shift-
invariant measure equivalent with m, we conclude that p is m-almost everywhere

constant. Since m; and m are both probability measures, m; = m. The proof is
complete. ([

We now, for a brief moment, deal with the case of finite alphabet. We shall
prove the following.

LEMMA 6.29. If the alphabet E is finite and the incidence matriz A is irre-
ducible, then there exists an eigenmeasure m of the conjugate operator E’J’Z.

PROOF. By our assumptions, primarily by irreducibility of the incidence matrix
A, the operator L; is strictly positive (in the sense that it maps strictly positive
functions into strictly positive functions). In particular the following formula
by E1)
L5 (v) (1)
defines a continuous self-map of M4 (o), the space of Borel probability measures
on EY endowed with the topology of weak convergence. Since E'} is a compact
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metrizable space, M4(c) is a convex compact subset of C*(E') which itself is
a locally convex topological vector space when endowed with the weak topology.
The Schauder—Tychonoff Theorem [29, V.10.5 Theorem 5] thus applies, and as its
consequence, we conclude that the map defined above has a fixed point, say m.
Then L3}(1m) = A, where A = L3 (m)(1), and the proof is complete. O

For the proof of Theorem 6.31, which is actually the main result of this section,
we will need a simple fact about irreducible matrices. We will provide its short
proof for the sake of completeness and convenience of the reader. It is more natural
and convenient to formulate it in the language of directed graphs. Let us recall that
a directed graph is said to be strongly connected if and only if its incidence matrix
is irreducible. In other words, it means that every two vertices can be joined by a
path of admissible edges.

LEMMA 6.30. If I' =< E,V > is a strongly connected directed graph, then
there exists a sequence of strongly connected subgraphs < E,,V, > of I' such that
all the vertices V, C V and all the edges E,, are finite, {V,}52, is an increasing
sequence of vertices, { E,}52 is an increasing sequence of edges, \J;—, Vo, =V and
Unzy Bn = E.

PRrROOF. Indeed, let V = {v,, : n > 1} be a sequence of all vertices of I'. and
let E = {e, : m > 1} be a sequence of edges of I'. We will proceed inductively to
construct the sequences {V,,}2, and {E,}>2,. In order to construct < Ey,V; >
let « be a path joining v and vy (i(a) = v1, t(a) = v2) and let B be a path joining
ve and vy (i(8) = ve, t(B) = v1). These paths exist since I' is strongly connected.
We define V; C V to be the set of all vertices of paths a and 8 and F; C E to be
the set of all edges from a and 8 enlarged by e; if this edge is among all the edges
joining the vertices of V3. Obviously < E7,V; > is strongly connected and the first
step of inductive procedure is complete. Suppose now that a strongly connected
graph < E,,,V,, > has been constructed. If v,,41 € V,,, we set V,41 =V,, and E, 1
is then defined to be the union of E,, and all the edges from {ey,ea,...,€en,€ent1}
that are among all the edges joining the vertices of V,,. If v,41 ¢ V,,, let «, be
a path joining v, and v,41 and let 5, be a path joining v, and v,,. We define
V41 to be the union of V,, and the set of all vertices of o, and f,,. E,41 is then
defined to be the union of E,, all the edges building the paths «, and 3, and
all the edges from {ej,ea,...,en,ent1} that are among all the edges joining the
vertices of V;, ;1. Since < E,,V,, > was strongly connected, so is < E, 11, V41 >.
The inductive procedure is complete. It immediately follows from the construction
that V,, C Vyy1, B C Epyr. Upey Vo =V and U, | E,, = E. We are done. O

Our first main result is the following.

THEOREM 6.31. Suppose that A : E x E — {0,1} is an irreducible incidence
matriz and that f : B — R is a Hélder continuous function such that

> exp(sup(fljq))) < +00.

ecE
Then there exists a Borel probability measure m on EY which is an eigenvector of
the conjugate operator L3 : Cy (EY) — Cr(EY).

Proor. Without loss of generality we may assume that £ = N. Since the
incidence matrix A is irreducible, it follows from Lemma 6.30 that we can reorder



6.3. PERRON-FROBENIUS OPERATOR 69

the set N such that there exists an increasing to infinity sequence (I,) ., such

that for every n > 1 the matrix Ay, ;.1x{1,...1,} is irreducible. Then, in view of
Lemma 6.29, there exists an eigenmeasure m,, of the operator L}, conjugate to the
Perron—Frobenius operator

L,:C(E)— C(E))

associated to the potential f]| gy Where, for any ¢ > 1,

E}j ::Eﬁﬂ{l,...,q}N:{(ek)kzl:1§ek§qandA =1forall k > 1}.

€L€k+1

We will also use the following notation for ¢,n > 1,
By = ERn{l,.. LN ={(e)z1: 1 <ep < gand Aepe,,, =1 for 1 <k <n-—1}.

A family of Borel probability measures M in a topological space X is called
tight, or uniformly tight if for every € > 0 there exists a compact set K. such that
w(K.) > 1—¢forall p € M. If X is a complete metric space and M is a tight
family of Borel probability measures then Prohorov’s Theorem, see e.g. [11, Book
IT, Theorem 8.6.2], asserts that every sequence in M contains a weakly convergent
subsequence.

We will show that the sequence {m,}n>1 is tight (where all m,, n > 1, are
treated here as Borel probability measures on EY) hence Prohorov’s theorem will
allow us to extract a weakly convergent subsequence from {m,},>1. Let P, =
PJlEan (f|ElN ). Obviously P,, > Py for alln > 1. For every k > 1let m, : E'Y — Nbe

the projection onto the k-th coordinate, i.e. m({(7y)u>1}) = 7x. By Theorem 6.27,

ePr is the eigenvalue of L7 corresponding to the eigenmeasure 7,. Therefore,

applying (6.33), we obtain for every n > 1, every k > 1, and every s € N that

ma(m )= Y ()< Y exp(sup(Skflw) — Pak)

WEEF wp=s WEEF wi=s
In ln

S e—Pnk Z eXp(Sup(Sk—lf‘[w]) + bup(fhs]))

wEElkn wp=e

k—1
< e~ Pk (Z esup(flm)> SuP(flis])

€N

Therefore

k—1
it (7 (s + 1,00)) < e F1F (Z e“““[f”) > semrdinn),

ieN Jj>s

Fix now € > 0 and for every k > 1 choose an integer n; > 1 so large that

k—1
g
e~ Pk (Z eSUP(f[i])> Z Sup(fli1) < o

ieN J>ng

Then, for every n > 1 and every k > 1, 7, (m;, ' ([ng, + 1,00))) < g/2*. Hence

- L €
M, EﬁﬁH[l,nk} Zl—Zmn(ﬂ'kl([nk—Fl,oo)))21—227:1—5.
E>1 E>1 E>1
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Since EY N T],>,[1,nx] is a compact subset of E', the tightness of the sequence
{Mn}n>1 is therefore proved. Thus, in view of Prohorov’s Theorem there exists
m, a Borel probability measure on EY which is a weak-limit point of the sequence
{Mn}n>1. Passing to a subsequence, we may assume that the sequence {my, }n>1
itself converges weakly to the measure m. Let

Loy = e PrL, and Lo=e T g

be the corresponding normalized operators. Fix g € Cb(EINL‘) and € > 0. Let us now
consider an integer n > 1 so large that the following requirements are satisfied.

(6.37) > lgllso exp(sup(fly) — P7(f)) <

i>n

<
6’

P P <

)

(6.38) > " llglloo exp(sup( 1))

i<n

| ™

(6.39) [mn(g) —m(g)] <
and

<

(6.40) ‘ / Lo(g)din — / Lo(g)dinn

€
5

It is possible to make condition (6.38) satisfied since, due to Theorem 6.11, lim,,—,oc Py, =
P?(f). Let gn := g|gpe. The first two observations are the following.

L) = [ X atiw)exp(flis) = P o)

Ai<n:Ai,, =1

- > gliw) exp(f(iw) — Pp)dinn, (w)

(641) Ean i<n:Ajw, =1
- / S guiw) exp(f(iw) — P)diing (@)
E?,,, i<n:Aju, =1

= [’S,nmn(gn) = Mn(gn),

and

(6.42) M (gn) — M (g) = /E (gn — g)dmy, = /EN 0dri, = 0.

N
In in

Using the triangle inequality we get the following.
(6.43)
|Lom(g) = mlg)| < [L5mm(g) — L5 (g)| + |L5Mn(9) — L5 170 (9)]+
+ 1£5,n17n(9) = M (gn)| + [712n (gn) — M (9)| + | (g) — (g)]
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Let us look first at the second summand. Applying (6.38) and (6.37) we get
(6.44)
‘ﬁamn(g) - Ea,nmn(g” =

= ’ /EN > gliw)(exp(f(iw) — P7(f)) — exp(f(iw) — Py))diny (w)

Adi<n:A,, =1
4 / S giw) exp(f(iw) — P7(f))difvy ()
E§ i>n:Aje, =1

<> Mlgllso exp(sup(fla)) [e 7P — P2 |+

i<n

+ 3 lglloo exp(sup(fl — P7(f))

i>n
S
-6 6 3
Combining now in turn (6.40), (6.44), (6.41), (6.42) and (6.39) we get from (6.43)
that . e e e
|Lom(g) —m(g)| < 3 + 3 + 37 €.
Letting £ \, 0 we therefore get Lim(g) = (g) or Lim(g) = " Him(g). Hence

Lim = e’ and the proof is complete. O

As an immediate consequence of Theorem 6.31, Theorem 6.28, Theorem 6.27,
Theorem 6.20, and Theorem 6.24, we get the following result summarizing what we
did about the thermodynamic formalism.

COROLLARY 6.32. Suppose that f : EY — R is a Hélder continuous function
such that
> exp(sup(flig)) < +00
eck
and the incidence matriz A is finitely irreducible. Then
(i) There exists a unique eigenmeasure My of the conjugate Perron—Frobenius
operator E;} and the corresponding eigenvalue is equal to eF” (/).
(i1) The eigenmeasure my is a Gibbs state for f.
(iii) The function f: EY — R has a unique shift-invariant Gibbs state fis.
(iv) The measure [iy is ergodic, equivalent to my and log(dfis/dimy) is uniformly
bounded.
(v) If [—fdiy < 4oo, then the shift-invariant Gibbs state fiy is the unique
equilibrium state for the potential f.
(vi) The Gibbs state fif is ergodic, and in case the incidence matriz A is finitely
primitive, it is completely ergodic.






CHAPTER 7

Hausdorff dimension of limit sets

In this chapter we employ the thermodynamic formalism from Chapter 6 as
well as the distortion theorems from Chapter 4 to study dimensions of limit sets of
conformal GDMS in general Carnot groups. In Section 7.1 we revisit topological
pressure in the setting of weakly conformal GDMS S and we define the #-number
of S, as well as Bowen’s parameter. We use the pressure function to define regular,
strongly regular, and co-finitely regular systems. In Section 7.2 we introduce con-
formal measures and we prove a dynamical formula for the Hausdorff dimension of
the limit set of a finitely irreducible Carnot conformal GDMS. This formula traces
back to the fundamental work of Rufus Bowen [13] and is in spirit closest to an
analogous formula in [46] in the context of Euclidean spaces. Section 7.3 contains
a characterization of strongly regular systems. Finally in Section 7.4 we prove that
if § is a Carnot conformal IFS and ¢ € (0,0), there exists a subsystem of S with
Hausdorff dimension ¢.

7.1. Topological pressure, f-number, and Bowen’s parameter

Let § = {¢c}ecr be a finitely irreducible Carnot conformal GDMS. For ¢ > 0,
ne€Nand F C F let

Zn(Fit) = > |[Doull.

weFry

When F = E, we just write Z,(t) instead of Z,(E,t). By (4.6) we easily see that

(7~1) Zm+n(t) < Zm(t)Zn<t)v
and consequently, the sequence (log Z,,(t))22; is subadditive. Thus, the limit
log Z,,(¢
lim —82n) ®)
n— o0 n

exists and equals inf,cn(log Z,(¢t)/n). The value of the limit is denoted by P(t)
or, if we want to be more precise, by Pg(t) or Ps(t). It is called the topological
pressure of the system S evaluated at the parameter t.

Let ¢ : E'Y — R be defined by the formula

(7.2) ((w) = log [ D, (m(a(w))]l;

where the coding map 7 was defined in (4.2). Using Lemma 4.16 we get easily (see
[46, Proposition 3.1.4] for complete details) the following.

LEMMA T7.1. Fort > 0 the function t( : EY — R is Hélder continuous and

P (t¢) = P(t).

73
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DEFINITION 7.2. We say that a nonnegative real number ¢ belongs to Fin(S)
if
(7.3) > IDee][s < +oo.
eckE
Let us record the following immediate observation.

REMARK 7.3. A nonnegative real number ¢ belongs to Fin(S) if and only if the
Holder continuous potential ¢¢ : E'} — R is summable.

We now fix some ¢ € Fin(S). Remark 7.3 along with Chapter 6, especially
Section 6.3, allow us to consider the bounded linear operator £; := L4 acting on
Cy(EY), which is, we recall, the Banach space of all real-valued bounded continuous

functions on EY} endowed with the supremum norm || - ||o. Immediately from the
definition of L;- we get that
(7.4) Ligw)= > g(iw)|Dgi(m(w),  forwe EY.

it Ajwy =1

A straightforward inductive calculation gives

(7.5) Ligw)= > g(rw)|Dér(m(w))]

TEEYR :TUJEE§

for all n € N. Note that formulas (7.4) and (7.5) clearly extend to all Borel bounded
functions g : EY — R.

The following theorem is simply Corollary 6.32 applied to the functions t(.
Recall that £} : C*(EY) — C*(EY) is the dual operator for £;.

THEOREM 7.4. Let & = {¢c}ecr be a finitely irreducible Carnot conformal
GDMS and t € Fin(S). Then

(i) There exists a unique eigenmeasure my of the conjugate Perron-Frobenius op-
erator L} and the corresponding eigenvalue is equal to el
(ii) The eigenmeasure my is a Gibbs state for tC.
(iii) The function t : EY — R has a unique shift-invariant Gibbs state fi;.
(iv) The measure fi; is ergodic, equivalent to ™y and log(dp./dmy) is uniformly
bounded.
(v) If [ ¢dfiy > —o0, then the shift-invariant Gibbs state fi is the unique equilib-
rium state for the potential tC.
vi) The Gibbs state [i; is ergodic, and in case the system S is finitely primitive,
fi g y y
it is completely ergodic.

Theorem 7.4 (i) means that

(7.6) Limy = PO,
Based on (7.6) and standard approximation arguments we obtain that
(7.7) Li"my(g) = e Dimg(g)

for all Borel bounded functions g : B — R.
Observe also that given ¢ € Fin(S) it immediately follows from (6.34) and (6.35)
that

(7.8) e e PO D, ||L, < my([w]) < ce PO D, It

for all w € E%, where ¢; > 1 denotes some constant.
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We can now introduce the 0-number and Bowen’s parameter , some of the most
fundamental notions of thermodynamic formalism. For any set F' C E let

Op = 0s, == infFin(Sp) = inf{t > 0: Z;(F,t) < +oo},
where Sp = {¢e }ecr. When F = E we simply denote
0 = 0s := inf Fin(S).
The number
h=hs:=inf{t > 0:P(t) <0}

is called Bowen’s parameter of the system S. It will soon turn out to coincide with
the Hausdorff dimension of the limit set Jg.

The following facts follow easily from Proposition 6.15, Lemma 7.1, the bounded

distortion property (Lemma 4.9) and the uniform contractivity of all generators of
the system S.

PRrOPOSITION 7.5. Let § be a finitely irreducible Carnot conformal GDMS.

Then the following conclusions hold.

(i) Fin(8) = {t > 0: P(¢) < 4+o0}.
(i1) @ =inf{t > 0: P(t) < 4+o0}.

(iii) The topological pressure P is strictly decreasing on [0,400) with P(t) = —oo
ast — +o0o. Moreover, the function P is convex and continuous on the closure
of Fin(S).

(iv) P(0) = 400 if and only if E is infinite.

Note that Proposition 7.5 (ii) immediately implies that h < 6. Moreover by
Proposition 7.5 (iii) we have the following.

REMARK 7.6. If S is a finitely irreducible Carnot conformal GDMS, then h €
Fin(S) and P(h) <0.

For some of our results we will need to assume extra regularity for the Carnot
conformal GDMS in terms of the behavior of the pressure function.
DEFINITION 7.7. A finitely irreducible Carnot conformal GDMS § is
e regular if P(h) =0,
e strongly regular if there exists ¢ > 0 such that 0 < P(¢) < +o0, and
e co-finitely regular if P(0) = 4o0.
The previous notions of regularity are related to each other, as the following

simple proposition asserts.

PROPOSITION 7.8. Ewvery co-finitely reqular finitely irreducible Carnot confor-
mal GDMS is strongly reqular and every strongly reqular finitely irreducible Carnot
conformal GDMS is reqular. That is,

co-finitely reqular = strongly regular = regular.

PROOF. Let S = {@e}ecr be a finitely irreducible Carnot conformal GDMS.
If S is strongly regular then it is also regular by Proposition 7.5 (iii). Now assume
that § is co-finitely regular. By Theorem 6.11, Remark 6.12 and Lemma 7.1 there
exists a finite and irreducible F' C E such that Pp(fs) > 1. By Proposition 7.5
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(iii), the mapping t — Pp(t) is continuous, therefore there exists an € > 0 such
that Pr(fs +¢) > 1. Therefore,

PE(GS +€) > PF(93 +€) > 1.
Hence Pr(fs +¢) € (0,400), and the proof is complete. O

As an immediate consequence of Proposition 7.5 we get some extra information
regarding regular systems.

REMARK 7.9. A finitely irreducible Carnot conformal GDMS S is regular if
and only if P(¢) = 0 for some t > 0. Moreover, if P(¢) = 0 for some ¢ > 0, then
t=hs.

Let us also record the following obvious fact which provides a simple mechanism
for obtaining lower bounds on Bowen’s parameter hs (which, as we mentioned
earlier and we will shortly see, coincides with the Hausdorff dimension of Js in
many cases).

ProrosiTiON 7.10. If S is strongly regular, in particular, if S is co-finitely
reqular, then 0s < hs.

When the GDMS is finite, regularity comes for free.
REMARK 7.11. Each finite irreducible Carnot conformal GDMS S is regular.

In fact more is true; since we are always assuming that F contains at least two
elements (see Section 4.1) then S is strongly regular. This is proven in the following
proposition.

PROPOSITION 7.12. If § = {¢c}eck is a finite and irreducible weakly conformal
GDMS then P(0) > 0. In particular S is strongly reqular.

Proor. Let ® C £ be the finite set witnessing irreducibility. We can also also
assume that ® consists of words with minimal length, in the sense that if a,b € F,
w € &, and awdb € EY then if arb € EY for some 7 € EY then |w| < |7|.

Recall that we always assume that F contains at least two elements. Let
a,b € E, a # b. By irreducibility there exist w, 7, € ® such that

p' = awa € EY,

p* = arh € E}.

Observe that the words p*,i = 1,2, are mutually incomparable. Assume by way of
contradiction that p! and p? are comparable, and without loss of generality also
assume that [p?| > |p!|. Then there exists some v € E% such that

p* = ptub = awavb € EY.

Hence 7 = wav, avb € E% and |v| < |7]. But this violates the minimality of 7 as
7 € ®. By irreducibility there exist p° € Eﬁ,i = 1,2, such that

P i|:,0i7 fori=1,...,2.

For example if v € ® such that bya € E% one could take p! = awawa... and
p? = arbyp'. Let
(7.9) q = max{|w| : w € ®} + 2.

Then the words [)i|q,i = 1, 2, are mutually incomparable.

lo
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Therefore we have shown that for every e € E there exist incomparable words
wl(e),w?(e) € EY such that e = w'(e); = w?(e),. This implies that for all n € N

(7.10) gEREADT > gn
We can now finish the proof of the proposition. Recall that for n € N,

Z,(0)= > 1=4E}.

weEY
Hence by (7.10),
log Z, log Z,,(q— 0
P(O) — lim 0g n(o) — lim 0og (q 1)+1( )
n— 00 n n— oo n(q — 1) +1
log $E@ ! log2"  log?2
= lim OgﬁA— > lim sup 08 _ ﬁ.
n—oo n(q—1)+1 n—oo QN q
The proof is complete. [

Note also that (7.8) and Proposition 7.5 (i) imply that:
REMARK 7.13. If ¢ € Int(Fin(S)), then [ (da, > —ooc.

Obviously, if the system S is strongly regular, then h = hgs € Int(Fin(S)).
Remark 7.13 then entails the following.

REMARK 7.14. If the system S is strongly regular, then [ {djip > —ooc.

7.2. Hausdorff dimension and Bowen’s formula

In this section we exhibit a dynamical formula for the Hausdorff dimension of
the limit set of a finitely irreducible Carnot conformal GDMS. Due to its corre-
spondence to Bowen’s work [13], we refer to it as Bowen’s formula.

We will denote by H?, resp. P*, the Hausdorff, resp. packing measure of dimen-
sion s in (G, d). We will also denote by S*® the s-dimensional spherical Hausdorff
measure. The Hausdorff and packing dimensions of S C (G, d) will be denoted by
dimy(S) and dimp(S) respectively. See [42] for the exact definitions.

We begin with the following simple observation following from the open set
condition.

LEMMA 7.15. Let S be an Carnot conformal GDMS. For all 0 < k1 < Ky < 00,
for all r > 0, and for all p € G, the cardinality of any collection of mutually
incomparable words w € E%y that satisfy the conditions B(p,r) N ¢y (X)) # 0 and
kir < diam(¢, (X)) < kar is bounded above by

o o o (LAY
. K1,Kk2 Rsﬁl bl

where @ is the homogeneous dimension of G, Rs was defined in Lemma 4.13, C is
the quasiconvezity constant from Corollary 3.12, and K and A denote the constants
from Lemmas /.11 and /.9 respectively, and M = diam X .

PROOF. Recall that |-| denotes the Haar measure on G, and ¢y = |B(0,1)|. For
every v € V let p, be the center of a ball with radius Rs contained in Int(X,). Let
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F be any collection of A-admissible words satisfying the hypotheses of the lemma.
Then

Du(Xitw) € Blp,r + diam (6 (Xie))) € B(p, (1 + )r)
for every w € F. Since, by the open set condition, the sets {@. (IntX; () : w € F'}
are mutually disjoint, applying (1.9) along with (4.9) and (4.13) yields

co(1+ K2)9r9 = |B(p, (1 + k2)r)|

>

U B (Xe(w))

weF

= |¢u(Int(Xyw)))]

weF

> Y 1B(du(puw)): (KC) ' Rs|| Do |0 )|

weF

> 1B(¢u(pi(w); (MAKC) ™! R diam(¢u(Xy(w)))|
weF

> > |B(¢u(pyw)), (MAKC) ™ Rskr)|
weF

= co({F)(MAKC) 'Rsry)? r€.
Hence §F is bounded above by m,;, ., and we are done. O

In the following proposition we prove that if a GDMS S is conformal or if Jg
has positive h-Hausdorff measure, then for all v € V, Js N X, is an infinite set.
This proposition will be essential for Chapter 11, where we will use the fact that
the limit set does not collapse to a point inside any X,,v € V.

PROPOSITION 7.16. Let S = {¢c}ecr be a finitely irreducible weakly Carnot
conformal GDMS.
(i) If S is Carnot conformal then #(Js N X,) = oo for allv € V. In fact JsN X,
is a non-empty compact perfect set and Js N X, is of cardinality c.
(i3) If H"(Js) > 0 then #(Js N X,) = oo for allv € V. In fact Js N X, is a
non-empty compact perfect set and Js N X, is of cardinality c.

Proor. We will first prove (i). Observe that it is enough to prove (i) for
irreducible finite systems. To verify that such assertion is indeed enough, let S be
a finitely irreducible infinite system and let ® C E% be the set witnessing finite
irreducibility for the matrix A. Let

F={e€eFE:e=w;forsomewe®,i=1,...,|w|},

le. I consists of the letters from E appearing in the words of ®. Also for any
v € V choose one e, € E such that i(e,) =v. Let F = FU{e, : v € V}. Then
S is an irreducible finite subsystem of S, and Js D Js. Hence if (i) holds for S
then it will also hold for §. Therefore we can assume that F is finite. Fix v € V
and £ € Js N X,. For r > 0 define,

Fe(r) ={w € £} : £ € ¢u(Xi(w)), [Douwlloc <7, and [[Dgyy,,,_, loo > 7}
If w e Fe(r), (4.9) implies that

(7.12) diam (¢, (Xy(wy)) < AMr.
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We now define
(7.13) Do := min{||D¢c|lc : € € E} > 0.
Hence if w € F¢(r) by (4.6) and (4.14),
(7.14) diam(¢u, (Xy(o))) > 2(K2C) " 'DoRsr.
Therefore by Lemma 7.15, (7.12) and (7.14) we deduce that
(7.15) BFe(r) <myy s
where k1 = 2(K2C)~'DgRs and ky = AM. Observe also that F¢(r) consists of
mutually incomparable words.
We will show that

(7.16) t{r € BN i (1) = €} <myy oy
Let I be an index set such that {7 € EY : (1) = £} = (7%);es and the words 7°
are distinct. Since FE is finite,

7= min{|| D¢, : i € I} > Do > 0.
Therefore for all i € I, there exists some k(i) € N such that

D671 e < /2 a0 Dy e > /2

Hence {7'|;) : i € N} C Fe(r/2), and (7.16) follows by (7.15). Recalling, (7.10),
there exist infinitely many words w € EY such that w; = e,. Equivalently there
exist infinitely many words w € E¥, such that m(w) € Js N X,. Hence (i) follows
by (7.16).

We now move to the proof of (ii). First, we record that Proposition 7.12 implies
that S is strongly regular and h > 0. If H"(Js) > 0 then there exists some vy such
that Js N X,, has the cardinality of the continuum. Let

Ey={ee€ E:ile)=wvp},

and for e € Fy, let
W, ={z € JsNX,, :2=nr(w) for some w € E' such that w; = e}.

Then Js N X,, = UeegWe. Since Js N X,, has the cardinality of the continuum
there exists some ey € Ey such that §iW,, = oco. Therefore there exists a sequence
of distinct words (w?);en such that m(w?) # w(w?) for i # j, and wi = ey for all
1€ N.

Now let v € V and let e, € E such that i(e,) = v. By irreducibility of E there
exists some p € ® such that e,pep € E¥. We consider the sequence (x;);en where
x; = 7(e,pw?). Notice that z; € Js N X, for all i € N. In order to finish the proof
of (ii) it is enough to show that z; # x; for ¢ # j. This follows because if ¢ # j,
T; = Ge,p(m(w?)) and x; = Pe,p(m(w?)) and m(w’) # m(w?). The proof of (ii) is
complete. O

As an immediate consequence of the definition of regularity of a conformal
GDMS and of Theorem 7.4, we get the following.

PROPOSITION 7.17. If S is a finitely irreducible weakly Carnot conformal GDMS,
then the following conditions are equivalent:

(i) The system S is regular.
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(ii) There exist t € Fin(S) and a Borel probability measure m on EY such that
Lim =m. Then necessarily t = h and m = my,.
(iii) Limn = 1.
For all ¢t € Fin(S) we will denote

1 1

(7.17) my:=myom - and pyi=jzom .

If the system S is regular, then formula (7.8) for ¢ = h yields that for every w € E%
(7.18) & 11Dgu |l < 1in([w]) < enl|Du|I%,
where ¢, > 1 is some finite constant. Throughout the manuscript we will call my,
the hgs-conformal measure for EY, and its pullback
mp = mh o 71'_17
which is supported on Jg, will be called the hg-conformal measure for S.
In the following theorem we prove that in the case when § is finite, the confor-

mal measure my, is Ahlfors h-regular, thus obtaining information about the Haus-
dorff and packing measures of Js.

THEOREM 7.18. Let 8 = {¢etecr be a finite irreducible Carnot conformal
GDMS. Then the measure my, is an Ahlfors h-regular measure on (Js,d), i.e.,
there exists a constant cs > 1 such that
(7.19) cs'r" < mp(B(p,r)) < csr”
for all p € Js and all 0 < r < 1. In particular, both the Hausdorff and the
packing measures of Js, H"(Js) and P"(Js), are positive and finite, and (Js,d)
has Hausdorff dimension equal to h.

Proor. Without loss of generality we can assume that E contains at least two
elements. Proposition 7.12 implies that S is strongly regular and A > 0. Recalling
(7.13), Dg := min{||D@el||oc : € € E} > 0.

Fix p € Js and 0 < r < £ min{diam(X,,) : v € V}. Then p = w(7) for some
T € EY. Let n = n(r) > 0 be the least integer such that ¢, (Xi(-,)) C B(p,r).
By (7.18) and (4.5) we have

mp(B(p, 7)) = mp(br), (Xi(r,)))
> mh([ﬂn]))
Ch||D¢T|nHZO
Z DO ChK7h||D¢T|(n,1) | |ZO
By the definition of n and Lemma 4.11, we have
r < diam(gbﬂnfl (Xt(Tnfl))) < MA||D¢T\(TL71) ||OO

Y]

and hence
(7.20) ma(B(p,r)) > Do cn (MAK) ",

To prove the opposite inequality, let Z be the family of all minimal length words
w € I such that

(721) QSUJ(Xt(oJ)) N B(p7 T) 7é 0 and ¢w (Xt(w)) C B(p, 2T)

Consider an arbitrary w € Z with |w| = n. Then
(7.22) diam(gbw(Xt(w))) < A4r
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and
(7.23) diam((bw\(n,l)(Xt(w|(n,1)))) >

To prove (7.23) first notice that as w € Z, ¢w|(n,1)(Xt(w\(n,1>)) N B(p,r) # 0.
Moreover because w|, 1) ¢ Z we also have that @, _,, (Xt(w|,_.,)) € B(p,2r).
Therefore (7.23) follows. Making use of (4.9), (4.14), (4.5) and (7.23) we get

diam (¢ (Xy(w))) = 2(KC) ™ Rs|| D[ oo
> 2(K°C) "' Rs||Déu,, ., lloo - [[Ddu, ||so
> 2D(K>C) ' Rs(MA) ™" diam (¢, (Xe(wl(n 1))
> 2DgRs(MAK?C)™r.

(7.24)

Since the family Z consists of mutually incomparable words, Lemma 7.15 along
with (7.22) and (7.24) imply that

Q
MZAQKB 2
(7.25) 47 <1 [DMAKTCT)
200 R%
Since 71 (B(p, 1)) C U, czlw], we get from (7.18), (4.14), (7.22), and (7.25) that

mh(B(p7 ’I“)) = Ty, 0 Wﬁl(B(p, 7‘))

<y, < U M) = > ()

weZ weZ

h
< X IIDoull < X (KC(Rs) ™ dinn(ou (X))

weZ weZ
< (2KCRGH" > v = 2KCRG)"(#2)r" < (2KCRG")"Tr".
weZ

Along with (7.20) this completes the proof of (7.19). The remaining conclusions
are easy consequences of the h-regularity of (Js, d), see for example [42, Theorem
5.7]. 0

The following is the main theorem of this section. Note that we do not assume in
this theorem that the edge set E is a finite set. Recall also that Bowen’s parameter
hs is defined to be hs = inf{t > 0: P(¢) < 0}.

THEOREM 7.19. If S is a finitely irreducible Carnot conformal GDMS, then
hs = dimy (Js) = sup{dimy (JF) : F C E finite }.
PROOF. Put he = sup{dimy(Jr) : F C Efinite} and H = dimy(Js). Fix
t > hs. Then P(¢t) < 0 and for all n € N large enough, we have

Zu(6)= 3 ID6ult < exp (P(0n)
weEY
Hence by (4.9)
> (diam(6, (X))’ < (AN 3 [ID6u < (A0 exp (5P(0n )

wEEY weEY
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Since the family {¢.(X¢(w))fwern covers Js, by [42, Lemma 4.6], we obtain that
H!(Js) = 0 upon letting n — oo. This implies that ¢ > H, and consequently,
hs > H. Since obviously ho, < H, we thus have

hoo < H < hg.

We are left to show that hs < ho. If F' is a finite and irreducible subset of E,
then in virtue of Theorem 7.18, hp < h, and in particular Pr(hs) < 0. So, by
Theorem 6.11, Remark 6.12 and Lemma 7.1, we have

P(heo) = sup{Pr(he) : F' C Efinite and irreducible } < 0.

Hence ho, > hs and the proof is complete. ([l

In the particular case when S is a Carnot IFS consisting of metric similarities
we get the following conclusion. Recall that the open set condition is a standing
assumption in our definition of conformal GDMS. Note also that any IFS & =
{¢e}ecr is a finitely irreducible GDMS because any finite subset of E witness
irreducibility for E.

COROLLARY 7.20. Let (G,d) be an arbitrary Carnot group equipped with a
homogeneous metric d. Let & = {¢c}ecr be a Carnot iterated function system
consisting of metric similarities, i.e. the contractions ¢. satisfy the equation

d(¢e(p), e(q)) = 74.d(p, q)
for all p,q € Wy, where rg, = ||Dée|oo is the scaling factor of ¢.. Then

h = dlmy(.]g) = inf {t >0: Z ||D¢€Hf>o < 1} .

ecE

7.3. Characterizations of co-finitely regular and strongly regular
Carnot conformal IFS

If F C E is co-finite, that is the set E'\ F is finite, we will say that Sp = {¢e }ecr
is a co-finite subsystem of S = {@e}ecr. We also record the following lemma which

will turn out to be useful in the following. It is an immediate corollary of Proposition
7.5 (i).

LEMMA 7.21. Let § be a finitely irreducible Carnot conformal CIFS. The fol-
lowing conditions are equivalent.
(i) Z1(t) < oc.
(ii) There ezists a co-finite subsystem Sg of S such that Z1(F,t) < co.
(iii) For every co-finite subsystem Sg of S it holds that Z1(F,t) < co.
(iv) P(t) < oo.
(v) There exists a co-finite subsystem Sg of S such that Pr(t) < co.
(vi) For every co-finite subsystem Sp of S it holds that Pr(t) < cc.

The following proposition provides a useful characterization of co-finitely reg-
ular systems.

PROPOSITION 7.22. A Carnot conformal IFS S is co-finitely reqular if and only
if every co-finite subsystem Sg is regular.
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PROOF. First note that by Lemma 7.21 8 = s = 6 for every co-finite subset
F of E, because trivially E and all its subsets are finitely irreducible. Suppose
now that S is co-finitely regular. In view of Proposition 7.5(i) this means that
Z1(0) = 4+00. But then again by Lemma 7.21 Z;(F,0) = 4oo for every co-finite
subset F' of E. A second application of Proposition 7.5(i) ensures that each such
system Sp is co-finitely regular, thus regular.

For the converse suppose that the system S is not co-finitely regular. A third
application of Proposition 7.5(i) yields that Z;(6) < +oo. Note that there exists
a co-finite subset F' of E such that Z;(F,0) < 1. Hence, by the definition of
topological pressure,

1
Pr(0) <limsup —log Z1(F,0)" < 0.

n—oo N

Hence F' is not regular and we have reached a contradiction. O
We will now provide another characterization of the g number.

THEOREM 7.23. Let § = {¢c}ecr be a finitely irreducible Carnot conformal
CIFS. Then

0s = inf{hpg\p : T finite subset of E}.
PROOF. By Lemma 7.21 s = 0 for every co-finite set FF C E. Moreover
0r < hp for every F' C E, therefore,
s < inf{hg\7 : T finite subset of E}.

For the other direction let ¢ > 0s. Then Y [[Doe||* < oo, therefore there exists
some finite set F' C E such that

> Dge|l < 1.

e€E\F

Thus for every finite set T such that ' C T C F,

Z1(E\T,t) < Z1(E\ F,t) < 1.
Now as in the proof of Proposition 7.22 we deduce that

Pp\r(t) <log Zi(E\T,t) <O0.
Hence t > hp\r, for such finite sets T" and in particular

inf{hp\7 : T finite subset of £} <t.
Therefore inf{hp\7 : T finite subset of E} < s and the proof is complete. O
We will now prove the following characterization of strongly regular Carnot

conformal IF'S via their subsystems. This characterization will be employed in the
study of dimension of Iwasawa continued fractions in Section 9.2.

THEOREM 7.24. Let 8 = {¢c}tecr be a finitely irreducible Carnot conformal
CIFS. Then the following conditions are equivalent.
(i) S is strongly regular.
(ii) hs > 0s.
(iii) There exists a proper co-finite subsystem 8" C S such that hgr < hg.
(iv) For every proper subsystem S’ C S it holds that hgs < hg.
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PRrROOF. The implications (iv)=-(iii) and (ii)=-(i) are immediate. In order to
prove the implication (iii)=-(ii) suppose by way of contradiction that hs = 5. Let
S’ be a co-finite subsystem of §. By Theorem 7.23 we deduce that hs > 6g, hence
by our assumption

hg > 0s = hs.
Therefore hs' = hg for every co-finite subsystem &’ C S, which contradicts (iii).

For the remaining implication (i)=-(iv) let E/ C E and consider the correspond-
ing proper subsystem of S, &' = {¢c}ecr. If S’ is not regular then by Remark
7.6 Ps/(hs') < 0 and by Proposition 7.5 we deduce that Ps/(fs/) < 0. Since S is
strongly regular, Proposition 7.10 implies that there exists o € (6s, hs). Therefore
since a > 0s > Os/ and the pressure function is strictly decreasing we deduce that
Ps/(a) < 0. Thus by the definition of the parameter hs/, we get that hss < o < hg
and we are done in the case when S’ is not regular.

Now by way of contradiction assume that S’ is regular and

hs = hgs := h.

By Theorem 7.4 there exist unique measures fi, on EV and &, on E N, which are

ergodic and shift-invariant with respect to o : EN — EN and o/ : E'N — BN
respectively. Moreover, again by Theorem 7.4 we have that

(7.26) my, < fip, < my, and mj, < i), < mj,

where mj, stands for the h-conformal measure corresponding to §’. Notice also that
if w € E’", then by (7.18)

mj, ([w]) = |Dgulls = mi([w]),

therefore

(7.27) fin([w]) ~ i ([w])-
Now in the obvious way we can extend jij, to a Borel measure in EV, defined by
n(B) = i, (BN E™)

for B C EY. By (7.27) we deduce that , is absolutely continuous with respect to
fh-

Using standard arguments one can show that 7, is shift-invariant with respect
to o : BN — EY.

We will now show that 7, is ergodic with respect to o. To do so by way

of contradiction suppose that there exists some Borel subset F' of EN such that
o Y F)=F and 0 < 7, (F) < 1. Let

FL=FNE"and F, =F\ F.
Since o/ ~Y(Fy) C o~ Y(Fy) C Fy UFy and o'~} (Fy) N Fy = () we deduce that
(7.28) o (F) C F.

Moreover,

Rco'(F)c |J{f:feFrtu | {if:feF}h

JEE' jJEE\E’
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Therefore
Foc |J{if: fem} nE"N =o'~ Y(F),
JEE’
which combined with (7.28) implies that
(7.29) Fy=0"Y(F).

But since i, is ergodic with respect to ¢’ we deduce that either i}, (F1) = 0 or
f;,(F1) = 1. Therefore, since 0y, (F) = i (F1),
l~/h(F) =0or ﬂh(F) == 1,
and we have reached a contradiction. Thus 7}, is ergodic with respect to o.
Hence we have shown that there exist two probability Borel measures on £},

iin and Dy, which are shift-invariant and ergodic with respect to ¢ and they are
absolutely continuous with respect to mj;. Now Theorem 7.4 implies that

(7.30) fin = 7.
If j € E\ E', then vp([j]) = 0. On the other hand, because fi;, is equivalent to

mp, by (7.18) fn([7]) > 0. Therefore (7.30) cannot hold and we have reached a
contradiction. The proof is complete. O

7.4. Dimension spectrum for subsystems of Carnot conformal IFS

In this section we show that when S is a Carnot conformal IFS, the spectrum
of the Hausdorff dimensions of its subsystems is at least (0,60s). This theorem will
be applied when we will revisit continued fractions on Iwasawa groups (see Section
9.2).

We start with a lemma.

LEMMA 7.25. Let § = {de}tecr be a Carnot conformal IFS and let F be a
subset of E such that E'\ F is infinite. Then for every € > 0 there exists some
e € E\ F such that

dimy (Jpugey) < dimy (Jp) +e.
PRrROOF. Without loss of generality assume that £ = N. Let ¢ > 0 and set

h = dimy (Jr). We record now that Pr(h +¢) < 0. We will now show that there
exists some « € (0, 1) ans some jo € N such that

(7.31) Zj(F,h+¢) < o forall j > jo.

If (7.31) does not hold then for every o € (0,1) there exists a sequence of natural
numbers (j,,)men such that Z; (F,h+¢) > afm for all m € N. But this implies
that for every o € (0,1),

1 1
Pp(h+¢)= lim —logZ,(F,h+¢)>limsup —log Z;, (F,h+¢) > loga.
n—oo n

m—oo Jm

Hence Pr(h+¢) > 0 and we have reached a contradiction, thus (7.31) holds.
We now wish to estimate Z,,(F U {e},h +¢) for e € N\ F. We have that

(7.32) Zn(Fufehhte)= Y [IDlF =" > IDeulbse,

we(Fu{e})n j=0 weF;

where
Fi={we(Fu{e})" :w;=eforn—jis}
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Now by (4.6) and (7.31) we get that for n > jp

- ! n - n n—j
S Y [1D6ul < D 209 + 3 ( j)<K|D¢e||oo>< N0 S [ D |1

j=0 weF; j=1 wEFI

n n
— DR + 3 ( j) (KD o0) "0+ 2,(F, b + )
j=1
Jo n 4
<ID.I + 3 ( j) (KD o) "0+ 2,(F, b + )

s ()anen =)o) g

j=jo+1
= |De || + 1) + I,

where the last identity serves also as the definition of I; and I5. Therefore by (7.32)
we get that for n > jg,

(7.33) Zo(FU{e}, h+e) < ||Do||n"+) + I + I.
For Iy we have that,
(7.34) I < (a+ (K| Dge])" )™

For I; we estimate,
] ) Jo
I < || Do) (hte) o grnlhte) Z Z,(Fh +¢).
j=0
Since Pr(h+¢€) < 0o, by Proposition 7.5 and (7.1) we deduce that Z;(F,h+¢)
is finite for all j € N. Therefore,
(7.35) I < ||Dée||pm30)(hFe) pio gnlhte) 5o max Z;(F,h +¢).

1<j<jo

Now notice that if e and n are chosen big enough, by Lemma 4.18, (7.33), (7.34)
and (7.35) we get that Z,(F' U {e},h +¢) < 1. Therefore Ppycy(h +¢) <0, and
consequently by Theorem 7.19

dimH(JFU{e}) <h+e.

The proof of the lemma is complete. ([l

THEOREM 7.26. Let S = {¢c}ecr be a Carnot conformal IFS. Then for every
€ (0,0s) there exists a proper subsystem S of S such that dimy (Js,) = t.

PROOF. Let t € (0,0s). Again without loss of generality assume that £ = N.
Let By = {1}, then trivially dimy(Jg,) < t. Now using Lemma 7.25 we can
inductively construct a sequence of sets {E,, }nen such that dimy (Jg,) < t for all
n € N. Suppose that E, has been constructed then by Lemma 7.25 choose the
minimal k,, € N such that k,, > max{e : e € E,} and dimy(Jg,u(k,}) < t. Then
we choose E, 11 = E, U{k,}. Now let,
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Notice that E; is infinite and by Theorem 7.19,
(7.36) dimy (Jg,) = sup{dimy (Jg, )} < t.
neN

Now notice that N\ F; is infinite. Because if not, Theorem 7.23 and Theorem 7.19
imply that

dlmH(JEf) > 98 > ta
and this contradicts (7.36). Now if dimy(Jg,) = t we are done. If not, since
N\ E; is infinite, we can apply Lemma 7.25 once more in order to find a value
q € NN (ky, kne1) for some n such that

dim'H(JEtU{q}) < t.

But in this case we also have that dimy (Jg,  ,ufqy) < t and this contradicts the
minimality of k,,+1. Therefore we have reached a contradiction and the proof of
the theorem follows. O






CHAPTER 8

Conformal measures and regularity of domains

In this chapter, under suitable additional hypotheses on the underlying GDMS,
we establish fundamental estimates for conformal measures which will play a crucial
role in the subsequent chapters. Using these estimates, we show that under some
mild assumptions the Hausdorff dimension of a conformal GDMS in a Carnot group
(G, d) is strictly less than the homogeneous dimension of G.

8.1. Bounding coding type and null boundary

As before, let S = {¢e}ecr be a Carnot conformal GDMS. Recall that any
measure supported on Js which satisfies
mp =mpom !
is called h-conformal. Moreover recalling Definition 7.2 we say that t € Fin(S) if
t>0and Y, p|[Doelll, < +oo.

DEFINITION 8.1. Let & = {¢.}ecr be a finitely irreducible conformal GDMS.
If t € Fin(S), then the measure m; = m; o 7! is said to be of null boundary if

(8.1) M (¢ (X)) N b7 (Xi(r))) =0

whenever w and 7 are two different A-admissible words of the same length.

Let us record the following immediate consequence of being of null boundary.
We record that any w € EY will be also called a code. If z = 7(w), then we will say
that w is a code of z.

REMARK 8.2. If a finitely irreducible Carnot conformal GDMS is of null bound-
ary, then for every ¢t € Fin(S), m; almost every point in Js has a unique code.

REMARK 8.3. If m; is of null boundary, then (8.1) holds for all (not necessarily
of the same length) incomparable A-admissible words w and 7.

For the following definition recall that the matrix A was introduced in Definition
4.3. Any infinite word w € Eﬁ will be called a pseudocode (from the vantage point of
the original system S); frequently also all elements of Ej:i will be called pseudocodes.
In particular each element of E*% U EY is a pseudocode.

DEFINITION 8.4. Let S be a graph directed (not necessarily conformal) Markov
system. Given ¢ > 1, we say that two different words p, 7 € EZ, i.e two different

pseudocodes, of the same length, say n > ¢, form a pair of g-pseudocodes at a point
x e X if
T € ¢p(Xi(p)) N Gr(Xi(ry)
and
Pln—q = Tln—q-

89
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The graph directed Markov systems S is said to be of bounded coding type if for
every ¢ > 1 there is no point in X (or equivalently in Js) with arbitrarily long pairs
of g-pseudocodes.

It will turn out that each conformal system with a mild boundary regularity
condition is of bounded coding type.

THEOREM 8.5. Suppose that a finitely irreducible Carnot conformal GDMS
S = {¢etecr is of bounded coding type. If t € Fin(S), then the measure my is of
null boundary.

PROOF. Suppose on the contrary that

my(dp(Xe(p)) N Or(Xe(r))) >0

for two different words p, 7 € E% of the same length, say ¢ > 1, for which i(p) =
i(1) = v with some v € V. This equivalently means that

Mt(¢p(Xt(p)) N ¢T(Xt(r))) >0,

where p; was defined in (7.17). Let E := ¢,(Xy(,)) N ¢+ (X)), and, for every
n €N, let E, := o~ "(7 }(E)). Note that each element of 7(E,) admits at least
two different g-pseudocodes of length n+ ¢. To see this let ¢ = 7(w) € w(E,,), then
0"(w) € 7 1(E) hence

HAS ¢w|np(Xt(p)) n ¢’w\n7'(Xt(‘r))‘

Since |w|np| = |w|nT| = n+ ¢, z admits at least two g-pseudocodes of length n + g.
Therefore since S is of bounded coding type we conclude that

U =(E.) =0.

1 n=k

DL

k

Hence
Ey = n U E,cn ! (m U TI'(En)) =0

k=1n=~k k=1n=k

and
ft (EOO) =0.
On the other hand, by Theorem 7.4 [i; is shift-invariant, thus we have ji;(E,) =
fir(m~H(E)) = pu(E) and
ﬂt(EOO) > u(E) > 0.

This contradiction finishes the proof. O

As an immediate consequence of Theorem 8.5 and Remark 8.2, we get the
following.

COROLLARY 8.6. If & = {¢ctecr is a finitely irreducible Carnot conformal
GDMS of bounded coding type, then for everyt € Fin(S), m; almost every point in
Js has a unique code.
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8.2. Regularity properties of domains in Carnot groups

In this section, we indicate geometric conditions on domains in Iwasawa groups
which suffice for the application of the results in prior sections.

DEFINITION 8.7. An open subset 2 of a Carnot group G satisfies the weak
corkscrew condition (WCC) if there exists o € (0, 1] such that for every p € 92
and every r > 0 sufficiently small (smallness possibly depending on p), there exists
q € G such that

B(gq,ar) C QN B(p,r).
We say that Q satisfies the corkscrew condition (CC) if a common « > 0 can be
taken for all sufficiently small » > 0 and all p € 9Q (smallness of r independent of
p). We also say that €2, the closure of €2, satisfies the weak corkscrew condition or
the corkscrew condition respectively if 2 does.

EXAMPLE 8.8. Every C1! domain in an Iwasawa group G satisfies the corkscrew
condition. This is proved in [21, Theorem 14] for the Carnot—Carathéodory metric
on general step two Carnot groups; its validity for the gauge metric follows from
the comparability of these two metrics.

Any number a € (0,1] satisfying the property in Definition 8.7 is called a
corkscrew constant of . We denote by agq the supremum of all such constants. As
a consequence of Corollary 3.12 we obtain the following.

PROPOSITION 8.9. Let U be an open connected subset in a Carnot group G. Let
Q be a bounded open subset of U satisfying the weak corkscrew condition. Assume
that dist(2,0U) > 0 and let S be a compact set such that Q C S CU. Let K > 1
be the distortion constant associated to S as in Lemma 5.6. If ¢ : U — § is a
conformal homeomorphism, then ¢(Q2) also satisfies the weak corkscrew condition,
moreover,
Qp(Q) > K’lC”QaQ.

PRrROOF. Let p' = ¢(p) € Q. Set Ry = sup{R > 0: B(p',R) C ¢(Q2)}. Since Q
satisfies the WCC, there exists some ro(p) such that for all r < ro(p), there exists
some ¢, such that B(g, p,aqr) C B(p,r) N Q. Now set

r1(p) = min dist(Q2,0U) ro(p) Ry
1) = AL 2 C|Ddllw S’

and

Ri(p) = C[|[D|locr1(p)-
Using the WCC for p and r < r1(p), and applying Corollary 3.12 twice we get,
B(¢(q), oK' CTHDf|leer) € ¢(B(g, aqr))

C ¢(B(p;r))

C B(¢(p), Cl|Dpulloor)

C B(¢(p), Ro) C ¢(Q).

Let R < Ry(p). Then there exists some r < r1(p) such that R = C||D¢||sr. Hence
by (8.2),

B(¢(q),aeK ' C7?R) = B(é(q), aK ~'C7 || Df||r) C B(é(q), R) C $(%).

Therefore ¢(€2) satisfies the WCC and agq) > agK 'C72. The proof of the
proposition is finished. O

(8.2)
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DEFINITION 8.10. A Carnot conformal GDMS S = {¢. }.cr satisfies the weak
corkscrew condition (WCC) if every set X,, v € V, satisfies such condition. We
then put

as :=min{ax, :v € V}.

COROLLARY 8.11. If S is a Carnot conformal GDMS satisfying the weak cork-
screw condition, then for each point x € X there are at most KQCQQa;Q pseu-
docodes of x.

PROOF. Suppose p € X admits NV > 1 pseudocodes. Then there exist mutually
incomparable words 71,72, ...,TN € EZ. Then foreach 1 < j < N, x € ¢, (Xt(Tj)).
Since N > 1, we have p € X, and therefore for each 1 < j < N there exists a
point p; € 90X () such that

b= ¢Tj (pj)'
By our hypotheses and by Proposition 8.9, each set ¢, (Xt(fj)) satisfies the weak
corkscrew condition and

-1, =2
g, (nt(Xy.,)) = K C  as.

Hence for all 1 < j < N and all sufficiently small » > 0, each set ¢, (Int(Xy(,))) N
B(p,r) contains a ball B(gj, K 1C~2asr). Due to the mutual incomparability of
the words 71,72, ..., 7N, all of these balls are pairwise disjoint. Thus

N
cor?® = |B(p,r)| > Z |B(qj, K~'C2asr)| > Neo(K 10 2asr)?
j=1

and the proof is complete. (Il

Arguing exactly as in Proposition 7.16 we can show that if a conformal GDMS
is finite and irreducible then the conclusion of Corollary 8.11 holds without the
weak corkscrew condition.

REMARK 8.12. If § is a finite and irreducible Carnot conformal GDMS, then
each point z € X has at most m,, ., pseudocodes. See Lemma 7.15 and the proof
of Proposition 7.16, especially (7.15), for the definition of my, ,.

The following proposition is the main result of this section.

ProroOSITION 8.13. FEwery Carnot conformal GDMS S satisfying the weak
corkscrew condition is of bounded coding type.

PROOF. Suppose to the contrary that there exists a point p € X having, for
some ¢ > 1, arbitrarily long pairs of ¢g-pseudocodes. This means that for each k € N
there exist finite words w®) € E% and 70 pk) ¢ EY%, such that () and p*) are
different,

(8.3) lim |w®| = oo,
k—o0

and

D E Py © Prr) (Xt(q—(k))) N Guytk) © Py (Xt(p(k)))
for all £ € N. We now construct by induction for each n € N a set C,, which
contains at least n 4+ 1 mutually incomparable pseudocodes of p. The existence of
such a set for large n will contradict the statement of Corollary 8.11 and hence will
complete the proof.
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Set
Oy 1= {w D), 0y
and suppose that the set C,, has been defined for some n € N. In view of (8.3),
there exists k, € N such that

(8.4) lw®n)| > max{|¢] : € € Cp}.

If w®n) p(kn) does not extend any word from C,,, then by (8.4) the word w(¥») p(kn)
is not comparable with any element of C},,. We obtain C,,41 from C,, by adding the
word w®r) p(kn) to €. Similarly, if w*»)7(*») does not extend any word from C,,,
then C,,41 is formed by adding w*»)7(*=) to C,. On the other hand, if w®*»)p(kn)
extends an element o € C), and w»)7(¥n) extends an element 8 € C,, then we ob-
tain from (8.4) that v = w®)|,; and B = w®)| 5. Since C,, consists of mutually
incomparable words, this implies that « = 5. Now, form C,,4; by first removing
a = B from C, and then adding both w®)p(kn) and w*=)7( =) Note that no
element v € C, \ {a} is comparable with w(*n)p(kn) or (kn)r(kn) = since other-
wise 7 = w(k”)hﬂ, and consequently, v would be comparable with «. Since also
wkn) pkn) and wkn)7(kn) are incomparable, it follows that C),,1 consists of mu-
tually incomparable pseudocodes of p. This completes the inductive construction,
and hence finishes the proof. O

As an immediate consequence of this proposition and respectively Theorem 8.5
and Corollary 8.6, we get the following results.

THEOREM 8.14. If § = {¢c}ecr is a finitely irreducible Carnot conformal
GDMS satisfying the weak corkscrew condition, then for every t € Fin(S), the
measure my is of null boundary.

COROLLARY 8.15. If 8§ = {¢c}ecr is a finitely irreducible Carnot conformal
GDMS satisfying the weak corkscrew condition, then for every t € Fin(S), my
almost every point in Js has a unique code.

8.3. Conformal measure estimates

In this section we prove several estimates for the conformal measure of a finitely
irreducible Carnot conformal GDMS S when it satisfies some of the conditions
discussed in the previous sections.

LEMMA 8.16. Let S = {¢. : e € E} be a finitely irreducible Carnot conformal
GDMS. Let also let t € Fin(S) and w € E%. Then for every Borel set F' C
Int(Xt(w))

(8.5) 7 H¢u(F)) = {1 € EY : 7|j| = w and 7(c1*!(7)) € F}.
If moreover my is of null boundary, then for every Borel set F' C Xy,
(8.6) i (n (¢w(F))) = my({T € EY : 7|jo) = w and n(c1I(7)) € F}).
PRrROOF. For ease of notation let
Ay =17 (gu(F)) = {1 € B : 7(1) € ¢u,(F)}

and
B, ={r € EY{ : 7||,) =w and m(a“l(1)) € F}.
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First notice that since for every 7 € By, (1) = ¢, (7(c!“l(7))) and n(c*!(7)) € F
we have that B,, C A,. Moreover
{reEY:n(r)e ¢u(F), 7|1w = w and m(cl(1)) ¢ F} =0,
hence
(8.7) A, \ B, C{r € E}f : (1) € ¢,(F) and 7, # w} := Cl,.

Now if 7 € C,, then 71'(0"“'(7‘)) € Xt(ﬂwm so 7n(T) € ¢TMW|(Xt(T|w\)) and 7|, # w.
Therefore

(8.8) mCo)C | (X)) Nou(F),
{TGEJ:‘:T#L«)}

and if my is of null boundary we deduce that m(C,) = 0 and (8.6) follows.
Let F' C Int(Xy(,)). Then as in (8.8),

(8.9) 7(C,) C U 6-(Xem) N bu(Int(Xy)))-
{TEE!:J‘IT#UJ}

By the open set condition, and recalling that the maps ¢, are homeomorphisms,
we get, that for all 7 € EJZJ‘, T # w,

(8.10) ¢T(Xt(7)> n qﬁw(lnt(Xt(w))) = (bT(Int(XT(T))) M (bw(Int(Xt(w)D = 0.
Combining (8.9) and (8.10) we get that C,, = (), which implies (8.5). O

PROPOSITION 8.17. Let 8§ = {¢c}eckr be a finitely irreducible Carnot conformal
GDMS. If t € Fin(S) and my is of null boundary then for every w € E% and every
Borel set F' C Xy(.,) we have

(8.11) mi(¢u(F)) < e PO D, |5 m (F).

PRrOOF. Fix w € £ and a Borel set F' C Xy(,). Denote k := |w|. Then, by
Theorem 8.14 and Lemma 8.16, in particular (8.6), we have

mi(¢u(F)) =1y 0w~ (¢o (F))

({1 € Ej : (1) € ¢u(F)})

my({T € EY : T|jw| = w and m(ol(1)) € F})
g ([w] N O'_k(ﬂ'_l(F))).

(8.12)

Hence by (7.7) and (7.6)
(8.13)

mi(¢w(F)) = e_P(t)k'C:kmt(ﬂ[w]ﬂcr*k(ﬂ'*l(F)))

= POk /N Z ‘|D¢T(W(p))||t]1[w]00*’“(ﬂ’l(F)(Tp) din(p)
Ea TGEZ:ATk,m:l

_ e—PG)k/ || D, (m(p))I[" die ()
{pem=1(F):Aw;p, =1
< e PO D || ({p € 77 (F) : Awepy = 1})

< e POK(| Doy |[Egme (1 (1)) = e PO D[ me (F).
The proof is complete. O
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Note that in the previous proof the fact that m; has null boundary was only
used in the third equality of (8.12). Therefore if F' C Int(Xy(,)) using (8.5) we
can prove (8.11) without assuming the weak corkscrew condition. We state this
observation in the following remark.

REMARK 8.18. Let & = {¢c}ecr be a finitely irreducible Carnot conformal
GDMS. If t € Fin(S), then for every w € E%, (8.11) holds for every Borel set
F C Int(Xy(y))-

A lower bound corresponding to (8.11) is given in Proposition 8.22. First, we
need the following lemma and some new definitions.

LEMMA 8.19. Let § = {dc}ecr be a finitely irreducible Carnot conformal

GDMS of bounded coding type (for example satisfying the weak corkscrew condi-
tion). If t € Fin(S), then

mt(W_I(A) N B) = My (A N W(B))
for every Borel set A C X and every Borel set B C EY. In particular (taking

A=Js),
° ie(B) = my(r(B)).

PROOF. Assume that w € 7~ (m(B)) \ B. Then there must exist 7 € B such
that 7(7) = m(w). Hence 7 # w, and let k& € N be the least integer such that
Tk 75 W - SO7

wen ! (¢w|k(Xt(wk)) n ¢T|k(Xt(7'k)))'

In conclusion,

oo
at@B)\BCr [ U i) Nér (X))
k=1 |w|=|7|=k
WHET
Since m; is of null boundary (see Theorem 8.5), we get
("' (n(B)) \ B) = 0.
Since also B C 7~ !(n(B)), we therefore get
mi(ANT(B)) =y (' (ANm(B))) = fie (7~ (A) N~ (w(B))) = (7' (A)NB)
and the proof is complete. O
For each a € E, let E, :={b€ E: Ay =1} and B> := {w € EY 1wy € E }.

DEFINITION 8.20. A Carnot conformal GDMS S = {¢. : e € E} satisfies the
strong separation condition (SSC) if m(EX) Nm(EX) =0 for alle # i € E.

REMARK 8.21. Each system satisfying the strong separation condition is of
bounded coding type.

PROPOSITION 8.22. Suppose that S = {de}eck is a finitely irreducible Carnot
conformal GDMS of bounded coding type (for example satisfying the weak corkscrew
condition). If t € Fin(S), then for every w € EY and every Borel set F' C Xy,
we have

mi(¢u(F)) = K~'e PO Do, ||\ my(F N x(EY)).

Ww|
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PROOF. Put k := |w|. Starting with the third line of (8.13) and using Lemma 8.19
we continue as follows:

(0 (F) = POF [ 1w (o) dim
{peﬂ'_l(F):Awk;q:l}
> K~ PO Doy ||igmi ({p € 7 H(F) : Augpr = 1)
= K~'e POR| D, ||L iy (7= (F) N EZ)
=K' POF| D || ome (F N m(ED)).
The proof is complete. O
PROPOSITION 8.23. Suppose that S = {¢c}eck is a finitely irreducible Carnot

conformal GDMS of bounded coding type (for example satisfying the weak corkscrew
condition). If t € Fin(S), then My := inf {m.(7(E)) : e € E} > 0.

Proor. Let ® C E% be a finite set witnessing finite irreducibility of the inci-
dence matrix A. Let

Oy :={wy :w e F}.
By (7.18), we have
v = min{my([e]) : e € &1} > 0.

By the definition of ®, for every e € F there exists b € ®; such that A, = 1, which
means that b € E. . Hence, EX® D [b]. Thus, using Lemma 8.19, we get

my(m(E)) = my(EZ) >~ > 0.
The proof is complete. O

COROLLARY 8.24. Suppose that S = {¢c}eck is a finitely irreducible mazimal
Carnot conformal GDMS of bounded coding type (for example satisfying the weak
corkscrew condition). If t € Fin(S), then for every w € E% and every Borel set
F C JsN Xy), we have

ma(¢u(F)) = K~ PO Doy ||fmy(F).

Proor. In view Proposition 8.22 it suffices to show that for every w € E% and
every Borel set F' C Js N Xy,
(8.14) Fnn(J, )=F.

Wiw|

By way of contradiction suppose that there exists some x € F \ n(J , ). By

W|jw|

maximality,
={reEY}: Ay ,m =1} ={7¢€ EY - t(wiw)) = i(T1)}
= {1 € E} : ¢r,(Xs(m)) C X }-
If x = 7(7) for some 7 € EY, by (8.15)
O (Xi(r)) N Xy = 0,

and we have reached a contradiction because z € F' C Xy, and trivially = €
¢, (X¢(r))- The proof of the corollary is complete. a

Wl |

(8.15)
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REMARK 8.25. Notice that for § and ¢ as above, if w € E}, € Xy, and
r < ns then

my (¢ (B(x,7))) = mi(du(B(z,m) N Js N Xy(w)))
> K~te POl Doy |[Eomy (B2, 7) N Js N X))
= K" PO Do, ||t my(B(z, 7)),
where in the last equality we also used that the sets S,,v € V, are disjoint.
Before proving the next theorem which gives some very general bounds on the

size of the limit set we need to introduce some notation. If S = {¢. }.cr is a GDMS,
for n € N let

X" = J ¢u(Xi(w)).

webER
There are exotic examples of conformal GDMSs, even IFSs, for which
|Js| =0 and dimy(Js) = Q.

There are such examples which in addition are of bounded coding type and for
which |IntX \ X*!| > 0. Indeed, the space X can be taken to be the interval [0, 1].
Example 5.2.4 of [46], originally appearing as Example 4.5 of [44], has all such
features. This system is (necessarily) irregular. If however we merely assume that
S is regular, then, as the following theorem (formula (8.17)) shows, the picture
changes dramatically.

THEOREM 8.26. If & = {¢c}ecr is a finitely irreducible Carnot conformal
GDMS such that |IntX \ X| > 0 then

(8.16) |Js| = 0.

If moreover S is regular and of bounded coding type then

(8.17) dimy Js < Q.
PrOOF. Forn e Nand v € V| let

X:)L =X"N Xv = U ¢W(Xt(w))

weEY i(w)=v

Since |IntX \ X! > 0 there exists some vy € V such that

(8.18) IIntX,, \ X, | > 0.

We will first show that there exists some ng € N such that
(8.19) |Int X, \ X]°| > 0,

for all v e V.

Let v € V and let e, eq € F such that i(e) = v and t(ep) = vg. Since S is finitely
irreducible there exists some w € E%, with |w| < mg for some my € N depending
only on S, such that w' := ewey € E%. Therefore,

(8.20) |dur (It X05) \ G (Xy5,)| > 0.
Now if |w’| = k notice that

(8.21) XE N ¢ (IntXy,) C ¢ur (X,,)-
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First observe that (8.21) makes sense because v € V, hence X, # 0. Moreover,

X{f+1 C Gur U gbe(Xt(e)) U U (b‘f(Xt(T))

e€E:t(e)=v T€l,

= ¢w/(Xgo) U U ¢T(Xt(‘r))a

Tel,

where I, = {7 € EX™ . i(1) = v and 7|, # w'}. But for every 7 € I, by the open
set condition

G (Xi(r)) N G (It X)) C @, (X)) N Puor (It Xy, ) = 0,
and (8.21) follows. Now using (8.20) and (8.21) one can show that
(8.22) [ X, \ X > [ (It X,) \ dr (X )| > 0.
To see (8.22) notice that
Pur (It ( X)) = P (INt(Xi(e))) C Mt Xi(e) = It X,
Hence by (8.21)
IntX, \ X! > ¢ (IntX,,) \ XF?
D G (It X)) \ Gr (X,) = oo (It Xy \ X),

and (8.22) follows by (8.20). Now (8.22) implies (8.19) because k = |w'| < mg + 2.

For ng as in (8.19) set G, = IntX,, \ X® for v € V. Then by Theorem 3.4 for
every w € £,
9w (Giw))| Z e lGuw)
|6 (Xt [Xi(w)]

‘I > 0. because by (8.19), |G,| >0 for all v € V.

(8.23) > K%y

)

where 7 := min,ecy
Let n € N, then
Xntno U b (X{0,) C U P (Xt(w) \ Giw))

weER weEY

= |J ¢\ U 6u(Giw)

weER weEY

= X"\ | ¢u(Giw))

weEY

|Gy
| X

Therefore by the open set condition and (8.23) we have for every n € N

Xl < X | | 6w (Gi)

w€eEY}
= X" = Y [0u(Giw)l
(8.24) S
= X" =K%y ) [6u(Xiw)l
weER

< X" = K7 99]X" = (1= K799)|X".
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Since X" is a decreasing sequence of sets, (8.24) implies that

(8.25) lim |X"| =0,

n—oo
hence we also deduce that |Js| = 0, because Js C X™ for all n € N. Thus the first
part of the theorem is proven.

We will now prove the second part of the theorem by way of contradiction. To
this end suppose that dimy (Js) = Q. Since § is regular Theorem 7.19 implies that
P(Q) = 0. Hence by Proposition 7.5 Q € Fin(S). Therefore for every w € E% and
every Borel set A C Xy(,,) such that |A| > 0, using Proposition 8.17, Theorem 8.5
and Theorem 3.4 we have,

ma(9u(4)) < D4 “ma(4) = KQK-Q||D¢W||Q|AIW
(8.26) |
< Ko ()| "

For w € E’; we denote
Yo = ¢w (X)) N U br (Xe(r))-
TeEET\{w}

Since § is of bounded coding type, by Theorem 8.5 we deduce that mg is of null
boundary hence,

(8.27) mq(Y,) = 0.
Notice also that by the open set condition it is not difficult to see that
(8.28) o, (Y,) C 0X.

Using (8.27) we get

mo(X™) < Y mo(du(Xiw)) = > mo(du(Xiw) \ Yo)

weEY weEY
= Y m(du(Xigw) \ 65" (Y2)))-
wEEg

Notice that (8.28) implies that |Xy,) \ ¢5* (V)| > 0. Therefore by (8.26) and
(8.28)

mo(X™) < Y mo(bu(Xiw) \ 65" (Ya))

weEY
mQ(Xiw) \ ¢ (Yo))
vemy X \ 62" (L)l
Q mq(X) -
< K X, o ey 2 10w (Xew) \ 65 (L)L

weEEY

< K9

b (Xiw) \ 65" (Ya))]

Observe that
¢w(Xt(w) \ ¢;1(Yw)) N ¢T(Xt(T) \¢:1(YT)) =0
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for w, 7 € E’} with w # 7. Therefore, setting § = KQW%M we have

mQ(X™) <0 Y 6u(Xew) \ 05 Y =0 | | ¢u(Xiw) \ 65" (Ya))
weET weEY
(8.29)

<9 U ¢w(Xt(w)) :5|Xn|7
weEY

for all n € N. Using (8.29) and (8.25) we deduce that mg(Js) = 0. Hence
we have reached a contradiction, because S is regular and for example by (7.18),
mq(Js) > 0. The proof of the theorem is complete. O



CHAPTER 9

Examples revisited

In this chapter we return to the examples described in Chapter 5. We illustrate
the results of the previous chapters by discussing their implications for the invariant
sets of the iterated function systems and graph directed Markov systems of that
chapter. We provide computations of and estimates for two different Hausdorff di-
mensions of such invariant sets: the dimension with respect to the sub-Riemannian
metric and the dimension with respect to the underlying Euclidean metric. Note
that these invariant sets are defined by iteration of mappings which, while they are
conformal in the sub-Riemannian sense, are no longer conformal in the Euclidean
sense. From the Euclidean perspective the maps in question are quite general non-
linear C'' mappings.

Recall from section 1.3 that the Dimension Comparison Problem in sub-Rieman-
nian Carnot groups asks for sharp comparison estimates relating the Hausdorff di-
mensions of sets with respect to the aforementioned two bi-Lipschitz inequivalent
metrics. In the following sections we point out the computations and estimates
for dimensions of invariant sets arising from the results of the previous chapters
together with the Dimension Comparison Theorem.

9.1. Infinite self-similar iterated function systems

Let G be an arbitrary Carnot group and let S = {¢. : G = G}.cr be a self-
similar IFS with countably infinite alphabet E as in section 5.1. Assume that the
open set condition is satisfied. Then

dimH JS = dimp JS = h,

where h denotes the similarity dimension for S, i.e.,

h:mf{tzo ; ng<1}.

ecl

Here r, denotes the contraction ratio for the similarity ¢.. In view of the Dimension
Comparison Theorem, we further obtain the estimates

(B+)"H(h) < dimy, g Js < (B-)"'(h)

for the Euclidean Hausdorff dimension of Js. Here 54 and 5_ denote the dimension

comparison functions for the Carnot group G. These results were obtained in
[9, Section 4] for finite alphabet self-similar IFS in Carnot groups; our primary
contribution here is to extend these formulas and estimates to the case of countably
infinite alphabets.

101
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9.2. Continued fractions in groups of Iwasawa type

In this section we apply the results we obtained in Chapters 7 and 8 to the
continued fractions systems that we introduced in Section 5.3. We remind the
reader that we are studying continued fractions as limit sets of dynamical systems
in Iwasawa groups. In particular for ¢ > 0 we consider the conformal iterated
function systems

8:={61:B(0,1/2) > B(0,1/2)} ;.

where
e I. =G(Z)N B(o,A.)",
e A, =32+¢, and
o Oy =Jol,.
In our first theorem we calculate the #-number for such systems.
THEOREM 9.1. Let G be a Carnot group of Iwasawa type and for € > 0 let

S: = {¢+}er. be the continued fraction conformal dynamical system. Then for all
>0,

935 - 5
and S is co-finitely regular.

Proor. Fix ¢ > 0, and for simplifying notation set I = I. and A = A..
Moreover without loss of generality we can assume that A from Theorem 5.2
satisfies A; > 1. Let

Iy={yel:A<d(y,0)<A+D}
and for k € N, let
I, ={yeIl:A+D"<d(y,0) <A+ D1}
where D = max{2A,10A45}. Using (5.13) for ¢ > 0,
(9.1) Zi(t) =Y Doyl = Y Y d(3,0)F x Y N D
Nel k>0~€elx k>0 el

We will now fix some k£ € N, and we will estimate the cardinality of the sets Ij.
First note that

{1, < HG(Z) 0 Blo, A+ DM} = 1.
By Theorem 5.2(ii) the balls {B(v,1/2)},cg(z) are pairwise disjoint, hence

8,279 < 4], 279

= Y BG1/2)

YEJk

= 21U BOn1/2)

YEJk
1
< —|B(0o,A 4+ D**1 +1/2)| =~ D*?,
Co

where we remind the reader that ¢g = |B(o, 1)|. Therefore

(9.2) #1, < D9,
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We now turn our attention to the lower bound of #Ij. Set

Sk = B(o,A+ D**1 — A5)\ B(o, A + D* + Ay).

Recalling Theorem 5.2 it follows easily that

Sec |J B, 42).

el
Therefore |Sk| < cofily (A2)? and since |Sy| ~ D*¥ we conclude that
(9.3) #I, > DM,
Hence by (9.1), (9.2) and (9.3),
Zi(t) = Yy (DY),
k=0

and in view of Proposition 7.5(i), # = @/2. Moreover Z1(Q/2) = oo and recalling
Definition 7.7 we conclude that the system is co-finitely regular. The proof is
complete. [

We can now provide size estimates, on the level of Hausdorff dimension, for the
limit sets of continued fraction conformal dynamical systems.

THEOREM 9.2. Let G be a Carnot group of Iwasawa type and for € > 0 let
S: = {¢+}er. be the continued fraction conformal dynamical system. Then
(1) for alle >0, dimy Js. > Q/2,
(2) for alle >0, dimy Js. < Q.

PrOOF. Theorem 9.1 implies that for all € > 0 the system S, is co-finitely
regular. Therefore by Proposition 7.10, Theorem 7.19 and Theorem 9.1 we conclude
that

di - _9
1mqyy JSE = hsg > 935 =5

For the proof of (2) it suffices to show that the systems S. satisfy the assump-
tions of Theorem 8.26 for € > 0. Notice that for all ¢ > 0 by Example 8.8 the
systems S, satisfy the weak corkscrew condition. Hence by Proposition 8.13 the
systems S, are of bounding coding type. Moreover by Theorem 9.1 the systems S;
are co-finitely regular, hence regular. Therefore in order to prove (2) it suffices to
show that for e > 0

(9.4) B(0,1/2)\ | J ¢, (B(0,1/2))| > 0.
RIS E

For 7 € I, arguing as in (5.12) we have that

¢, (B(0,1/2) C B ( Qi) |

Hence we deduce that

U ¢, (B(o,1/2)) cB(o, 2i€> ;

RISIE

and (9.4) follows. The proof of the theorem is complete. O



104 9. EXAMPLES REVISITED

The following theorem concerns the spectrum of Hausdorff dimensions of the
limit sets of subsystems of continued fractions conformal dynamical systems.

THEOREM 9.3. Let G be a Carnot group of Iwasawa type and for € > 0 let
S = {¢y}yer. be the continued fraction conformal dynamical system. For every
t € (0,Q/2) there exists a proper subsystem Se; of Se such that

dlm'H JSg,t =1.

PROOF. The proof is a direct application of Theorem 7.26 and Theorem 9.2.
|

We can also prove that in any Iwasawa group G there exist continued fractions
conformal dynamical systems whose limit set has Hausdorff dimension arbitrarily
close to Q/2.

THEOREM 9.4. Let G be a Carnot group of Iwasawa type. Then there exists an
increasing sequence (R,)$%, with R, — oo such that

L _Q
nh_}rrgo dimy Js, = Bl

Here Sg,, = {¢}verp, corresponds to the continued fractions conformal system as
in (5.11).

ProoF. To simplify notation let Iy = I and if 7' C I let Sp\p = {¢y}yen -
By Theorem 7.23, Theorem 7.19 and Theorem 9.1 we have that

Q

(9.5) 5= inf{dimy, Js,,, : T C I finite}.

Therefore there exists an increasing sequence (7),)$ ; of finite subsets of I so
that
(9.6) dimy Js, ., — Q/2.

Moreover for every n € N there exists some R,, such that T,, C B(o, R;,), recalling
Subsection 5.3.2 this implies that T,, C B(o,Apg,). Since Ir, = I\ T for some
finite set T' C I, (9.5) implies

Q

dimy JSI\TW, > dimy JSRn > 5

By (9.6) we deduce that dimy Js, — /2 and the proof is complete. O

In view of the Dimension Comparison Theorem 1.2, Theorems 9.2, 9.3 and
9.4 have obvious Euclidean consequences. For instance, the following corollary is
obtained by applying the estimates in Theorem 1.2 in connection with Theorem
9.2.

COROLLARY 9.5. Let G be a Carnot group of Iwasawa type and for € > 0 let
S: = {¢4}yer. be the continued fraction conformal dynamical system. Identify G
with the Euclidean space RN equipped with the Euclidean metric dg. Then

(1) for alle >0, dimy g Js. > (B+) 1 (Q/2),
(2) for alle >0, dimy g Js. < N.
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Note that the value of (34)~*(Q/2) depends on the particular Iwasawa group
G. In fact, the choice of which expression in (1.12) is relevant is different depending
on the group G. In the complex Heisenberg groups Heis" = Heisg we always have

(5+)_1(%) =35 —1=n,

while in the first octonionic Heisenberg group Heisé) we have

(B P=9=%
In the quaternionic Heisenberg groups Heisy the answer depends on the value of
n:
. 1
(5+)_1(Q) _ % —1=4 in Heisy,
2 %:nJr% in Heisy, n > 2.

REMARK 9.6. Estimates for the Euclidean dimensions of Carnot—Carathéodory
self-similar sets were previously obtained in [7] and [9].

9.3. Iwasawa conformal Cantor sets

In this section we return to the conformal Cantor sets that where introduced in
Section 5.2. Recall that conformal Cantor sets are limit sets of conformal iterated
function systems

S={¢n: G — G}lnen

where
d)n = gpn (¢] 5” [¢] éj(pn)_l (¢] j,
and
e G is an open set, G is compact and o ¢ G,
e P = (p,)5, is a discrete sequence of points in G,
o d, =inf,,+, d(pn, pm) and lim,_, d,, =0,
e dist(P,0G) > sup,,cy dn,
e dj :=diam J(G), and r, < min{s, Qdélo} for some s < 1.

For all n € N and p € G, by (3.6) and (3.5)
[1D¢n(P)]| = ral DI (p)|| =

Tn
d(p,0)*
Hence || D¢p||co &2 7, where the constant depends only on the open set G. Therefore
if § is a conformal iterated function system as above, by Proposition 7.5

(9.7) nginf{t2012r2<oo}.

neN

We now describe a specific type of conformal Cantor sets in Iwasawa groups
and provide estimates for their Hausdorff dimensions.
Let € > 1 and for n € N set

n
1
En = 0B o, Z ;
j=1
Denote by II,, the maximal collection of points in ¥, with mutual distances at

€
least (%—&-2) . It is well known, see e.g. [22] and [27], that the (@ — 1)-dimensional

spherical Hausdorff measure S9! restricted to the boundaries of Koranyi balls is
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Ahlfors (Q — 1)-regular, recall (7.19) for the definition of Ahlfors regularity. Since
for all n € N the restriction of S?~! on %,, is Ahlfors (Q — 1)-regular one can show
that

1 e(1-Q)
9.8 IT,, = .
(0.8) U <n + 2)
Let II = |,y ITn. We will now show that if p € II,, then

1 ¢ 1 ¢
9.9 < inf d(p,q <4|——) .
(99) <n+2> _qell_[r{{p} (p,q) < <n+2>

For the right hand side inequality first notice that
1 €
X, C Blg¢2| —— .
U r(s2(i5) )
qEH’Vl
Now fix some p € II,. Since Y, is a connected metric space with the relative
g
topology of d it follows that B (p, 2 (%4»2) ) intersects some set from the family
g
{En NnB (q,2 (%ﬁ) )} of (relative) open sets. Therefore there exists
g€l \{p}
q € 11,, such that

EnﬂB(p,2<n_1|_2> )ﬂB(q,2<n_1|_2> )75(2).

) <4(5)

and the desired inequality follows.
For the remaining inequality we will first show that for all n € N

In particular

1 €
. i ny n Z 4 .
(9.10) dist(Sn, Lrp1) (n—i—l)

To prove (9.10) suppose by way of contradiction that there exist x,, € ¥, and
€
Tpi1 € Byt such that d(x,, £,41) < (ﬁ) . Then

n 1 1 € n+1 1
d(Tpy1,0) < d(Tn, Tog1) + d(Tn,0) < ; ‘78 + (n + 1) - ; ;

and we have reached a contradiction since ;41 € £,,4+1. Therefore by (9.10)

1 €
inf d(p,q) = inf d(p,q) >
sty AP0 = il A 0) <n+2>

and (9.9) follows.
We remark that if we write IT = (pg)72, and set

=1 f
di; ;de(pk,pz)

then (9.9) implies that
lim dy = 0.
k—o0
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We can now define the CIFS as in Section 5.2 . Let

G. = {B (0,7%7115+1> \B<o,;>}.

For k € N we define the conformal maps ¢y : G. — G by
(911) ¢k :Epk oédk/(lOdo) Ogj(pk)—l O,_77

where as before dg = diam J(G), and we set S = {¢ : Ge — G }ren-

We will now verify that S, satisfies the open set condition. Let pg,p; € 11, pi, #
pi, and let ny, ny, € N such that py, € II,,, and p; € IL,,,. If n; # ny, assume without
loss of generality that n; > nj and notice that

1 £
A(ppspt) = dist(Snys Sny) = dist(Sngs Snpst) = ( ) |

ng + 1
But by (9.9)
9.12 di G.) = -2 diam(7(G)) < — L)
(9.12) iam (¢ ( 5))710do fam(J( s))_1O<nk+2) .

Moreover diam(¢;(G.)) < diam(¢r(G.)) because n; > ng. Hence by (9.12) we
deduce that ¢r(G:) N (G:) = 0. If ny = ny :=n then

1 £
d > .
(pl,Pk) = <n+2>

As in (9.12) we have that

diam (¢ (G.)) + diam(¢;(Ge)) < % ( 1 ) .
Hence for all k,l € N,k # [,
(bk(Ga) n (bl(Gs) =0.

To finish the proof of the open set condition it remains to show that for all
k eN, ¢r(Ge) C Ge. First notice that by (9.12) for all k € N, diam(¢x(G.)) < 1/2
and there exist n, € N such that p;, € 3, , hence for all k € N,

1
1 < d(pg,0) < Z -
neN

Therefore if © € ¢i(G.), then

1
d(a,0) < d(w,pi) +d(pr,0) < 3~ +1/2
neN

and in the same way
d(z,0) > d(pg,0) — d(z,px) > 1/2.

Therefore the conformal iterated function system S. satisfies the open set condition.

The following theorem gathers information about the Hausdorff dimension of
the Cantor sets Js_. Note that by part (iv) of the following theorem, it follows that
every value t € (0, Q) arises as the Hausdorff dimension of the invariant set of some
subsystem of a GDMS associated to a conformal Cantor set.
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THEOREM 9.7. Let G be a Carnot group of Iwasawa type. Let € > 1 and
consider the conformal iterated function system S. defined by the conformal maps
or as in (9.11). Then

(i) bs. = Q — =+,
(i) the system S: is co-finitely regular,
(iii) dimy Js, > Q — ==L
(iv) for allt € (0,Q — =1 there exists a proper subsystem Sy of Se such that

dimy Js. =1

PROOF. First observe that once we have shown (i) and (ii) then the remaining
statements of the theorem follow easily. Indeed, (iii) follows by (i), (ii), Proposition
7.10, Theorem 7.19 and Theorem 9.1, while (iv) follows from (i) and Theorem 7.26.

It remains to show (i) and (ii). Recalling (9.7) and the way that the maps ¢y,
were defined, we have

Os. = 1nf{t>0 Z<10d0> }
By (9.8) and (9.9)

> () Y A~ 3 ()

ke neN keI, neN keIl,

9.19) () (M)

neN
( ) e(1-Q+t)

Hence in view of Proposition 7.5(i), s, = Q —
see that
o)

Recalling Definition 7.7 we conclude that the system S is co-finitely regular. The
proof is complete. O

neN

. Moreover by (9.13), we easily

REMARK 9.8. Notice that the Hausdorff dimension of the conformal Cantor
sets Js. can be arbitrarily close to @), since

lim dimy Js. = @
e—1
by Theorem 9.7.

The following corollary of Theorem 9.7 can be established using the Dimension
Comparison Theorem 1.2.

COROLLARY 9.9. Let G be a Carnot group of Iwasawa type. Let € > 1 and
consider the conformal iterated function system S, defined by the conformal maps
¢r as in (9.11). Then the Euclidean Hausdorff dimension of the invariant set of
S. satisfies

e—1
dimH)E JSE >N —

3



CHAPTER 10

Finer properties of limit sets: Hausdorff, packing
and invariant measures

In this chapter we investigate finer properties of limit sets of Carnot conformal
GDMS. In particular we are concerned with the positivity of Hausdorff and packing
measures of limit sets, as well as the Hausdorff dimension of invariant measures.
Under some mild assumptions on the GDMS we can prove that the h-Hausdorff
measure of the limit set is finite and under some standard separation condition we
can show that the h-packing measure is positive. This is performed in Section 10.1.
Deciding whether the h-Hausdorff measure is positive or if the h-packing measure
is finite are subtler questions. In Section 10.2 we provide necessary and sufficient
conditions for the Hausdorff measure of the limit set to be positive and for its
packing measure to be finite. In Section 10.3 we use results from Section 10.2 to
further explore the Iwasawa continued fractions that were introduced in Section 5.3.
Finally in Section 10.4 we obtain a dynamical formula for the Hausdorff dimension
of invariant measures of limit sets of Carnot conformal GDMS.

10.1. Finiteness of Hausdorff measure and positivity of packing
measure

The next theorem shows that under some general conditions the h-Hausdorff
measure of the limit set of a Carnot conformal GDMS is finite.

THEOREM 10.1. Let S be a finitely irreducible weakly Carnot conformal GDMS.

(i) If the system is regular, then
(a) the restriction of the Hausdorff measure to Js, i.e. H"|Js, is absolutely
continuous with respect to the conformal measure my, and
(b) d(H" | Ts) /dim]| e < co.
(¢c) In particular, H"(Js) < occ.
(i3) If the system is not reqular then H"(Js) = 0.

PROOF. Let A be an arbitrary closed subset of Js. For every n € N put
Ap i ={weEY: g,(Js)NA#D}

Then the sequence of sets

(U%WMO

wWEA, n=1

is descending and

N(U duXuw)) = 4

n>1 weA,

109
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Notice also that since for every w € E 7([w]) C ¢ (X¢(w))s

S () = i ( | W) =ma( J 7 ()

wEA, wEA, wEA,

Smh( U ¢W(Xt(w)))'

wEA,
Using (4.9), (7.8) and (10.1) we obtain

H"(A) < liminf Y (diam(du (Xyw))"

(10.1)

wEA,

< (MA)"liminf >~ [|Deu||%
( ) wEA,
10.2 R L nP(h) 5

< cn(MA)" iminf e"P ™% iy ([w])

wEAR
< ch(MA)hliIginfe"P(h) (mh( U ¢w(Xt(w)))> .
wEA,

If S is not regular then P(h) < 0 and by (10.2) we get that H"(Js) = 0. On the
other hand if S is regular we have that P(h) = 0 hence (10.2) gives that
H(A) < (MA) cymy (A).

Since the metric space Jg is separable, the measure my, is regular and consequently
the inequality H"(A) < (MA)"c, 'm;(A) extends to all Borel subsets A of Js.
Thus the proof is finished. ([

DEeFINITION 10.2. We say that the Carnot conformal GDMS S satisfies the
strong open set condition (SOSC) if
(10.3) Js NInt(X) # 0.
Recall that the set X was defined in (4.4).

Assuming the strong open set condition we can show in a straightforward man-

ner that the limit set of a finitely irreducible regular conformal GDMS has positive
h-packing measure.

ProprosITION 10.3. If S is a finitely irreducible, regular Carnot conformal
GDMS satisfying the strong open set condition, then P"(Js) > 0.

PROOF. Let v € V such that JsNInt(X,) # 0. Then there exists some 7 € EY
for some ¢ € N such that i(7) = v and ¢, (X)) C Int(X,). Set
v = min{dist (¢, (X¢(r)),0X),ns},
where ns was defined in (4.10). Let
W={weEY: W|[n+41,n4¢ = 7 for infinitely many n's}

and let Wy be the subset of EY whose elements do not contain 7 as a subword.
Since [7] N Wy = ) we conclude that fi;,(Wp) < 1. Recall that by Theorem 7.4 fi,
is ergodic with respect to o. Ergodicity implies that for any Borel set S C E§ such
that 0=1(S) C S, an(S) € {0,1}. To see this, let S be a Borel subset of EY such
that 0=1(S) C S. Since o is jip-measure preserving, jin(c=1(5)) = jin(S). Hence

(o1 (S)AS) = fin(S) — n(T~1(S)) =0,
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and by the ergodicity of fi, we conclude that f,(S) € {0,1}. Now notice that
o L(EY \ Wy) € EN \ Wy. Hence by the previous observation and the fact that
fn(EN \ Wp) > 0 we deduce that ji,(Wp) = 0. It is also easy to see that EN \ W =
Uneno " (Wj). Therefore, since iy, is shift-invariant, we deduce that iy, (E% \ W) =
0 and consequently

n(Js \ #(W)) = fin o (Js \ #(W)) < fin(E} \ W) = 0.
Now for any w € W and n € N such that w|j,41,544 = 7 by (4.7) we have that
B(r(w), (KC)H[Dguy, loc 7) C b, (B(m(a™(w)),7))-
Moreover by the choice of ~,
B(ﬂ-(an(w)%’}/) C B(¢t(Xt(T))57) - Int(Xz(T)) = Int(Xt(wL,L))'
Hence by Remark 8.18;
mp(B(r(w), (KC) M| Doyy, oo 7)) < 1D@ul, Ismn(B(r(a" (w)), 7))
< (KCy )" (KC) ™[ Dy, o)

Since by Theorem 7.4 my, and uy, are equivalent, the proof is concluded by invoking
Theorem [46, A2.0.13(1)]. O

10.2. Positivity of Hausdorff measure and finiteness of packing measure

Let (X, p) be a metric space. Let v be a finite Borel measure on X. Fix s > 0.
We say that the measure v is upper geometric with exponent s if

(10.4) v(B(z,r)) <c¢,r’

for all x € X, all radii 7 > 0 and some constant ¢, € [0,+00). Likewise, we say
that the measure v is lower geometric with exponent s if

(10.5) v(B(z,r)) > c,r’

for all x € X, all radii » € [0,1] and some constant ¢, € (0,+o00]. If v is both
upper geometric and lower geometric with the same exponent s > 0, it is called
geometric with exponent s. Geometric measures with exponent s are also frequently
referred to as Ahlfors s-regular measures. If we do not care at a moment about the
particular value of the exponent s, we simply refer to the aforementioned measures
as upper geometric, lower geometric, geometric, or Ahlfors regular measures.

DEFINITION 10.4. A set X C G is said to satisfy the boundary regularity con-
dition if there exists a constant vx € (0, 1] such that

|Int(X) N B(z,r)| > vx|B(z,7)]
for all x € X and all radii r € (0, diam(X)).
Alternatively, for all ¢ > 0 there exists yx; such that
[Int(X) N B(z,r)| > vx.|B(z,7)]|
for all x € X and all radii r € (0,¢).

DEFINITION 10.5. A Carnot conformal GDMS S = {¢. }ccp is said to be bound-
ary reqular if each set X,,, v € V, satisfies the boundary regularity condition. We
put v := min{yx, : v € V} and v := min{yx, ; :v € V} for all ¢t > 0.
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REMARK 10.6. Every Carnot conformal GDMS satisfying the corkscrew con-
dition is boundary regular.

For boundary regular Carnot conformal GDMS we shall prove now the following
improvement of Lemma 7.15.

LEMMA 10.7. If S is a boundary regular Carnot conformal GDMS, then for all
k>0, for all r > 0 and for all x € X, the cardinality of any collection of mutually
incomparable words w € E7 that satisfy the conditions

(10.6) B(2,7) N ¢u(Xiw)) # 0
and
(10.7) diam (¢, (X¢w))) > kr,

is bounded above by (3AK)Q7;§/M,1.

PROOF. Let F be any collection of A-admissible words satisfying the hypothe-
ses of our lemma. By (10.7) and (4.9) we get that

1Dl r < AM K

for every w € F. Again by hypotheses, for every w € F' there exists p,, € Int(X; ()
such that ¢, (py) € B(z,r). By the open set condition all the sets

bu (B(pwa ||D¢w”;olr) N Int(Xt(w)))7 w € F,
are mutually disjoint. Also by (4.8)
diam(¢w (B(pwa HDQSch:clT) N Int(Xt(w)))) < 2Ar.
Therefore, since ¢, (B(py)) € B(z, ),
Pw (B(pwa ||D¢W||;olr) N Int(Xt(w))) C B(Z‘, 3AT>
Therefore, by Theorem 3.4

co(3A7)? = |B(z,3Ar)| > U Dw (B(pw, [|Do||tr) N Int(Xt(w)))

weF
= [0 (B(po), Dol r) N Int(Xyw) )|
weF
> " K9 Deul|2 |B(pus [1Ddul | ) NInt(Xy(w))|
weF
> K e |[Doul|S B (Do, [Dul| 2 7)]
weF
= co K™%0 Z 1D |2 (|| Dol r)?
weF

= coK ™ yanr #Fr¢
Therefore # I < (3AK)Q7XJ{“_1 and the proof is complete. O

The first main result of this section gives necessary and sufficient conditions for
the Hausdorff measure of .Js to be positive. In particular it shows that H"(Js) is
positive if and only if the conformal measure my, is upper geometric with exponent
h.
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THEOREM 10.8. If S is a maximal regular Carnot conformal GDMS satisfying
the corkscrew condition, then the following conditions are equivalent.

(Z) Hh(Jg) > 0.
(i) There exists H > 0 such that

mp(B(y,r)) < Hrl

for every e € E, every radius v > diam(¢e(Xy())), and every y € de(Xy(e))-
(iii) There exist H > 0 and v > 1 such that for every e € E and every radius
r > ydiam(¢e(Xy(e))) there exists y € ¢pe(Xy(e)) such that

mp(B(y,r)) < Hrl.

(iv) The measure my, is upper geometric with exponent h. More precisely, there
exists cs > 0 such that

mp(B(z,r)) < csr”
for every x € Js and all r € [0, +00).
PROOF. (i) = (ii). In order to prove this implication suppose that (ii) fails.
Then for every H > ngh, where 75 is as in (4.10), there exists j € E such that
mp(B(z,r)) > Hr"

for some z € ¢;(Xy(;)) and some r > diam(¢;(Xy(;))). Let E(co) be the set of
words in EY that contain each element of E infinitely often. Let

Jy = m(EN(c0)).
Fix w € EY(N) and put z := m(w). Then w,41 = j for some n € N. Set 2, =
m(o™(w)). So, z = Py, (2n) and . Therefore z,,z € ¢;(Xy;)) C Xy,) and
zn € B(x,r), hence by (4.8)
Uw,, (2n); Pul,, (2)) < Al[Du, [loo -
Moreover notice that r < 1/H 1/h < ps, hence by Corollary 4.10 we get

B((bw\n(x)aO”ngwh Oor) ) (bw\n(B(IaT))'

Thus,
(10.8) B(z,(C+ M)|[Déuy, |l ) D o, (B(,7)).
Since r < ns and S is maximal by (10.8) and Remark 8.25 we get
mu(B(z, (C+ A)|[Déyy, |l 7)) = KDy, ||mn(B(z, 7))
> K~"H||Ddy,, ||%r"
H h
e AN)||D o T) .
Hence, by [46, Theorem A2.0.12],
Hi(J1) SH™,

with constants independent of H. Now, letting H — oo we conclude that H,(J;) =
0. By Theorem 7.4, Birkhoff’s Ergodic Theorem, and (7.18), using a standard
argument it follows that mp(J \ J1) = 0. This in turn, in view of Theorem 10.1,
shows that Hp(J \ J1) = 0. Thus, Hp(J) = 0 and therefore the proof of the
implication (i)=-(ii) is finished.
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The implication (ii)=-(iii) is obvious.
(iii)=(iv). Increasing A or M if necessary, we may assume that AMR;1 >1,

where Rs was defined in Lemma 4.13. Take an arbitrary point x € Jg and radius
r > 0. Set

7 =2KCAM nglr,

where ns is as in (4.10). Notice that increasing again A or M we can also assume
that 7 > r.

For every z € B(x,r) N Js consider a shortest word w = w(z) such that z €
7([w]) and ¢ (X¢)) C B(z,7). Then

(10.9) diam(¢w“w‘71(Xt(wlw‘71)> 2 ’F.

Let
W = {w(2)]jw(z)-1 : 2 € Js N B(z,7)}.

Since limee g diam(de (X)) = 0 and lim,, o sup{diam(¢,,(Xyw))) : w € E}} =
0 the set W is finite. In particular this implies that there exists a finite set
{21, 22, .., 2k} C JsNB(z,r) such that all the words w(2))ljw(z;) -1, J = 1,2,..., K,
are mutually incomparable and the collection

W* = {7‘(‘([&)(2’j>||w(zj)|,1]) cj=12,...,k}
covers the set Js N B(xz,r). Notice that since
diam(¢w(2j)|\w(z]‘>\—l(Int(Xt(W(zj)‘IW(zj)lfl))) Z r

forall j =1,..., kit follows from Lemma 10.7 and Remark 10.6 that k < (SAK)Q'ijM,I.
where kK = 2KCAM 7751. Therefore

(10.10) k< (BAK) %5 (2k0)-1-

Now temporarily fix an element z € {z1,29,...,2k}, set w = w(2), ¢ := |w|,
and ¢ := ¢y|,_,. By the choice of w, (4.5) and (4.13) imply

27 > diam(¢u,(Xy(w))) = 2(KC) V| Dol Rs = 2K 2C7 | Do, lloo || DYoo Ris.
Therefore using (4.9) we deduce that
(1011)  diam(du, (Xiw,))) < AM[[Dou, oo < AMK*CRS! | DY

By the assumption (iii) there exists some y € ¢, (Xy(w,)), corresponding to the
radius Y3AMK2CRGY||Dy|| 17 > 7y diam(¢,,, (X¢(w,))), such that

(10.12)  mp(B(y, 3yAMK*CRG|DY|| 7)) < HBYAMEK*CRG'|| Dy || '7)".
Now notice that by (10.9) and (4.9)

(10.13) 7 < AM|| DY o,
therefore
(10.14) 2KC||D|| ot r < 2KCAMF 'y = ns.

Since z € 7([w]), we have that ¢)~!(2) € @, (Xy(w,))- Hence by Corollary 4.10 and
(10.14),

(10.15) V(B! (2),2rKC||Dy|| ")) D B(z,2r) D B(,r).
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Noting that y, ¢! (2) € @, (Xy(w,)) and using (10.11) we have that
B($~!(2), 2KC|| DY ') € Bly, 2KC| Dy || r + diam(éu, (Xie,))))
C B(y, (2KC + AMK?CRg")||Dy|| 7).
Therefore using (10.15) and recalling that 7 > r we obtain
(10.16) B(z,r) C ¥ (B(y, BAMK*CRg"||Dy||17),
where we also used the fact that AM R;l > 1. So, employing Proposition 8.17,
(10.16) , (10.12) and recalling that v > 1 we get
(10.17)
mp (B(Z‘, ’I") n ¢(Xt(wq,1))) <mp (w(Xt(wqfﬂ) n ’(Z)(B(y: 3AMK20R§1 ‘ |D¢||;olf)))
= 1 (¥ (Xy(w, ) N By, BAMK*CR3(| DY || 7))
< |IDY| s mn (Xi(w, 1) N By, MM K*CRG! || Dy[| 7))
< 1DV |5 mn(Bly, 3yAM K2 C R || Dy || 7))
< 1D H (BIAMK*C RS DYl | 7)"
AZM2K302\ "
=H (67 = ¢ ) rh.
Rsns
By the definition of W* we see that
{Puten oy 11 (Ke@)uce,y ) Hi=t

covers the set Js N B(x,r). Finally by (10.17), (10.10), and Remark 10.6, since the
words w(z;)|w(z;)—1| are mutually incomparable, we get

k
mi(B(2,1) < ma(B@,7) 0 butzuc, o (Xitwloe, )
j=1

6yA2M2K3C2\"
< EWH (7) oh
Rsns
6yA2M2K3C2\"
S H(3AK)Q’YY]S(2K0)71 (Rsns ’f‘h
= Cgrh,

and (iv) is proved.
The implication (iv)=-(i) is an immediate consequence of Frostman’s Lemma
(see for example [43] or [46]). Thus the whole theorem has been proved. O

REMARK 10.9. It is obvious that it suffices for the above proof that conditions
(ii) and (iii) of Theorem 10.8 be satisfied for a cofinite subset of I.

REMARK 10.10. Notice that in the proof of Theorem 10.8 the corkscrew con-
dition was only needed to establish the implication (iii)=-(iv).

REMARK 10.11. If condition (iv) of Theorem 10.8 holds, then the stated in-
equality holds in fact for all z € Js.
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We now move to the second main result of this section, which provides necessary
and sufficient conditions for the packing measure of Js to be finite. In particular
we prove that under certain conditions P"(Js) is finite if and only if the conformal
measure my, is lower geometric with exponent h. Before proving the theorem we
make the following observation.

REMARK 10.12. If § = {¢. : e € E} is a maximal, finitely irreducible Carnot
conformal GDMS satisfying the strong open set condition, then

Js N Int(¢e(Xt(e))) 7é 0
for all e € E.

PROOF. Let e € E. By the strong open set condition there exist v € V' and
eo € E such that X, = Xy(.,) and Int(Xy(.,))NJs # 0. Since S is finitely irreducible
there exists w € £ such that eweq € EY. Let xg = 7(v) € Js N Int(Xy(,)). Then
2o € Xy(ep) N Xi(uy), hence t(eg) = i(v1) and by the maximality of S we deduce that
Aeyv, = 1. In particular ¢, (zo) € Js, and

(].0].8) ¢eweo (LE()) € JS'

Moreover,

(10.19)  Pewe, (70) € Pe(Int(Puey (Xi(e0)))) C Int(pe(Xi(wr))) = Int(de(Xi(e)))-
The proof follows by (10.18) and (10.19). O

DEFINITION 10.13. We say that a Carnot conformal GDMS S = {¢¢ }cecr has
thin boundary if there exists some £ > 0 such that

ﬁ{e eE: (be(Xt(e)) N B(aX78) # @} < 0.

THEOREM 10.14. Let § = {¢c}ecr be a mazimal regular Carnot conformal
GDMS with thin boundary which satisfies the strong open set condition and the
weak corkscrew condition. Then the following conditions are equivalent:

(Z) Ph(Js) < +o00.

(ii) There are three constants H > 0, £ > 0, and v > 1 such that for every
e € E and every r € [ydiam(de(Xy(c))),&] there exists y € de(Xy(e)) such that
ma(B(y,r)) > Hr".

(iii) The measure my, is lower-geometric with exponent h. This precisely means
that there exists a constant cs € (0,4+00) such that my(B(z,7)) > csr’ for
every x € Js and all r € [0, diam(X)].

PrROOF. By Lemma 10.12 for every e € FE there exists some z, € Jgs N
Int(pe(X¢(e))). For e € E set de = d(xe,0X). Since S has thin boundary there
exists some € > 0 such that the set E. = {e € E : ¢po(Xy(e)) N B(0X,¢) # 0} is
finite. Therefore if 0, := %min{de ce € E.} we get that min.cp d. > ..

We will now prove that (i)=-(ii). By way of contradiction assume that (ii) fails.
Fix H > 0, € € (0,min{ng,d.}) and v > 1. Then there exist e € F and a radius r
with diam(¢pe(Xy(e))) < r < § such that for every y € ¢e(Xy(c)), we have

mp(B(y,r)) < Hrh.

Notice that
B(xe,7/2) C IntX;() \ B(0X,0.)
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because d(x¢,0X) > 0. and r < £ < §.. Hence if z, = 7(w®) for some w® € EY then
there exists some ng € N such that 7([w®]) C B(x,,r/2). By (7.18) and Theorem
7.4 we deduce that fip, (771 (B(z¢,7/2))) > 0. Therefore Birkhoff’s Ergodic Theorem
implies that if
A={weEY:o"(w) e n (B(xe,r/2)) for infinitely many n}
then fin(A) = 1. Hence by Theorem 7.4 mp(A) = 1, and if B = w(A) C Js then
mp(B) =1 and for every z = 7(w) € B,w € A,
m(o"(w)) € B(ze,1/2)

for infinitely many n’s. Notice that for such a point z and such an integer n > 1,
m(0™(w)) € Xi(w,) = Xi(e) and d(m(0"(w)),0X;(e)) > 6. therefore
(10.20) B(n(0™(w)),0e) C Int(X;()).
Hence by Remark 8.18, recalling that r < £ < 4.,

M (o, (B(r(0"()),7/2))) < [ Dojnllsmn(B(x (o™ (w)),7/2)

< 1D, lIsemn (B(we, 7)) < | Doy, |5 H 1"
By (4.7), since z = ¢y, (7(0"(w))),
Pl (B(m(0"(w)),7/2)) D B(z, | Doy, oo (KC)'1/2).
So,
mi(B(z, (KC) || Déyy, lcr/2)) < H|| Doy, |Ior".

We can now apply Frostman’s Lemma (as in [43], or as in [46, Theorem A.2.013])
and obtain
Ph(Js) > 2KC) " HL,

~

So letting H \, 0, we get P"(Js) = oo. This finishes the contrapositive proof of
the implication (i)=-(ii).

(ii)=-(iii). First notice that by (4.7) for all w € E and p € Xy,
(10.21) P (Ni(w)) D du(B(p, 47 ns)) D B(dw(p), 4KC) | Dol ons),

where the sets N, = B(X,,dist(X,,dS,)/2),v € V where defined in Remark 4.17.

First notice that decreasing H if necessary, the assumption of the lemma con-
tinues to be fulfilled if the number & is replaced by any other positive number, for
example by ns/4. Fix 0 < r < &, x = n(w) € Js, and take maximal k € N such
that

(10.22) Pul (Ni(r)) D Bz, (4K CAoMy) ' 1psr),
where My = diam(UyevN,). By (10.21), since = ¢y, ,, (7(c*(w))) and
(" (W) € Xigwrin)

¢w\k+1 (Nt(warl)) :) B(‘/E7 (4KC)_1||D¢L0‘1€+1 HOOT]S)

By the maximality of k, ¢y, ,, (Ny(w,.,)) does not contain B(z, (4K CAgMy)~tnsr),
hence (4K CAoMo)~'nsr > (4K C)~ Y| D, ., ||lsons, or equivalently

(10.23) r > Ao Mo|| Dy, [loo-
Hence, using (4.9), we get
B(.’ﬂ,r) B B(x’AOMO|‘D¢w|k+1||OO) ) ¢w\k+1 (Xt(wk+1))'
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Hence by Propositions 8.22 and 8.23, we get
(10 24) mh(B(x’ T)) > K_hHD(bw\k+1 ||go mh(Xt(wk+1) N W(Ju]kJrl))
> MpK "||Déyy,, ||

where as in Proposition 8.23, M), = inf{mp(w(J.)) : e € E}. Now notice that by
(4.18)

(1025) (bw\k(Nt(wk)) C B<w7A0M0||D¢w\k”OO)7
therefore, using (10.22), MoAo| Do), oo > (4KCAgMy)~'nsr or equivalently,
T < 4(A0M0)2KC

10.26
(10.26) Dol ns

Put

2 1
o= min { 8(A0J\ZSBK2C’ IAMCK } ‘
Notice that by the choice of a and (10.26), we have that
(10.27) 200 MoK || Dy, || < ns.
We now consider two cases. First, if v|[D¢y, . ||cc > ar, then by (10.24)
ma(B(w, 7)) = (a(yK) )" Myr",
and we are done. Otherwise, i.e. the second case,
(10.28) 7‘|D¢W|k+1||00 < ar.
By (4.5) and (4.9) we have that
diam (w1 (Xe(wiy))) < AMEK DGy, oo DY, 15
Hence, using also (10.28), if y € ¢w, ., (Xp(wyir)),
(10.29) B(y,AMKa| D¢, | 'r) C B(r(c"(w)),2AMKa|| Dy, || 7).
Now by (4.7) and (10.27)
(10.30) ¢w|k(B(7T(ak(w)),2AMKa||D¢w‘k||;olr)) C B(z,2CAMKar) C B(x,r).
Now notice that by (10.28), (4.5) and (4.9)
(10.31)  AMKa| Doy, I = AMA||Déyy,,, lloo 2 v diam (@, ., (Xigwyir)))-
By (10.29), (10.27) and Remark 8.25,
M (o), (B(m(0" (), 2AM Ka|| Doy, 7)) 2 1Dy, smn(Bly, AMKa|| Dy, ||~ 'r)).
Also by (10.31) and (ii)
mu(B(y, AMKa|| Doy, ||'r) = H (AMKa| Dy, | 5'r)"
Hence
M (o), (B(r(0"(w)), 2AM K| Doy, | '7))) = H(AMKa)" 1"

and by (10.30)
mp(B(z,r)) > HAMKa)" rh.
The implication (iii)=-(i) is an immediate consequence of Frostman’s Lemma
(see for example [43] or [46]). Thus the whole theorem has been proved. O
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We close this section with a few remarks and observations concerning Theorem
10.14.

REMARK 10.15. It is obvious that in Theorem 10.14 it suffices for conditions
(ii) and (iii) to be satisfied for a cofinite subset of E.

REMARK 10.16. We do not need to assume that S has thin boundary and
satisfies the SOSC in order to prove the implications (ii)=-(iii)=(i).

Following the reasoning in the proof of the implication (i) = (ii), we can prove
the following weaker statement where we do not need to assume the thin boundary
and weak corkscrew conditions.

PROPOSITION 10.17. Let S = {¢c}ecr be a mazimal regular Carnot conformal
GDMS which satisfies the SOSC. If Pp(Js) < +oo then there are two constants
H >0 and v > 1 such that for every e € E, every r € [ydiam(¢c(Xy())), ns] and
every & € ¢e(Xy(e)) such that B(x,r) C Xyey, mn(B(z,r)) > Hr".

10.3. Hausdorff and packing measures for continued fraction systems in
groups of Iwasawa type

We apply the general theorems about Hausdorff and packing measures, proved
in the previous section, to the class of continued fraction systems introduced in
Section 5.3 and further developed in Section 9.2. Our main theorem in this section
reads as follows.

THEOREM 10.18. Let G be a Carnot group of Iwasawa type and let € > 0. Let
Se = {¢ }yer. be the corresponding continued fraction conformal iterated function
system. Then
Hhs (JSE) =0 and 0< ’PhE(JSE) < 400,

where, we recall, h. := dimy Js_. is the Hausdorff dimension of the limit set Js. .

PrROOF. We want to apply Theorem 10.8 and Theorem 10.14 respectively to
prove the first and the second assertion of our current theorem. The hypotheses of
thin boundary, the strong open set condition, and the weak corkscrew condition,
required to apply these two theorems, are immediate from the definition of the
system S;.

We know from Theorem 9.1 that the system S is co-finitely regular. Let then
m. be the corresponding h.-conformal measure. As always, put

X := B(0,1/2).
Formula (5.13) yields
(10.32) Dy oo = d(v,0) 72

for all v € I.. Tt also immediately follows from (5.13), in fact the calculation of
(5.14) does it, that

(10.33) diam(¢~ (X)) = d(v,0) >
for all v € I... Tt furthermore follows from (5.12) that
(10.34) ¢(X) C B (0, Kcd(v,0)7")

with some K. > 0 for all v € I.. Now for every r > 0 let
I(r):={yel :7/2< K.d(y,0) ' <r}={yel.: Ko~ ! <d(v,0) < 2K.r '}.
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Improving in a straightforward way the arguments leading to (9.2) and (9.3), we
get that there exists some . > 1 such that

(10.35) BT @ < I(r) < Br™@

for all v € I. and every r € (0,1) small enough. Therefore, using Theorem 8.14,
Proposition 8.17 and (10.32)-(10.35), we get

me(Blo,r)) = Y me(¢y(X Z 1Dy 1% ~ > dly,0)72"
(10.36) Y€EI(r) yEI(r YEI(r)
~ 41 (r)r2he a p2he=Q,
Therefore, by virtue of Theorem 9.2, we get that
B
lim sup M > limsup "= ~% = 400.
r—0 re r—0

This in turn, in conjunction with Theorem 10.8 and Remark 10.11 entails that
Hp.(Js.) = 0, and the first part of our theorem is thus proved.

Passing to the second part, note that Pp_(Js) > 0 follows from Proposition 10.3.
In order to prove that Pp_(Js) < 400 we will check that condition (ii) of Theo-
rem 10.14 holds. So, let v € I. be arbitrary and let = € ¢, (X). Fix a radius
(10.37) r € (pdiam(¢, (X)), 1)
with a sufficiently large constant p > 0, independent of v, z, and r, to be determined
in the course of the proof. We will consider three cases. Assume first that

(10.38) r<d(J(7),0).
It then follows from (2.16) and (2.17) that
inf{d(J(z),7) :x € dB(T(7),7)} =

x,0)d(T (v
= rd(v,0)inf { d(:cl, ) T € Z’?B(J(’V),r)}

But 1 9

2.0) < e T () + AT (0) =+ 70— < 2
Therefore,

int{d(T(2).7) 7 € IB(T (1), 1)} 2 5, 0%
Hence,
TBIT6)) 2 B (v pdo0fr).

Now let

I(r):={g€I.:B(g,1/2) C B <7, ;d('y,o)Qr) .

With considerations analogous to those leading to (9.2) and (9.3) (see also (10.35)),
we get

(10.39) #I,(r) ~ 4 {g € G(Z):B(g,1/2) C B <0, %d(’y, 0)27")} ~ d(v, 0)2QTQ.
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Observe that for every g € I,(r) we have

04(0) = 7 o ,(X)(Bla.1/2) < 7 (B (4 500" ) )
C I(IT(B(IT();7)
= B(J(7),7)-

Therefore by (10.40), Theorem 8.14, Corollary 8.24 and (10.32), we obtain

me(B(dy(0),1)) = me((B(T(7).7)) = Y me(¢y(X))

(10.40)

g€l,y(r)
Y (Dol
gEL,(r)
~ Z d(g,0) 2",
g€y (r)
But, for every g € I,(r),
1
d(ga 0) S g(ga ’7) + d(’% O) S id(/y’ O)QT + d(77 0)
1
< §d(77 0) + d(77 0)
< 2d(v,0)

Notice also that by (10.33) and the fact that diam(¢, (X)) > p~'r we deduce that
(10.41) d(v,0)% > 7L
Therefore, using (10.39) along with (10.37) and (10.41), we get that
me(B(64(0),7)) 2 4L, (r)d=2 (,0) ~ (7, 0)% @)1
> rhe=QpQ

he

=T y

and we are done in this case. As for the second case, suppose that d(J(7),0) < r <
2d(J(7),0). Then d(J(vy),0) > r/2, and so, using what we have obtained in the
first case,we get

me(B(¢y(0),7)) > me(B(¢+(0),7/2)) 2 (r/2)"s =27 "erhe,

and we are done in this case too. Finally, if » > 2d(J (), 0), then B(¢,(0),7) D
B(o,7/2) and, in view of (10.36), along with the already noted fact that h. < Q,
we get

me(B(¢(0),7)) = me(B(o,r/2)) Z (r/2)*"e7@ = 2072hephemQphe =z phe,

and we are done in this case as well. The proof is complete. O

10.4. Hausdorff dimensions of invariant measures

In this section we establish a formula for the Hausdorff dimension of the projec-
tion of a shift-invariant measure onto the limit set of a Carnot GDMS. We assume
throughout the section that S is a finitely irreducible Carnot conformal GDMS
with countable alphabet. Let us observe first that the same argument as at the
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beginning of the proof of Theorem 8.5 gives the following fact which can be called
a measure theoretic open set condition.

THEOREM 10.19. Let S be a Carnot conformal GDMS of bounded coding type.
If u is a Borel probability shift-invariant ergodic measure on EY, then

(10.42) pom (bu(Xiw) N ér(Xyr)) =0

for all incomparable words w, T € E7.

Recall that if v is a finite Borel measure on a metric space X, then dimy (v),
the Hausdorff dimension of v, is the minimum of the Hausdorff dimensions of sets
of full ¥ measure. Now we want to establish a dynamical formula for the Hausdorff
dimension of the projection measures p o w1, frequently referred to as volume
lemma. We will do in fact more: we will prove exact dimensionality of such measures
and will provide a dynamical formula for the local Hausdorff dimension. We start
off with the precise definitions of the concepts involved.

DEFINITION 10.20. Let p be a non-zero Borel measure on a metric space (X, p).
We define
dimy, (1) = inf{dimpe(Y) : pu(Y) > 0},
and
dimy (@) = inf{dimy (V) : (X \Y) = 0}.
and call dimy, (u) the Hausdorff dimension of the measure p and dim,, (1) the lower
Hausdorff dimension of .

Of course dimy, (1) < dimy(p). We will see soon that in the context of confor-
mal GDMS these quantities are frequently equal.

Analogously dimy (p) and dimp () will respectively denote the lower packing
dimension and the packing dimension of the measure pu.

The next definition introduces concepts that form effective tools to calculate
the dimensions introduced above.

DEFINITION 10.21. Let p be a Borel probability measure on a metric space
(X, p). For every point € X we define the lower and upper pointwise dimension
of the measure p at the point x € X respectively as

.. Jdogu(B(z,r)) = . log pu(B(, 1))
du(fﬁ) = hgl_félfT and du(l’) = llliljélp T

In the case when both numbers d, (z) and d,,(z) are equal, we denote their common
value by d,(x). We then obviously have

0 (o) tim BHBT)

r—0 logr
and we call d,,(z) the pointwise dimension of the measure p at the point z € X. If
in addition the function X > z + d,(x) is p-a.e. constant (referred to as d, in the
sequel), we call the measure u dimensional ezxact.

)

The following theorem about Hausdorff and packing dimensions of Borel mea-
sures is well known. Its proof can be found, for example, in [53].

THEOREM 10.22. If u is a Borel probability measure on (X, p), then dim,, (1) =

essinfd,, dimy (p) = esssupd,,, dimp () = essinf d,,, and dimp(u) = esssupd,,.

o
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As an immediate consequence of Theorem 10.22 we get the following.

COROLLARY 10.23. If u is a dimensional exact Borel probability measure on a
metric space (X, p), then all its dimensions are equal:

dimy, (p) = dimy (p) = dimp () = dimp () = d,,.

We now shall prove the following main result of this section, versions of which
have been established in many contexts of conformal dynamics. Recall that the
characteristic Lyapunov exponent with respect to p and o is defined as

Xu(o) = — ¢dp >0
2
where ¢ : By — R is the function defined in (7.2). Recall also (6.2) and (6.4) for
the definitions of the entropies H, (o) and h, (o).

THEOREM 10.24. Let S be a boundary regular Carnot conformal GDMS. Sup-
pose that p is a Borel probability shift-invariant ergodic measure on EY such that
at least one of the numbers H,(a) or x,,(o) is finite. Then the measure pom~! is

dimensional exact and

@H(M © ﬂ—_l) = dlm'H(,U/ © 71—_1) = dum\'*l

hu(") . -1 . -1
= =dimp(pon™ ) =dimp(ponr ).
Xu(0) 4
PROOF. By virtue of Corollary 10.23 it only suffices to prove the equality
h
(10.43) o1 = ulo)
Xu(a)

Suppose first that H,(a) < 4o00. Since H, () < oo and since « is a generating
partition, the entropy h, (o) = h,(c,a) < H,(«) is finite. Thus, Birkhoff’s Ergodic
Theorem and the Breiman—-Shannon-McMillan Theorem imply that there exists a
set Z C EY such that u(2) =1,

n—1

(10.44) lim —% Y ¢ool(w) = xul0)
=0

and

(10.45) lim —1o80lwlnD) h, (o)

n—00 n

for all w € Z. Note that (10.44) holds even if x,(0) = 400 since the function
—( : EY — R is everywhere positive. Fix now w € Z and > 0. For r > 0 let
n = n(w,r) > 0 be the least integer such that ¢, (Xi(,)) C B(m(w),r). Then

log(p o7 (B(r(w),1))) = log(no ™" (duy, (Xucw)))
> log(p(([w]a])) > —(Bu(0) +m)n

for r small enough (i.e., for n = n(w,r) is large enough), moreover,

diam (¢, , (Xiw, 1)) =T
Using (4.9) and Lemma 4.9 the latter inequality implies that

logr < log(diam(d,,|, , (Xiw, 1)) < log(AMK\qS:”nil(W(a”_l(w)))D.
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Recalling that ((w) = log || D¢y, (7(o(w)))||, it follows from (10.44) that for arbi-
trary N > 0 and sufficiently large n,

n—2

_ﬁ Z log | D, ,, (m(a?TH(w)))| = —ﬁ z_: log || D, (w(c? (w)))|
j=0 j=1

> Xpu(o) =7
where x},(0) = min{N, x,(c)}. Therefore
n—1
logr < log(AMK) + Y log| D¢/, (m(c” (w)))|
j=1

<log(AMK) — (n— 1)(X;(U) -n)

for all 7 > 0 small enough. Hence

log(pom ! (B(m(w),T))) - —(hu(o) +n)n
logr " log(AMK) — (n—1)(x},(0) —n)
hu(g) +1

— log(A n—
—LoBAME) | n=L(y/ (5) — 1)

for such r. Letting r — 0 (and consequently n — o0), we obtain
1 4B
s 9800 T (B0 b(o) £
0 log r X, (o) —n
Since n > 0 was arbitrary, we have that
1 4B
i 20T B)1) _ hy(o)
r—0 logr X} (o)

for all w € Z. Letting M — 400, we finally obtain

- 1 (B
duowﬂ(ﬂ(w)) = lim sup Og(ﬂo | (W(w),T))) < hu(o)
r—0 log r Xu(0)
for all w € Z. Therefore, as o7 1(7(Z)) = 1, we get that
(10.46) esssup(dyor—1) < hy(0)/xu(o).

Let us now prove the opposite counterpart of this inequality. If x,(c) = +o0,
then h,(0)/x,(c) = 0 and we are done. For the rest of the proof, we assume that
Xu(0) < +00. Let J; C Js be an arbitrary Borel set such that pon=1(J;) > 0.
Fix n > 0. In view of (10.45) and Egorov’s Theorem there exist ng > 1 and a Borel
set Jo C w1(Jy) such that u(Jo) > u(r=1(J1))/2 > 0,

(10.47) plla]) < exp (=) +m)n)
and
Do, (m(a™ ()] = exp((—=xulo) —n)n)

for all n > ng and all w € Jo. In view of (4.14), the final inequality implies that
there exists nq > ng such that

diam (¢, (Xi(w,))) = (AMK)™! exp((—xu(o) — n)n)

(10-48) > exp(—(xpu(o) + 2n)n)
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for all m > ng and all w € J,. Given 0 < r < exp(—(xu(o) + 277)111) and w € Jo,
let n(w,r) be the least number n such that

(10.49) diam (@, ,, (Xi(wn,1))) <T-
Using (10.48) we deduce that n(w,r) + 1 > ny, hence n(w,r) > ny and
diam((bwln(wm) (Xt(wn(w.r)))) 2 T.

Using Lemma 10.7 we find a universal constant I"' > 1 such that for every w € zg
and 0 < r < exp(—(xu(0) + 2n)n1) there exist & < T points w®, ... ,w® € J,
such that

m(J2) N B(w U P, )y ( < o >> :

“ (@@ )

Let fi = plj, be the restriction of the measure u to the set Jo. Using (10.42),
(10.47), (10.48) and (10.49) we get

from H(B( <Z“°7T (Puo) (@, >(Xt(w 9 )

n(wl) r)

M([w(j)|n(w(j) r) Zexp +77) ( (j)vr))

n(w(@ ) —hy(o)+n

(ex (= (xu(0) + 20) (), r) 1)) ) 7T T

|

1

J

I

Il
—

J

n(w@,r)  hu(e)-n

k (@@ 1 Xule)¥2n
< E iam j X
>~ dia ¢w(J)|n(w(j>w)+1 (])

j=1 n(w(ﬁ 41

k ,L(w(J) ) hy (o)—n hy(o)—2n
< E poa@@ 1 Xu(e)F2n < Lyxu@¥2n

Jj=1

where the last inequality is valid provided n; is chosen so large that
m (o) _ (o)~ 2
ni+1 xu(o)+2n ~ xulo) + 21
Hence dimy(J1) > dimy /(7 (Jg)) > (o) =2 gy n was arbitrary, dimy (J1) >

= Xu(o)+2n"
i’*%’;; Thus dimy, (pomr~t) > N E‘;; By virtue of Theorem 10.22 this means that
h
essinfd, -1 > “(0),
Xu(0)

and along with (10.46) this completes the proof of (10.43) in the case of finite
entropy.

If H, () = oo but x, (o) is finite, then it is not difficult to see that there exists
a set Z C EY such that u(Z) =1 and

tim —los(u(wla])

n—00 n

= +o0

for all w € Z. Therefore the above considerations would imply that dimy (1) = 400
which is impossible, and the proof is finished. O
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REMARK 10.25. Observe that the property pu([w]) = pon (¢ (X)), which
is equivalent with (10.42), was not used in the proof of the inequality dimy (p o
1) < bhulo)
Xpu (o)
REMARK 10.26. It is worth noting that H, (o) < oo if and only if H,(a?) <
oo for some ¢ > 1, and therefore it suffices to assume, in Theorem 10.24, that
H,(a?) < oo for some ¢ > 1.

COROLLARY 10.27. If the boundary regular Carnot conformal GDMS S =
{bc}ecr is strongly reqular, or more generally if it is reqular and Hy, (o) < oo,
then

dimyy (mp,) = dimy (pp) = dimy (Js).
Recall that puy, is the shift-invariant version of the h-conformal measure my,.

PRrROOF. We remark first that for each strongly regular system S, Hy, (o) < o0.
Indeed, since S is strongly regular, there exists > 0 such that Z; (h—n) < oo, which
means that Y. p|[D@e||2;" < oo. Since by Lemma 4.18 limeeg ||[Delloo = 0
we have that ||Do.||" > —hlog(||D¢el|loo) for all but finitely many e € E, and
therefore the series > _ —hlog(|| Dée||oo)|| Déde ||, converges. Hence, by virtue of
(7.18),

eckl

> —log(jin([e])fin([e]) < oo
ecE
which means that Hj, (a) < oo.
Suppose that S is regular and Hj, (o) < oo. Since my, and pj are equiva-
lent, dimy (pp) = dimg (my,), and hence by Theorem 7.19 it suffices to show that
dimy () = h. Notice that for w € EY,

Y —Cool(w) = — Y log | Déu, ., (n(o @)
=0 =0

= —log (| D, (o (@) [ 1D usy (w(o* @) + -+ 1D s, (0™ (@)))]]) -

Using (3.6) and the fact that m(0"(w)) = ¢uy,, 0+ 0 Pu,, (7(6™(w))) for 1 <k <n
we deduce that

n—1

(10.50) > —¢ool(w) = ~log || Dy, (r(c" (w)))

=0

Since fip, and my, are equivalent, by (7.18) there exists const > 0 such that
—log(const™" fin([w]n])'/") < —log|Dy, ((0" (@) < ~log(const fin ([w]])'/").

Therefore,

(10.51) tim 18]y, Zlog DG, (o )]

n—o0 n n—r00 n

Therefore by (10.50), (10.51), Birkhoff’s Ergodic Theorem and the Breiman—Shannon—
McMillan Theorem we get that

hz, (o) = lim —log(pin([w]n])) b lim —Z?;lgogj(w)

n—oQ n n—oo n

= hXﬁh (0>

for a.e. w € EY. The proof is now completed by invoking Theorem 10.24. (]
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We end this chapter by showing that i, is essentially the only invariant measure
on E'} whose projection onto Js has maximal dimension dims(Js).

THEOREM 10.28. Let S = {¢o}tecr be a finitely irreducible and boundary reg-
ular conformal Carnot GDMS. Let u be a Borel ergodic probability shift-invariant
measure on EY such that H,(a) < +oo. If dimy(uon~1) = h:= dimy(Js), then
S is regular and p = fi,.

PROOF. If x,(c) = 400, then Theorem 10.24 implies that h = dimy (uor—1) =
0 which is a contradiction. Thus x,(0) < 400 and it follows from Theorem 10.24
that h,(c) — hxu(oc) = 0. In view of the Second Variational Principle (Theo-
rem 6.13), P(h) > 0. Observation 7.6 then entails P(h) = 0, meaning that S is
regular. In consequence both shift-invariant measures p and 5, are equilibrium
states of the potential h( : EYf — R. Observation 7.14 and Theorem 7.4(e) guaran-
tee that p = fip,. The proof is complete. (]






CHAPTER 11

Equivalent separation conditions for finite GDMS

In this chapter we consider the problem of finding equivalent separation condi-
tions for finite graph directed Markov systems (GDMS). We record that the topic of
equivalent separation conditions for iterated function systems (IFS) has attracted
considerable attention and has been investigated from various viewpoints, see [57],
[58], [51], [38], [35], [6], [54]. In the following we prove that for a finite irreducible
weakly Carnot conformal GDMS S, the open set condition, the strong open set
condition and the positivity of the h-dimensional Hausdorff measure of the limit
set Js, are equivalent conditions.

For self-similar Euclidean iterated function systems this equivalence is a cel-
ebrated result of Schief [57]. Peres, Rams, Simon and Solomyak [51] provided a
beautiful proof of the aforementioned equivalence for conformal Euclidean iterated
function systems. Our main result in this Chapter, namely Theorem 11.6, extends
the result of Peres, Rams, Simon and Solomyak in a twofold manner. Our theorem
is valid for the broader class of conformal graph directed Markov systems (IFS are
examples of GDMS) and it also holds on general Carnot groups. We stress that
the equivalences proved in Theorem 11.6 involve GDMS and they are new even in
Fuclidean spaces. Although our proof follows the scheme of Peres, Rams, Simon
and Solomyak from [51], many nontrivial modifications are needed, partly because
of the sub-Riemannian structure of G and partly because we work with GDMS.

If § = {¢c}ecr is a weakly Carnot conformal GDMS we will use the notation

Jo i=Jsw = du(JsN Xt(w)),
for w € EY.
DEFINITION 11.1. Let S = {@e }ecr be a weakly Carnot conformal GDMS on

G, d) and let € > 0. The finite words w, T € E% are e-relatively close if t(w) = t(r
A
and for every p € Js N Xy,

d(pw(p), P (p)) < e min{diam(J, ), diam(J;)}.

REMARK 11.2. Notice that if w, 7 are e-relatively close and
min{dist(X,,, X,,) : v1,v2 € V} A

max{diam(X,) : v € V} T

then i(w) = (7).
The following condition was introduced by Bandt and Graf in [10].

DEFINITION 11.3. A weakly Carnot conformal GDMS S = {¢.}ecr on (G,d)
satisfies the Bandt-Graf condition if $(Js N X,) > 1 for all v € V and there exists
some € > 0 such that for every w, T € E% with t(w) = ¢(7) the maps ¢, and ¢, are
not e-relatively close.
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DEFINITION 11.4. Two weakly Carnot conformal GDMS S and &’ in (G, d) are
called equivalent if:

(i) they share the same associated directed multigraph (E, V),
(ii) they have the same incidence matrix A and the same functions i,t : E —
v,
(iii) they are defined by the same set of conformal maps {¢c : W) = Wi},
where W, are open connected sets, and for every v € V, X, U X! C W,,.

We state the following straightforward observation as a separate remark.

REMARK 11.5. If S and 8’ are two equivalent weakly Carnot conformal GDMS
then Js = Jg/.

Our main result in this chapter reads as follows.

THEOREM 11.6. Let S be a finite, irreducible and mazximal weakly Carnot con-
formal GDMS on (G,d). Then the following conditions are equivalent.

(i) There exists a Carnot conformal GDMS 8" which is equivalent to S.
(ii) H"(Js) > 0 where h is Bowen’s parameter.

(iii) There exists a weakly Carnot conformal S’ equivalent to S which satisfies
the Bandt-Graf condition.

(iv) There exists a Carnot conformal GDMS S’ equivalent to S which satisfies
the strong open set condition.

Recall that the strong open set condition (SOSC) was introduced in Definition
10.2.

REMARK 11.7. If § is any finite and irreducible GDMS then by Proposition 4.5
there exists another finite and irreducible GDMS S which is maximal and Js = Jg.
In several instances in the proof of Theorem 11.6 we will use the fact that the sets
X, are disjoint, while recalling the proof of Proposition 4.5, the sets Xv,v € V
are not necessarily disjoint. Nevertheless this can be rectified using formal lifts of
GDMS as it was described in Remark 4.20. Therefore the maximality assumption
in Theorem 11.6 is not essential.

PRrOOF. The implication (i)=-(ii) was proved in Theorem 7.18, and the impli-
cation (iv)=-(i) is obvious, hence we only need to show that (ii)=-(iii)=(iv). Before
giving the proof of (ii)=-(iii) we need several auxiliary propositions. The first one
is an immediate corollary of Propositions 4.15 and 7.16.

COROLLARY 11.8. Let S = {¢de}tecr be a weakly Carnot conformal GDMS. If
S is conformal or if H"(Js) > 0, then for every w € EY,

diam(¢u (Js N Xy(w))) > (2L2K) ™ koo Dol oo
where kg is as in Lemma 4.14 and po = min{diam(Js N X,) : v € V}.

We will also need the following two propositions involving properties of e-
relatively close words.

PROPOSITION 11.9. Let § = {¢c}ecr be a mazimal and finitely irreducible
weakly Carnot conformal GDMS on (G,d) such that §(Js N X,) > 1



(11.1)

11. EQUIVALENT SEPARATION CONDITIONS FOR FINITE GDMS 131

(a) If T and 7' are e-relatively close and w € E% is such that both wr,wt’ € EY
then wt and wt’ are cie-relatively close, where

_ 2(AKL)*M
Kolo

(b) IfT and 7" are e-relatively close andw € E% is such that both Tw, T'w € E%

C1

then Tw and T'w are ca|| Dy le-relatively close, where
2(KL)>AM
g = —"——.
Koo

(¢) If w and T are e-relatively close then
diam(J,) < (1 + 2¢) diam(J,).

(d) If the words w, T are e1-relatively close and the words T, p, are eo-relatively
close words, then w and p are (e1 + e + 4e182)-relatively close.

PROOF. (a) Let € Js N X;(+). Then by (4.8),

d(¢w7‘(£)7 ¢w7” ($)) < A||D¢w||ood(¢7'(-r); ¢T’(x))
< A|| D¢y ||ooe min{diam(J; ), diam(J,/)}.

Moreover by (4.6), (4.9) and Proposition 4.15 we obtain

D¢ |00 diam(J-) < AM|[ D¢y |oo|| Dér||oo
< AMK|[Dgurloo

(11.2) N b o
2AM L K
< ——— diam(J,,,),
Kofho
and in an identical manner
QIAMI?K?
(11.3) IDéy || oo diam(J; ) < —— diam(J,,).
Koo

Hence (a) follows after combining (11.1), (11.2) and (11.3).

(b) Let x € Js N Xt(w), then
(bw(.');‘) eJsnN ¢w(Xt(w)) c JsnN Xi(w) =JsN Xt(.,.) =JsN Xt(,,./).

Hence, since 7, 7" are e-relatively close,
(11.4) A(prw(x), priw(z)) < emin{diam(J; ), diam(J,/)}.
Notice also that by (4.6), (4.9) and Proposition 4.15

diam(J;) < AMHD(éTHoo < AMK||D¢UJ||;01HD¢7—M||00
< 2AM(LK)2

D¢l diam(J-),
Koo

and an identical inequality holds if we replace 7 by 7. These, combined with (11.4),
imply (b).

(c) Since w and 7 are e-relatively close, Xy(.) = Xy(r). Thenif z,y € Js N Xy

d(Gu (1), ¢u(y)) < d(du (), ¢r(2)) + d(d7(2), ¢ (y)) + d(dw (), ¢ (y))
< (14 2¢)diam(J;).
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(d) First notice that Xy) = Xy(r) = Xy(py- Then if x € Js N Xy,
d(dw (), dp(7)) < d(¢u (), ¢7(x)) + d(Pp(2), o7 (2))
(11.5) < gy min{diam(J, ), diam(.J;)}
+ g9 min{diam(J,), diam(J;)}.
If diam(J,,) < diam(J,) then trivially,
min{diam(J,), diam(J;)} < diam(J,,) = min{diam(J,,), diam(J,)}.
On the other hand if diam(J,) > diam(J,) then by (c)
diam(J;) < (1 + 2e) diam(J),)
= (1 + 2e2) min{diam(J,,), diam(J,)}.
Thus,
(11.6) min{diam(J,,), diam(J;)} < (1 4 2e2) min{diam(J,,), diam(J,)}.
In the same manner we also obtain,
(11.7) min{diam(J,), diam(J;)} < (1 + 2¢1) min{diam(J,,), diam(J,)}.
Hence by (11.5), (11.6), and (11.7) for every = € Js N Xy ()
d(¢u (), ¢p(x)) < 1(1 4 2e2) min{diam(.J,, ), diam(.J,)}

+ e2(1 + 2¢1) min{diam(J,,), diam(J,)}
= (g1 + 2 + 4e1e2) min{diam(J,,), diam(J,)}

and the words w and p are (g1 + €2 + 4e1e2)-relatively close. O

PROPOSITION 11.10. Let 8 = {¢e}tecr be a mazimal and finitely irreducible
weakly Carnot conformal GDMS on (G,d) such that 4(Js N X,) > 1. If for every
e € (0,\s) there exist w',w? € E% which are e-relatively close, then for every
N € N,N > 2, and for every € € (0, \s) there exist distinct words p*,...,p"N € E%
which are pairwise e-relatively close.

PROOF. It is enough to show that if for every ¢ > 0 there exist N > 2 distinct
words in E% which are pairwise e-relatively close then for every ¢ we can find 2V
distinct words in E’ which are e-relatively close.

For the rest of the proof ¢; and ¢y will be as in the proof of Proposition 11.9.
Let ¢ € (0,\s) and let p',... N € L% be distinct words which are pairwise
e1-relatively close, where

€
=min< 1, s, — ;.
€1 mm{ S 1001}

Let ® C E% be the set of words witnessing finite irreducibility for S. We set
(11.8) m = min{||Dépillec : i =1,..., N} -min{|| Do, | : 7 € ®}.

Let also w!,w? € F% which are ea-relatively close and

L em
E9 = IMIN e um— .
2 S 10K ¢y
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Notice that by the definition of relatively close words, t(wy) = t(ws) and i(p?) =
i(p?) for all4,j =1,..., N. Since S is maximal and finitely irreducible there exists
T € I such

wltp' € B4 and w?tp' € EY,
foralli=1,...,N. Let
W={we€E}:w=uwrp or w=w?rp’ for somei=1,...,N}.

Since $W = 2N, in order to finish the proof of the proposition it suffices to show
that if w,w’ € W then they are e-relatively close. We are going to prove this
assertion by considering several cases.

By Proposition 11.9 (a) the words w'7p® and w'7rp?,i,j =1,..., N, are

ciep-relatively close.
For the same reason the words w?rp’ and w?7p?,i,j =1,..., N, are also
ciep-relatively close.
Moreover by Proposition 11.9 (b) we deduce that the words w!7p’ and w?rp’ are
ca|| Doyl e2-relatively close.
By (4.6) and recalling (11.8)
1Dérplloe > K~11D6, ol D6,

hence the words w!rp’ and w?7p’ are

1 -
OOZK m’

co K~ tes-relatively close.
Finally if 4,5 = 1,..., N by Proposition 11.9(d) the words w'7p’ and w?rp’ are
(c161 + K com ™ ey 4+ 4K cicom ™ Leie5)-relatively close.

By the choice of €1 and 2 we deduce that any two words from W are e-relatively
close. The proof is complete. O

(ii)=-(iii): First of all Proposition 7.16 implies that #(Js N X,) > 1 for all
v € V. We fix some N € N. By Proposition 11.10 there exist p!,..., p" which are
As/2-relatively close. Recalling Theorem 7.4, let i, be the unique shift-invariant
probability measure on EY. By (7.18) jin([p']) > 0, hence by Birkhoff’s Ergodic
Theorem if

A={we EY:o"(w) € [p'] for infinitely many n € N},

then fin(A) = 1. So by Theorem 7.4 m,(A) = fin(A) = 1.

Let w € A and let n € N such that 0" (w) € [p!]. Then t(w,) = i(p1) and
since S is maximal and the words p!,...,p" are \s/2-relatively close we deduce
by Remark 11.2 that t(w,) =i(p?) for all i = 1,... N hence

wlnp' € B},

foralli =1,..., N. Hence Proposition 11.9 (a) implies that the words w|,p", . .., w|.p"
are c1\s/2-relatively close. Now notice that if p,q € JsNXy(,iy and i,j =1,..., N
then

d((bw\npi (p)a (bw\np" (Q)) < d((rbw\npf' (p)> (rbw\npj (p)) + d(¢w|"pf (p)7 ¢w|npj (Q))

+ d(¢w\npj (q)v ¢w|np’7 ((])
< (14 c1ds) diam(Jy), i )-
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Hence we deduce that

(11.9) max diam(Jy,|, ) < (14 c1ds) rlnln diam(J,|, p)-

i=1,..., =1,...,

We will now show that if x = 7(w),z € A then

N
(11.10) U Jufnp € B(z,7),
i=1
where
A
(11.11) r= (1 + 6125> ax {diam(J,, i)}

First notice that since the words p’ are \s/2-relatively close, Proposition 11.9(a)
implies that for any i = 1,..., N and any p € Js N Xy, (vecall that ¢(p*) = ¢(p")
foralli=1,...,N) we have

(11.12) A(@u), pr (D) 3P|, pi (D)) < %mln{dlam(Jw“pQ,diam(Jw‘npi)}.

Since z = m(w) and 0" (w) € [p'], x can be written as

& = G pr ((@" P 1(0))) i= By, 1 (20),

where zg € JsNX;(,1). Therefore, forany i = 2,...,N, and for any ¢ = ¢, i (p),p €
Js N Xt(pi),

d(l’, Q) = d(¢w|np1 (mO)v d)w\np"' (p))
< d(d)wlnp1 (.1'0)7 ¢w\np1 (p)) + d((bw\npl (p)7 (bwlnpi (p))
Cl>\

S . _
— izI{lflj%N{dlam(thpz )}

< diam(Jw‘npl) + 5

Cl)\S
< (1 + 5 )l maXNdlam(Jw|npi)},

and (11.10) follows.
Now notice that [w|,p’] C 771 (Jy), ). Hence by (11.10), (7.18) and (4.9) we
deduce that if x = 7(w) and w € A,

mu(B(x, 1)) = 1 (77 (B(z, 7))

(U

N N
(U [w]np" > th [w]np'])
> Chz

=1

N
> ep(AM) ™1 diam(J,), )"
=1

> cp(AM)~ LN rlmn {diam(J,), p)h}.
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Therefore by (11.9) and (11.11)
my(B(z, 7)) Ch
> N.
rh T AM(1 4 c1As)?h
Since r — 0 as n — oo, (11.13) implies that

. mp(B(z, s)) ch
1 > N
TP T sh T AM1tars)?h

for x € m(A). Hence by [46, Theorem A2.0.12] we deduce that
H" (w(A)) S N~y (n(A))
where the constant only depends on the system S. Moreover,
mp(m(A)) = imn (77 (1 (A))) = 7 (4) = 1,

hence my,(Js \ 7(A)) = 0 and by Theorem 10.1 we also get that H"(Js\ m(A4)) = 0.
Therefore

(11.13)

Hh(JS) < N_lmh(JS).
Since N can be taken arbitrarily large we deduce that H"(Js) = 0 and we have
reached a contradiction. The proof of the implication (ii)=-(iii) is complete.
For the proof of the implication (iii)=-(iv) we will use several lemmas. Following
[61] for any w € E% and any «a > 0 and T' > 1 we define

. . _ diam(J,)
W, - { B i(w) = i(p), T-'< S2Y) o p
wrl) = {pe By i) = (), T < TR <
and dist(J,, J,,) < adiam(Jw)}.
In the following lemma we show that the Bandt—Graf condition implies that the

cardinality of W, r(w) is bounded for all w € E% and the bounds only depend on
o and T.

LEMMA 11.11. Let S be a finite, irreducible, and mazimal weakly Carnot con-
formal GDMS on (G,d). If S satisfies the Bandt—Graf condition, then for all « > 0
and T > 1, there exist positive constants C(c,T) such that for all w € E%,

Wor(w) < Cla,T).
Proor. Fixw e E) and a > 0,7 > 1. Forv € V let
ar(w)={p € War:t(p) =0}

Notice that it is enough to show that for all v € V there exist positive constants
C"(«, T) such that
(11.14) iWa r(w) < C%(a,T).
To this end, fix some v € V and let
Ko o e}
8ASKT?
where all the appearing constants are as in Section 4.2, and € comes from the

Bandt—Graf condition. Since S is finite, the limit set Js is compact. Hence there
exists some ng € N and {x1,...,2,,} € Js N X, such that

e = min {773,

)
JsN X, C | JB(zi,re).

i=1
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By the Bandt—Graf condition there exists x,, € JsNX,, such that for all 7, p € Wa s
(11.15) d(¢r(zv), ¢p(zy)) > e min{diam(J; ), diam(J,)}.
If z € G and d(x,,2) < 7. then & € S,. Hence by the choice of r., (11.15), (4.11)
and Corollary 4.16 imply that
d(97(2), 9p(T)) = d(Pr(20), 9p(0)) — d(Dp(Z), Pp(a0)) — d(d7(Z), Pr(20))
> e min{diam(J;), diam(J,)} — Ad(zy, Z)([| Déplloc + | Dorloc)
> emin{diam(J-), diam(J,)} — Arc([|D¢plloc + [|Dor o)
2A3K

Koo

> e min{diam(J, ), diam(.J,)} — re(diam(.J,) 4 diam(.J,)).

Since p, 7 € Wy, r(w),

d(¢-(2), 9p(Z)) = (eTl _ AWK Tr8> diam(J,,),
Kolo
hence by the choice of r.,
(11.16) A(6+(2),6,(2) > 57 diam(L),

Using the standard method for constructing product measures, see e.g. [30,
Section 2.5], there exists a Borel measure v on G™, which is identified with (RY )"0,
such that if {A;}7°; are Borel subsets of G then

ng
(11.17) v (H Ai> = |A;|™.
i=1
For E = (&1,...,%p,) € G™ and r > 0 let
BE,7) :={Y = (Y1,---,Yny) € G™ : d(y;,&) < r}.
For any p € W p(w), let

2, = (3p(x1), - -, Dp(Tny)) € G™.

Notice that =, is well defined because for all i = 1,...,ng, z; € X, t(p) = v and
and S is maximal, hence ¢,(z;) makes sense for i = 1,...,n9. We also define,

_ diam(J,)e

We are now going to prove that
(11.18) B, NB, =0, for 7 # p,7,p € W] 7(w).

By way of contradiction assume that (11.18) fails. Then there exists some Y =
(Y1, Yny) € B, N B, such that

di Jo di Jo
Ay, 6p(e0)) < T gy, 6, () < TR,
foralli=1,...,n9. Hence
(11.19) Ao (), 6+ (r)) < TUT)E

2T
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Since JsNX, C U, B(x;,re) there exists some ig = 1,.. ., ng, such that d(z,, z;,) <
re. Hence by (11.16)
diam(J,,)e
d(¢p(xio)7¢‘r(xio)) Z T7

which contradicts (11.19). Therefore (11.18) follows.
For every = € Js N X, and for every p,7 € W 1(w),

d(¢,(x), d-(x)) < diam(J;) + dist(J;, Jo,) + diam(J,,)
(11.20) + dist(J,,, J,) + diam(J,)
< (2(a+T) + 1) diam(J,,).
Fix some p € W 7(w) and let
By =B(Z,,(1+2(a+T) +eT ") diam(J,)).
We are now going to show that
(11.21) B, C By

for every T € ngT(w). Let 7 € W, p(w) and let Y = (y1,...,Yn,) € B;. Then by
(11.20) for all i =1, ...

d(y“(ﬁp(l‘l d yza¢7' xz)) +d(¢‘r(‘xi)’¢p($i))
(5 +2(a+T)+ 1) diam(.J,,),

and (11.21) follows.
Notice that by (1.9)

v(By) =v (1_0[ B(¢p(x:), 1+ 2(a+T) + eT™ 1) diam(Jw))>

= H |B(¢p(xi), (1+2(a+T) +eT ") diam(J,,))|

=co ((1+2(a+T)+eT™ ) diam(J,)) ™.
Moreover by (11.18) and (11.21)

iam noQ
vBo) 2 Y vl = Wi (D)

TEWY 1(w)
Hence,
AT(1 4 2(a + T) +eT~1)\ "¢
iyt (AT T )
and the proof is complete. [

REMARK 11.12. For any w € E’ and any o > 0,7 > 1 let

) ) _ diamec(J,)
“r(w) = E} = Tl < LT
sr@)={pe Baziw) =ip), T < IS ST,

and distec(Jp, Ju) < adiamCC(Jw)}.
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It follows immediately by Lemma 11.11 and (1.7) that there exist positive constants
C°(a, T) such that

(11.22) tWar(w) < Ca, T).

In fact C°°(a, T) = C(La, LT).

LEMMA 11.13. Let S be a weakly Carnot conformal GDMS on (G,d). If T € E%
satisfies diame.(J;) < R then for all w € E} such that wt € E% and for all
y € G such that diste.(y, Jr) < diame.(J;),

- diamee(J,r)
(11.23)  exp(=Cdiamee(Jr)) < 5o g =7

< exp(C diame(J;)),
5 _ A K(2+LKC
where C' = %
PrOOF. We will first establish the right hand inequality. Notice that
11.94 diStcc(y>Xi('r)) < diStcc(ya ¢T<Xt(T))) < diStcc(:% JT)
(11.24) < diamec(J;) < ns.

Since wr € I, we know that i(7) = t(w) hence by (11.24) y € Sy(,,). Therefore
¢ (y) and ||Dey,(y)|| are well defined.

For p,q € G, if 7,4 : [0,T] — G is the horizontal geodesic curve joining p and
q, we will denote its arc by

V.ol = {1p.q() : £ € 0, T}
Let p,q € Js N Xy(7). Then by the segment property [12, Corollary 5.15.6],
V6, )60 (@)) € Bee(dr(p), dee(d+(p), d-(q)))
(11.25) C Bee(¢r(p), diamec(J7))
C Bee(9r(p),ns) C Ni(w)-
By Lemma 3.8 and (11.25) there exists some z € G such that,

(1126) diStcc(Z, JT) <7ns,

(11.27) D¢ (2)|| = max{[|Dow (Ol : € € Vs, ()6 ()]}
and

(11.28) dec(Guwr (P); Pur (@) < D@ (2)||dec(d7(p), 6 (q))-

If y € G satisfies distec(y, Jr) < diame(J7), then y € Ny, and by Remark
4.17, since also z € Ny, by (11.25),
Do (2)

D¢ - (BoK
(11.29) IR p(l_sdcc(y, ))-

Moreover by (11.26),
dee(y, 2) < distec(y, Jr) + distec(z, Jr) + diamec (J7)
< 3diamc.(J;),

hence by (11.29)

(11.30)

| Déu(2)] SAK
Do) = P < —s dlamcc(JT)> .
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By (11.28) and (11.30) we deduce that

Ao K
diamee(Jor) < || Do ()] exp (31 0 diamCC(JT)> diamee(J,),

—s
and the right hand inequality has been proven.

We now move to the left hand inequality. First notice that by (11.28) and
Corollary 4.10 if p € Js N Xy(7) then

Bcc(¢wT<p)7 diamcc(JwT)) C Bcc(@df(?’)v ||D¢w||oo diamCC(JT))
C ¢u(Bee(@r(p), LKC diamec(J7))).
Hence if £ € Bee(¢,r(p), diamee(J,,-)) then

(11.31) 62" () € Bee($7(p), LKC diamee(J;)) € Bee(d-(p), ns)-
In particular,
(11.32) distec (¢ (€), J;) < LKC diamec(J;).

If p,q € Js N Xy(7) then by (11.28),
dcc(¢w7(p)7 ¢wT(Q)) < ||D¢w||oo diamCC(J‘r)'
Hence if v4__(p),¢..(¢) s the horizontal geodesic joining ¢,,-(p) and ¢.7(q),

['7d>u,(p),¢w.,.(q)] - Bcc(¢w7<p)7 dcc(¢w7(p>7 (bwT(Q))) - Nz(w)

Therefore by Lemma 3.8 there exists some z € Bee(¢ur (D), dec(Pur (D), Pur(q)))
such that

dec(dr(p), 67 (0)) = dec(05, (dur (9), 05, (b ()))
(11.33) <DL ()]l dec(bur (P), buor ()
= [[Dgu (¢, ()™ dec(buor (9)s duor (9))-
If y satisfies dist..(y, J-) < diamc.(J,), then by (11.32)
dec(y, 65 (2)) < (2 + LKC) diamee(Jr).
Now by Remark 4.17, since by (11.31) ¢_(2) C Bee(é-(p),ns) C Ni(w),

D¢, 2+ LKC)AoK
D6 ¢ o (@H KON (),
Do (¢ (2)) 1-s
The left hand side inequality follows after combining (11.33) and (11.34). The proof
of the lemma is complete. (Il

(11.34)

LEMMA 11.14. Let S be a finite, maximal, weakly Carnot conformal GDMS on
(G,d). Let To > 1 and € > 0. Then there exists some dr, . such that for every
T € EY such that diame.(J;) < dp, e, every a € [0,1], every T € [Ty, 2Tp] and
every pair of words, w,p € K such that p € W% () and wp € E7,

(11.35) wp € Weliye) 1(14e) (WT)-

PROOF. Recalling the definition of W% (7), see Remark 11.12, we deduce that
i(p) = i(7). Since wp € E%, i(p) = t(w); hence t(w) = i(7) and by the maximality
of S, wr € E. We will assume that dr,, - < 57 5. Since trivially i(wr) = i(wp),
in order to establish (11.35) it suffices to show that
L diamee(Jur)

(11.36) T(1+¢) ~ diamee(Jo,)

<T(l1+e¢),
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and

(11.37) distee(Juwrs Jwp) < a1 + €) diamee (Joor ).
We will first check (11.36). Since p € W% (7),

(11.38) distec(Jr, J,p) < adiamee(J;).

Thus, there exists some z € J, such that

ns

dec(z, J7r) < adiame(J;) < dpy. < IKC:

Therefore we can apply Lemma 11.13 and obtain,
(11.39) diamec(Jor) < |[Doo(2) exp(C diame (7)) diamee (J;).
Notice that since p € W% (7),

ns
LKC’

Therefore, since also z € J,, we can apply Lemma 11.13 once more and get

(11.40) diamec(Jup) > [|Ddw (2)]] exp(—C diamec(J,)) diamec(J,).

diamec(J,) < T'diameo(J7) < 2Tpdp, c <

Combining (11.39) and (11.40) we obtain

diame (Jyr) diame.(J;)
diamee(J,p) — diamec(J,))
< T exp(Cdr, < (1+ 2Tp)).

exp(Cdr, (1 + 2Tp))

Choosing dr, . small enough, we obtain the right hand inequality in (11.36). The
proof of the remaining inequality in (11.36) is very similar and we omit it.

We will now establish (11.37). By (11.38) there exist p € Js N Xy(;) and
q € Js N Xy(,) such that

(1141) diStcc(J‘ra Jp) = dcc(¢f(p)a ¢p(q)) § adiamCC(JT)'

Hence, if 74 (p),¢,(¢) is the horizontal geodesic curve joining ¢ (p) and ¢,(q), argu-
ing as in (11.25) and using (11.41) we deduce that

h(br (p)7¢p(Q)] C Bee(¢+(p), dec(é+(p), 6+ (q))
C Bee(r(p), adiamee(J;))
C Bee(97(p),d1,c) C Ni(w)-
Therefore by Lemma 3.8 there exists some ¢ € Ny, such that
distec (¢, J7) < diamee(J7) < dpy e

and
dec(Pur (P); Gup(a)) < [[Ddu(Q)|dec(9r(p); $5(q))-
Thus,
(11.42) distec(Juwr, Jwp) < @[ Doy (Q)|| diamee(J7).
By Lemma 11.13,
diamee (J,,r) ~ .
(11.43) [1D¢u (Ol < —————~ exp(C diamec(J7)).

diame.(J;)



11. EQUIVALENT SEPARATION CONDITIONS FOR FINITE GDMS 141

Combining (11.42) and (11.43),

distee(Juwr, Juwp) < a diamee(Jyr) exp(C’dTovs))
< a(l + ¢) diamec(Jowr),

assuming that dr, . is taken small enough. Therefore (11.37) has been proven and
the proof of the lemma is complete. O

ProprosITION 11.15. Let S be a finite, irreducible and mazimal weakly Carnot
conformal GDMS on (G,d). If S satisfies the Bandt—Graf condition, then there
exist open sets O,,v € V, such that,

(1) JsN Oy, #0 for allv eV,
(2) O, C Int(N,) C W,, for allv eV,
(3) if O := Uyev O, then for all T,p € Ey, T # p,

6+(0) € O and 6-(0) N 6,(0) = 0.

PROOF. Recall that the sets N, where defined in Remark 4.17. Since E is
finite, there exists Ty large enough such that for all e € ¥ and for all 7 € E such
that Te € E%,

(11.44) diamec(J;) < T2 diamee(Jre)
and
(11.45) Ty diame.(J.) > 1.

This is possible because by (1.7), (4.9), (4.6), and Corollary 4.15,
diamec(J;) < L diam(g, (Js N Xy(r)))
1
[De| oo

[Dprelloo

< LM D¢ |los [ Dépelloo

< LMK
~ mineep{|[Doello}
C(L,M,K)
= Kopo minee p{[|Doelloo }
We will now show that if r € (0, 1], then for any w € E% such that diamc.(J,) < r

diamec(Jre)-

there exists some k =1,..., |w|, such that

(11.46) Tt < diam+(‘]“"“) < Ty
By (11.45), there exists some k =1, ..., |w]|, such that
(11.47) diamee(J,),) > TLO

Let ko be the minimal k € N satisfying (11.47). Since diamcc(J,) < 7, ko < |w].
By the minimality of ko,

(11.48) diamee (Jo), ,.) < —

[ko+1 T,
By (11.44) and (11.48),
diamee (Jy,, ) < Tg diamee(J,

Hence (11.45) follows.

S To’l".

ko t1)
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We now introduce some notation following [51]. Recalling Remark 11.12, for
a €[0,1] and w € E% let

Wa(w) = Wi aym (W) and M (w) = iV (w).
Then by (11.22),
(11.49) Me(w) < C°(1,2Tp).

Let C = [C°¢(1,2Tp)] + 1, where [2] = min{k € N: k > z}, for x > 0.

For fixed w € E% consider the function f, : [0,1] — N defined by f,(a) =
M, (w). By the definition of the sets W, (w) we deduce that the function f, is
increasing. For r > 0, let

(11.50) M:(r) = sup{M,(w) : w € E}, diame.(J,) < r}.

Notice that the function f, : [0,1] — N defined by f,.(a) = M(r) has the following
properties,

(1) it is increasing,

(2) it is bounded by C¢¢(1,2Ty),

(3) there exist ai,as, € [0,1] such that as — oy > % and f, is constant on

[a1 y (J,Q] .
The first property follows by the definition of W<2¢(w) and the second property
follows by (11.49). To show that (iii) holds, suppose on the contrary that it fails.
Subdivide [0,1] in C subintervals of length 1/C. Since f- is integer valued and
increasing, if [a,b] is any of the aforementioned subintervals, fr(0) = frla) > 1.
Hence f,.(1) > C > C°(1,2T,), which contradicts (11.49).
Observe that the maximum is attained in (11.50). That is there exists some
w € E% such that ,
diamc.(Jz) <r
and
M, (r) = Ma, (@).

Since fz is increasing,

(11.51) Mo, (W) > Ma, (W) = Ma, (r) = May (1) > Mo, (©),
in particular
(11.52) My, (@) = My, (©).
Observe that since a1 < ag, Wy, (@) C Wy, (w). Thus by (11.52), W,,(w) =
W, (@0).

Now let ¢ = % and let » = min{1,dy, .}, where dg, . is as in Lemma 11.14.
We will first show that if 7 € W,, (@) and p € E% such that pw € E% then

(11.53) pT € W, (pw).

Notice that since pw € E%, t(p) = i(@). By the definition of the sets W, (W), if
T € Wy, (@) then i(7) = i(w). Hence i(7) = t(p), and by the maximality of S we
deduce that pr € E7. Observe that since 7 € Wo, (@) = WSS (., 5T € E}
and diam.(Jz) < dry.e, Lemma 11.14 implies that,

PT € W54y, (14e)(14a1)T, (PD)-
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Hence (11.53) will follow if we show

(11.54) a1(1+¢) <ag,
and
(11.55) (14+a1)(1+4e¢) < (1+ as).

Since ag — a > %, and a7 <1,

a1 1
awm>agt+t=>0(l+—=)=a1(1+¢),
2200t = 1 ( 20) 1 )
hence (11.54) follows. Moreover

1 1 (e73]
1 1 < (1 1+—= | =1 — 4+ =
(I+a)(1+4e) <( +041)( +2C> +Oé1+2C+2C

1
Sltont = <lta,

hence (11.55) follows. Therefore (11.53) follows as well.
We will now show that if pio € E% then

(11.56) M, (pw) = My, ().
We will first prove that if pio € E% then
(11.57) M, (pw) > My, ([@).

As we have remarked already in the proof of (11.53), if 7 € W, (@) then pr € E%.
Hence by (11.53), p7 € Wy, (pw). This implies that

Mo, (pw) = §Wa, (pw) > W, (@) = Mo, @),

and thus (11.57) holds.
Recall that r < dp, . < 15, hence since diam.(Jz) < r using Lemma 3.8 as in
Lemma 11.13 we deduce that

diamec(Jpm) < [[Ddp || oo diamee (Jz) < diamee(Jz) < 7.
Hence M, (pw) < ]\//EQ(T) and by (11.51) we deduce that

(11.58) M, (pw) < My, (@).
By (11.57) and (11.58), we deduce that
(11.59) M,,(pw) = My, ([@).
Now (11.56) follows by (11.59) and (11.52). Thus (11.53) and (11.56) imply that
(11.60) Wa, (pw) = {p7: 7 € Wy, (©)}.
Let

0= U ¢T(BCC(JUa dl))7

TEE I TWEE,
where

dy = min {18, NS ao) Fotol| Démlloe |
10 5K2Aq

and recalling Remark 11.2 A§ is just As with respect to the d.. metric. Observe

that if we set O, = W, N O for v € V then O = U,cy O,,

O, NJs # 0 and O, C Int(N,).
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Therefore in order to finish the proof of the proposition it is enough to show that
for all p,7 € E%,p# 7, -(0O) C O and

(11.61) $,(0) N ¢-(0) = 0.
First notice that ¢,(O) is well defined for all 7 € E%, because by the irreducibility
of § for all 7 € E there exists some v € E% such that 7vw € E7. Moreover by the
definition of the set O it readily follows that ¢-(O) C O. Hence in order to prove
(11.61) it is enough to show that for all e,e’ € E and for all 7,7’ € E?% such that
etw € EY and €'7'w € EY,
(1162) ¢e7’ (Bcc<JU7 dl)) n (be"r’ (Bcc(JU7 dl)) =0.
For p € Be.(Jz,d1) and g € Jz such that d..(p,q) < di, using (1.7), (4.18), (4.6)
and Proposition 4.15 we obtain
distec(Ger (p), Jerm) < dec(Per (D), der(q))

S LAOHD¢67||oodcc(pa Q)

S LAOHD¢67||ood1
[ DPer oo
[ Doers|loo

D60
< KLAo||D eTw ||oo
< KLAo|Déeralloe 155 1 Dol
 KLAod

- 7||D¢e‘rw”oo
D¢

2K2LAod;
= kopo|l Dol

§ LAOHD¢6TUHOO dl

d;

diamec(Jerm)-

Hence,
(1163) ¢e7’ (Bcc(Jwa dl)) - Bcc(JeTUa d2 diamcc(JeTU))a

where
2K 2LA

Sl hle U W
Koto|| Dozl o

In the same manner
(11.64) Gerr/ (Bee(Jz, d1)) C Bee(Jerrrm, do diamee(Jerrz)).-

Notice that by by (11.63) and (11.64), in order to prove (11.62) it is enough to show
that

(11.65) Bee(Jerm, do diamee (Jerz)) N Bee(Jerrm, do diamee (Jeorrz)) = 0.
If i(e) #i(€'), then X;(y N X;(ery = 0. We will prove (11.65) by contradiction.
If (11.65) fails, then using that ds < ’\7?,
distee(Xi(e), Xi(ery) < distec(Jerm, Jerrm)
< 2dp max{diam.(X,),v € V}
< A¢ max{diam..(X,),v € V}
= min{distec(Xu,, Xv,) : V1,02 € V'},

which is impossible. Therefore in the case where i(e) # i(e’), (11.65) holds, and
hence (11.62) follows.
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Now suppose that i(e) = i(e’). Without loss of generality we can assume that
diamce(Jerm) > diamee(Jerrm).-

Let @' = 7'w. By (11.46) there exists some m = 1,...,|7'| + ||, such that
diamec(Jerw),,)
11.66 Ty < ——— =22 < T,
( ) 0 = diamcc(']efw) =70

We are going to prove that
(1167) diStcc(Je-,—U, Je’w'\m) > Qo diamCC(JeTa).
Recall that

s n(er) = {p € B+ i(erm) = i(p),

_ diame.(J,)
T 1 <« ccA\vp
0 = diamcc(JeTU)

and distec(Jp, Jerm) < ao diamCC(JETw)}.

S TO7

Suppose that (11.67) fails. Hence, by (11.66) and the fact that i(e) = i(e’) we
deduce that

(11.68) €W i € Wl 1, (eT@) C W5S (1 an)m, (678) = Wa, (e1@).

« a2,

But this is not possible, because by (11.60)
W, (etw) = {etv: v € W, (@)},

and this contradicts (11.68) because €&’ |,, & W, (etw). Hence (11.67) holds and
in particular it implies that

(1169) diStcc<JeT@7 Je"r’w) > 2 diamcc(JeTE)-
Since do < ay/2, (11.69) implies (11.65). Therefore (11.62) follows. O

We can now complete the proof of Theorem 11.6 by proving the remaining
implication (iii)= (iv). For v € V let X! = O,, where the sets O, are as in
Proposition 11.15. By the same proposition the GDMS S’ = {¢. : Xt’(e) — Xz{(e)}
satisfies the strong open set condition and it is equivalent to §. The proof is
complete. O

REMARK 11.16. In [54], Rajala and Vilppolainen study finite weakly controlled
Moran contractions in metric spaces. We remark that due to our bounded distor-
tion theorems proved earlier in Chapters 3 and 4, it follows immediately that finite
conformal IFS on a Carnot group (G, d) are properly semiconformal, see [54] for
the exact definition. In particular if S is a finite conformal IFS the equivalence
(i) (ii)<(iv) of Theorem 11.6 follows also from the results of Rajala and Vilppo-
lainen, see [54, Theorem 4.9].
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