Math 324
Spring 2007
Paper/Project Assignment

This is the project assignment for those who have not come up with a project of their own to tackle.
The assignment is to take up the following problem, related to credit risk and credit risk derivatives, and see it through as far as you can, but at least into the continuous model.  This can include writing up the theory and/or performing sample calculations or modeling.  It is due to me no later than noon on Monday April 30.
Here is the problem:

In the ordinary one-stage binomial model we are given the current asset price S0, two possible future asset prices ST=Sd and ST=Su, and a risk free rate (continuous annualized) of interest r.  This gives us two equations in two unknowns for the risk neutral probabilities qd and qu:

qd + qu = 1 and qd*Sd + qu*Su = erT*S0
We pointed out that it is impossible to introduce a third possible future value into the possibilities for ST , some Sz  say, because now there would be three unknowns (qd , qu , and qz) but still only two equations.  Introducing a new asset, S′ to get more equations seemingly won’t help because it also would introduce at least as many new unknowns, namely the risk neutral probabilities for its possible future values.  

There are two different (but related) ways around this impasse.  Both involve assuming that the third value for ST is ST = Sz = 0.  In real world terms, this is “company goes bankrupt, stock becomes worthless.”  There is still the problem of three unknowns and only two equations.  The trick is to add a new asset that carries no new unknown probabilities.  How do you do that?  There are two possibilities and I want you to develop both of them:
1. Introduce a new continuous annualized rate of interest s representing the interest on a bond issued by the same company (whose stock is S), and maturing at T.  The rate s will be another given value (you can look up the yield s on a corporate bond just like you can look up the value S0 of a stock or the yield r on a Treasury bond.)  Assume that the bond will become worthless if and only if the stock becomes worthless (this is an oversimplification that can be eased later.)  Now this should give you the same number of equations as unknowns.  
a) Write down those equations and solve for the risk neutral probabilities qz, qd, and qu.   

b) Now write down the equations, in this bigger model, for the value V0 today for a derivative that takes on any given set of values {Vz , Vd , or Vu} at T when ST is respectively {0, Sd, or S​u}.

c) Describe a replicating (or hedging) portfolio for the derivative in b).

d) Give the prices C0 and P0 today for a European call and put on S (with any strike price K) in this larger model.  Also describe the hedging portfolio for each of them.

e) Give the price D0 today for a “digital default put” which pays off DT=X at T if the bond issued by the company becomes worthless at T, and pays off DT=0 otherwise.  Describe the hedging portfolio for the digital default put.  

f) What if X=esT?
2. Instead of all that, try this alternative.  Assume that there is a market for either the European call CT or European put PT on ST (with any strike price K) so that you can look up either the value C0 or the value P0 on the internet or in the Wall Street Journal without needing any formula.  
a) How does this give you a third equation without introducing any new unknowns?

b) What is the price for the other option? (I.e. if you assumed a market for PT, what is the price C0 for CT, and vice-versa?).

c) Are there any restrictions on K?

d) Now write down the equations, in this bigger model, for the value V0 today for a derivative that takes on any given set of values {Vz , Vd , or Vu} at T when ST is respectively {0, Sd, or S​u}.
e) Describe a replicating (or hedging) portfolio for the derivative in d).

f) Give the continuous annualized rate of interest rate s representing the interest on a bond issued by the same company whose stock is S, and maturing at T.  Assume that the bond will become worthless if and only if the stock becomes worthless (this is an oversimplification that can be eased later.) 
g) Give the price D0 today for a “digital default put” which pays off X at T if the bond issued by the company becomes worthless at T, and pays off 0 otherwise.  Describe the hedging portfolio for the digital default put.  

h) What if X=esT?

i) Could you have solved the problem if there were a market for D0 instead of one for C0 or P0?
3. Once you have worked through all of that, the project/paper assignment is to (a) describe it all both mathematically and how it relates to financial markets and (b) extend it to a multi-period binomial model (and describe that both mathematically and how it relates to financial markets).  Finally, (c) make a continuous model out of it, using what you learned in (a) and (b) for clues.  The continuous model is the goal and if you get it right the paper will be graded a success regardless of what you have for (a) and (b).  If there is a problem with (or lack of) the continuous model in your paper, then your work on (a) and (b) will get you partial credit.
