POWER SERIES — A BRIEF SUMMARY

1. THE BASIC DEFINITIONS

Weierstrass approached complex variable using power series. It is the way that Cartan
starts his book.

Definition 1.1. A formal power series is an expression

o0
Z an”Z k.
k=0
C[[Z]] denotes the vector space of formal power series with coefficients a,, in C.

Our goal is to be able to give complex values to certain series when we substitute a
complex number for the indeterminate Z.

Definition 1.2. A sequence in a set X is a map
() : N - X

n — ap

The sequence is usually denoted (a,). Here N is called the index set. Often it is replaced
by NU{0}. (We wont be very fussy about this.)

A sequence (ay,) in C (respectively, in any metric space (X, d)) converges to L if, for any
€ > 0, there is an Ny € N so that |a,, — L| (respectively, d(ay, L)) < € whenever n > Nj.
We write a,, — L.

Next, we gather together a whole lot of definitions.

Definition 1.3. Let (cx) be a sequence in C.

(1) A series of complex numbers is a formal expression

[e.9]
E Cl.
k=0

(2) The n-th partial sum of > ;2 ¢ is the complex number

n
Sp = E Ck-
k=0

(3) 30" ¢k converges to C € C if the sequence (sy) converges to C. We then say that
> ¢ has sum or limit C'; we even write that Y ¢, = C.
1
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(4) If > ¢x converges to some C' € C then we say that ) ¢ is convergent; otherwise,
it is divergent.
(5) > ¢k is Cauchy convergent if, for each € > 0, there is a number Ny € N so that

|s$n — sm| < € when n,m > Nj.

(6) " cx is absolutely convergent if the series ) |c| is convergent.
(7) If > ¢y is convergent but not absolutely convergent, it is called conditionally con-
vergent.

2. PROPERTIES OF SERIES

This is just a list of properties of series.

(1) Suppose ¢ = ri + ity with 7, tp € R, then ) ¢ is convergent if and only if both
> ri and Y i are convergent and, in that case, > cp = > rp +1i > t.

(2) If 3" ¢x is convergent, then ¢ — 0. The converse is false.

(3) If > ¢k is absolutely convergent, then ) ¢ is convergent. Again the converse is
false.

(4) If > ¢ is absolutely convergent, you can rearrange the order of the terms and still
get the same sum.

(5) A conditionally convergent series with real coefficients can be rearranged so that it
converges to any real number or to +oo. (Conditionally convergent series are hard
to deal with.)

(6) If Y ax and ) by, are series, then the Cauchy product of Y ay and ) by, is the series

D apxd b= i (;0 akbnk> :

n=0
(7) If Y ar = A and ) by, = B and both series are absolutely convergent, then the
Cauchy product of > ar and ) by is absolutely convergent to AB.
Most important to us is the following

Theorem 2.1. Absolutely convergent series with complex coefficients form an algebra over
C. You can add them, multiply by constants and multiply them by each other just as you
would do with polynomials.

2.1. Two basic tests for convergence of series. Suppose we are given a series Y | ¢i.

Theorem 2.2 (The Root Test). Lety = limsup {/|cx|. Ify < 1, then the series converges.
If v > 1, then the series diverges.

Theorem 2.3 (The Ratio Test). Let

|ch+1l
|kl
If v < 1, then the series converges. If v > 1, then the series diverges.

~ = limsup

Blue Rudin has proofs of both theorems.
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3. FUNCTIONS DEFINED BY SERIES

Everything above can be thought of as the value at a point, call it zy of a sum of functions
ug. Even if we have some form of convergence at zg, we might need to know what happens
when we wiggle zg to a nearby point z; or just call it z.

Here’s Weierstrass’ idea:

Assume

E M, =M
k=0
is a convergent series of non-negative real numbers.

Theorem 3.1. (The Weierstrass M-test) Suppose u, : S — C is a collection of functions
with |u,| < M, for all z € S and > M, is convergent. Then > ux(z) is absolutely
convergent.

Proof. >~ M, is convergent hence it is Cauchy convergent. It follows that, for all € > 0,
there is a number Ny so that, for n.m > Ny with, say n > m,

n
Z My, <e.
But

D u(z) <) My <e.

m+1 m+1
It follows that, everywhere on S,
(o)
o= fug(2)]
k=0

is absolutely Cauchy convergent hence is absolutely convergent. O

An Aside — When we write |ug(2)| < M}, we are not only making a statement about the
behavior of uy at the one point z. It is a statement about every point in the set S. i.e. it
is a uniform statement about the sums on S. In particular, the Weierstrass criterion tells
us that the partial sums converge uniformly and absolutely on S.

4. BACK TO POWER SERIES

Suppose > apZ* is a formal power series. Then, for any fixed z and zp,

Z ak(z — Z())k

is a formal series and we should discuss its convergence behavior. Suppose it converges for
some z # zp. That means the series Y apu® has that convergence behavior when we make
the substitution u = z — z9. So, most often, we can assume that zyp = 0 — it makes most
computations easier.

We’ve discussed the convergence, even absolute convergence and Cauchy convergence, of
series. These are meaningful when we plug in some value for z in ) a,, Z™. Those values of
z which give us a convergent series form the convergence set X of the power series Y a,,2".
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5. THE CONVERGENCE PROPERTIES OF COMPLEX POWER SERIES

We need estimates to develop the theory of complex power series. The starting point
always seems to be the geometric series. Let’s recall its properties.

5.1. The geometric series. When we divide complex polynomials we find that, for z # 1,
1 "~ k Zn+1

The last term is a remainder and goes to zero precisely when |z| < 1.
I would put a proof here but you should have seen it many times.

5.2. Abel’s Theorem and its consequences. Suppose Y ¢, Z" is a formal power series.
If we substitute Z = 0, we can evaluate it as a function and the only term that doesn’t get
killed is the term ¢90°. In this context, 00 is defined to be 1 and the value of the series is
co- The value of the series at zero is overwhelmingly uninteresting. So we’ll assume there
is a point z1 # 0 where our series converges. Here’s what Abel taught us:

Theorem 5.1. Suppose > c, Z™ converges for some zy # 0. Then, for all z € C with
|z| < |z1], D enz™ converges absolutely.

Proof. there should be a picture here.
Since Y ¢, 27 converges, there is a number M € R so that

cnzl’| < M

for n > M — that’s what we mean by c, 2" — 0. It follows that

n

len2"| < M z
21
It follows that
z n
pRUSEIES DL () REST 9
where r < 1. 0
Note: — FEach term in ) M, is non-negative. It follows that the partial sums are

increasing. If they don’t diverge to infinity, they converge to some finite positive number.

Definition 5.2. Let > ¢,2™ be a power series which converges for some z; # 0. Let p be
defined by

p = limsup{R : Z cpzconverges in Br(0)}.

Then p is called the radius of convergence of the series > ¢,z". If no z; # 0 lies in the
convergence set of the series, we say p = 0. If the series converges for all z; € C, we write
p = 00.

The root test implies
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Theorem 5.3. Given a formal power series > c,Z™. Then its radius of convergence p

satisifes
1
— = limsup V/|cy/.
p

In the set B = B,(0), the series converges absolutely and, on compact subsets of B, the
series converges uniformly. If |z1| > p, then the series > cp2] diverges.

5.3. Analytic/Holomorphic functions and their basic properties. The word ana-
lytic is used in so many different contexts that it almost becomes meaningless. Unfor-
tunately, it is commonly used in complex analysis. Let me offer a few definitions that,
hopefully, will make sense of the concept. X will be a set, often in a vector space, where
these definitions can be made meaningful — ask if they’re not clear.

Definition 5.4. Suppose f is a real or complex-valued function — call the target F'; we
can write

f: X - F
W) v oo f(2)
Then we say that f € C* = C¥(X) = C*(X, K) if f has a continuous k-th derivative at
every point in X. fis C*® if f is in C* for all k and we write that f is infinitely differentiable.
f is real analytic in X if f can be written as a power series, with real coefficients,
which is convergent near any point of X. f is complex analytic or, more frequently called,
analytic if near each point of x, f can be written as a convergent power series with complex
coefficients. We then write f € C¥(X,R) or f € C¥(X,C). The later case is the classical
definition of an analytic function. If X C C is open and f is complex analytic in x, we
will call f holomorphic in X. The set of holomorphic functions in an open set D € C is
denoted O(D). Usually D is taken to be a domain.

Here’s a summary of what we’ve proved.

Theorem 5.5. Suppose Y ¢,z has radius of convergence p > 0, then there is a function
f + By(0) — C
z =Y cp2™
which, on any disk where |z| < r < p is the uniform limit of Y cp2", hence is continuous
on B,(0).
An essential property of of f(z) =3 ¢,2" on B,(0) is

n

Theorem 5.6. Suppose Y 2" is convergent on B := B,)(0) and

f(z) = Z 2"

Then f is differentiable on B and
f(z) = chnz”_l.
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We can repeat this process and obtain

Corollary 5.7. If f(z) = > c,2" is convergent on B = B,(0) then the k-th derivative of
f is also absolutely convergent on B and

fPE) = nn-1)n-2)(n—(k+1))caz""



