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4.2 The Number of Elements in a Set

Figure 4.11

Figure 4.12a

Figure 4.12b
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_<>" Union Rule for Two Sets

Now consider the more general case shown in Figure 4.11. We assume that
x is the number in the set A that are not in B, that is, n{AN B®). Next we
have z, the number in the set B that are not in A, n{A°N B). Finally, y
is the number in both A and B, n{A N B) and w is the number of elements
that are neither in 4 nor in B, n(A°N B¢). Then

n(AUB)=z+y+=z
=(z+y)+@+2z) -y
=n(4)+n(B) ~n(An B)

Alternatively, we can see that the total n(4) +n(B) counts the number
in the intersection n{A N B) twice. Thus to obtain the number in the union
n(A U B), we must subtract n(A N B) from n(A) + n(B).

The Number in the Unmn of Two. Sets SRR RN T
For any ﬁmﬁe sets A and B, ‘ R

',ﬁmuﬁqu@+m3 n(ANB)

EXAMPLE 1  An Application of Counting In a survey of 120 adults,
55 said they had an egg for breakfast that morning, 40 said they had juice
for breakfast, and 70 said they had an egg or juice for breakfast. How many
had an egg but no juice for breakfast? How many had neither an egg nor
juice for breakfast?

Solution Let U be the universal set of adults surveyed, E the set that
had an egg for breakfast, and J the set that had juice for breakfast. A Venn
diagram is shown in Figure 4.12a. From the survey, we have that

n(E) = 55 n(J) = 40, (EUJ) =170

Note that each of these is a sum. That is n(E) =55 =z +y, n{J) =40 =
y+zand n(EUJ) =70 =z + y + z. Since 120 people are in the universal
set, n(U}) =120 =2 +y+ 2 +w.

The number that had an egg and juice for breakfast is given by n(ENJ )
and is shown as the shaded region in Figure 4.12b. We apply the union rule:

(ENJ) = n(E)+n(J) ~n(EUJ)
= b5 + 40 ~ 70
=25

We first place the number 25, just found, in the £ N J area in the Venn
diagram in Figure 4.12b. Since the number of people who had eggs (Wﬁ}h
and without juice) is 55, then according to Figure 4.12b,

n(E)y=565=x-+25
x == 30
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Similarly, the number who had juice (with and without an egg) is 40. Using
Figure 4.12b, :
n(J) =40 = 2425
=15

These two results are shown in Figure 4.12c. We wish to find w = n{(EUJ)°).

This is shown as the shaded region in Figure 4.12¢. The unshaded region is
E U J. We then have that

n(EUJ) +n({(EUJ)%) = n(U)
n({(EUJ)) =nU)—-n(EUJ)
w =120 - 70
w=50

And so there were 50 people in the surveyed group that had neither an egg
nor juice for breakfast.

g Counting With Three Sets

Many counting problems with sets have two sets in the universal set. We will
also study applications with three sets in the universal set. The union rule
for three sets is studied in the extensions for this section. In the example
below, deductive reasoning is used to solve for the number of elements in
each region of the Venn diagram. In cases where this will not solve the
problem, systems of linear equations can be used to solve the Venn diagram.
This is studied in the Chapter Project found in the Review section.

EXAMPLE 2 European Travels In a survey of 200 people that had just

returned from a trip to Europe, the following information was gathered.

¢ 142 visited England

[ ]

95 visited Italy

L ]

65 visited Germany

70 visited both England and Italy

50 visited both England and Germany

30 visited both Italy and Germany

20 visited all three of these countries

How many went to England but not Italy or Germany?
How many went to exactly one of these three countries?
c¢. How many went to none of these three countries?

e

Solution  Let U be the set of 200 people that were surveyed and let
E = {z|z visited England}
I = {z|x visited Italy}
G = {z|z visited Germany}
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Figure 4.13b

Figure 4.13¢

Figure 4.14a
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We first note that the last piece of information from the survey indicates
that

n(ENING) =20

Place this in the Venn diagram shown in Figure 4.13a. Recall that 70 visited
both England and Italy, that is, n{E N I) = 70. If a is the number that
visited England and Italy but not Germany, then, according to Figure 4.13a,
20+a = n(ENI) = 70. Thus a = 50. 1n the same way, if b is the number that
visited England and Germany but not Italy, then 20 + b = n{E N G} = 50,
Thus b = 30. Also if ¢ is the number that visited Italy and Germany but not
England, then 20 + ¢ = n(GNI) = 30. Thus ¢ = 10. All of this information
is then shown in Figure 4.13b.

a. Let z denote the number that visited England but not Italy or Germany.
Then, according to Figure 4.13b, 204304504z = n(E) = 142. Thusz =
42, that is, the number that visited England but not Italy or Germany
ig 42.

b. Since n(f) = 95, the number that visited Ttaly but not England or Ger-
many is given from Figure 4.13b by 95 — (50 + 20 + 10) = 15. Since
n{G) = 65, the number that visited Germany but not England or Italy
is, according to Figure 4.13b, given by 65 — (30 + 20 + 10) = 5. Thus,
according to Figure 4.13c, the number who visited just one of the three
countries is

42 +154+5=162

c. There are 200 people in the U and so according to Figure 4.13c, the
number that visited none of these three countries is given by

200 — {42 + 15 + 5 + 50 + 30 + 10 4 20) = 200 — 172 = 28 +

EXAMPLE 3 Pizzas At the end of the day the mé,na,ger of Blue Baker
wanted to know how many pizzas were sold. The only information he had is
listed below. Use the information to determine how many pizzas were sold.

s 3 pizzas had mushrooms, pepperoni, and sausage

7 pizzas had pepperoni and sausage

[ ]

6 pizzas had mushrooms and sausage but not pepperoni

15 pizzas had two or more of these toppings

®

11 pizzas had mushrooms

8 pizzas had only pepperoni

®

[ ]

24 pizzas had sausage or pepperoni

17 pizzas did not have sausage
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Solution 'Begin by drawing a Venn diagram with a circle for pizzas that
had mushrooms, a circle for pizzas that had pepperoni, and, pizzas that had
sausage. In the center place a 3 since three pizzas had all these toppings.
See Figure 4.14a.

Since 7 pizzas have pepperoni and sausage, 7 = 3 + Il or IIl = 4. If 6
pizzas had mushrooms and sausage but not pepperoni, then IV = 6. The
region for two or more of these toppings is 3 + II + IIT + IV = 15. Using I1T
=4 and IV = 6, that gives 3 + II + 4 + 6 = 15 or II = 2. This information
is shown in Figure 4.14b.

Given that 11 pizzas had mushrooms, V + 2 + 3 + 6 = 11 and therefore
V = 0. Since 8 pizzas had only pepperoni, VI = 8. With a total of 24 pizzas
in the sausage or pepperoni region and knowing that VI = 8, we have 2 +
846+ 3+ 44 VII =24 or VII = 1. Finally, if 17 pizzas did not have
sausage then 17 = V + 2 + VI + VIII = 0 + 2 + 8 4- VIIL This gives VIII
= T and our complete diagram is shown in Figure 4.14c.

To find the total number of pizzas sold, the 8 numbers in the completed
Venn diagram are added:

0+24+84+6+3+441-47=31 +

Self-Help Exercises 4.2

1. Given that n{AU B) = 100, n(AN B) = 50, and
n(AN B) =20, find n(4A°N B).

2. The registrar reported that

dents, 700 did not register for a math or English
course, while 400 registered for both of these two
courses, How many registered for exactly one of

these courses?

»

19 bought cookies
13 bought broccoli

1 bought broceoli, apple juice, and cookies

among 2000 stu-

11 bought cookies and apple juice

2 bought cookies and broccoli but not apple
juice

3. One hundred shoppers are interviewed about the * 24 bought only apple juice

contents of their bags and the following results

are found:

Organize this information in a Venn diagram and
find how many shoppers bought none of these

o 40 bought apple juice items. -
4.2 Exercises
1. If n{A) = 100, n{B) = 75, and n(4 N B) = 40, 8. If n(A) = 100, n(AN B) = 20, and n(A U B) =

what is n(AU B)?

150, what is n(B)?

2. I n(A4) = 200, n(B) = 100, and n(4AU B) = 250, 4. I n(B) = 100, n(AU B) = 175, and n(ANB) =

what is n(AN B)?

40, what is n(A)?



