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1.5 Method of Least Squares

APPLICATION
Technology and

Productivity
_ P
i
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Figure 1,26

. In 1995 Cohe p
' 'ommumca,tlons and computers (a,s a percent of all spendmg on equip-
ment) with annual productivity growth. He collected data on 11.com-

..pames for the period from 1985-1989. Thls data i is found in ’che folu_
lowmg table

7 006 011 0.6 0.0 0.23 0.5 0.33 0.3 0.47 0,62 0.78
Y 10 45 =06 42 04 01 34

Sz s the spendmg on . . ::'a, percent of
~all spendmg on eqmpment ‘and y is S the annual productmty growth a8
LA percent :

,jWhat is the eQuation of a line that best approximates this data? What
~can-you conclude about the relationship between spending on comniu-
"_-n1cataons ' 'Iid computers and annual productivity growth? See Exam-
ple 3 for the ariswer.
e ;Sour(r Cnh(n 1995

< The Method of Least Squares

Let  be the number of insulated mugs produced and sold, and let p be the
price of each mug. Suppose z1 mugs were sold at a price of p; and z3 mugs
were sold at a price of ps. If we then assume that the demand equation
is linear, then of course there is only one straight line through these two
points, and we can easily calculate the equation y = ax + b of this line.

What if we have more than two data points? Suppose, as shown in
Table 1.3, that we have five points available. Here, p; are the prices in
dollars for insulated mugs, and z; is the corresponding demand for these
insulated mugs in thousands of mugs sold per day.

z 1 2 3 5 9
p; 10 9 8 7 5
Table 1.3

These are plotted in Figure 1.26, which is called a scatter diagram.

If we examine the scatter diagram, we see clearly that the points do not
lie on any single straight line but seem to be scattered in a more or less linear
fashion. Under such circumstances we might be justified in assuming that
the demand equation was more or less a straight line. But what straight
line? Any line that we draw will miss most of the points. We might then
think to draw a line that is somehow closest to the data points. To actually
follow such a procedure, we need to state exactly how we are to measure
this closeness. We will measure this closeness in a manner that will lead us
to the method of least squares.
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First notice that to be given a non-vertical straight line is the same as
to be given two numbers a and b with the equation of the straight line given
as y = az + b. Suppose now we are given n data points {z1,y1), (z2,92), .
(Zn,yn) and a line y = az + b. We then define dy = y; — (a1 + b), and
note from the figure that |d;| is just the vertical distance from the first data

point (z1,y1) to the line y = az + b. Doing the same for all the data points,
we then have

dy =y~ {ax1 +b) -
da =Yz~ (aﬂ:z-%-b)

where |dy| is the vertical distance from the second data point (x3,y2) to the
line ¥ = ax -+ b, and so on. Refer to Figure 1.27.

Now if all the data points were on the line y = az -+ b, then all the
distances |di|, |dal, ... , |dn| would be zero. Unfortunately, this will rarely
be the case. We then use the sum of the squares of these distances

d=d}+df+ - +d

as a measure of how close the set of data points is to the line y = az + b.
Notice that this number ¢ will be different for different straight lines: large if
the straight line is far removed from the data points and small if the straight
line passes close to all the data points. We then seek this line; that is, we
need to find the two numbers ¢ and b that will make this sum of squares the
least. Thus the name least squares.

EXAMPLE 1 A Demand Function Find the best-fitting line through
the data points in Table 1.3 and thus find a linear demand function. Then
use the linear demand function to estimate the price H the demand is 6000
mugs. Finally, if the price is $8.00 per mug, use the linear demand function
to estimate the number of mugs that will be sold.

Solution Find the best-fitting line using the linear regression operation on
a spreadsheet or graphing calculator. The steps are detailed in Technology
Notes 1 and 2. You will find that ¢ = —0.6 and b = 10.2. Thus, the equation
of the best-fitting straight line that we are seeking is

y=plz) = —0.6z + 10.2

The graph is shown in Figure 1.28. If technology is unavaﬂable, the best-
fitting line can be found by hand.

In general, the line y = az + b closest to the data points (21, y1), (@2, y2),

s (@, ¥n) can be found by solving the following two linear equations for a
and b:

(2§ 4+ 22+ (21 4+ T =Ty + - F TaYn
(ml"%”""’{“xn)a“‘j{“‘ . nb:yl..%—-....’.,yn

For our example we indicate these calculations by the following table.



Nz ne of data poln's @

N= 6
m- 5. (132) - 20(39
5. (129) — (29"

= —0:6
= 3 - )
Y
j = mx+b

j=-0~6 X 4 102
X= e P-rcfcwb +housand s of W‘“DS
é 000 wwas X= 6

J.,.._ ~0-6(6)+ 102
= & 6
p= 8 = -0Lx7 (02
X = ?2.667

whiehh vveans 3667 thousdud oyt
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Ty Y 33;2 LY
1 10 1 10
2 9 4 18
3 8 9 24
5 7 25 35
9 b5 81 45

Sum 20 39 120 132

We then have the system of two equations in the two unknowns a and b.

120a 4 206 =132
20a + 5b= 39

Thesge equations can be readily solved using the techniques we used in the
Iast several sections.

To find the price for 6000 mugs, we will use 2 = 6 in the demand equation.
p(6) = (—0.6)(6) + 10.2 =66
That is, if 6000 mugs are £0 be sold, then the price should be $6.60 each.
For a price of $8.00 we set p = 8 and solve for z,

8 = ~0.6w + 10.2

0.6z = 2.2
2.2 11
=GE= T 3.6667

Next note that since represents thousands of mugs, we will expect to seli
3667 mugs at a price of $8.00 each.

<> Correlation

We have just seen how to determine a functional relationship between two
variables. This is called regression analysis. We now wish to determine
the strength or degree of association between two variables. This is referred

to as correlation analysis. The strength of association is measured by the
correlation coefficient which is defined as '

SOOI TP
YT 2!~ (Ce)h Do - (S w)]

where > y;, for example, is y1 + y2 + - - - + yn. The value of this correlation
coeflicient ranges from -1 for two variables with perfect positive correlation

to —1 for two variables with perfect negative correlation. See Figure 1.29
for examples.

o
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Figure 1.29a
Positive Correlation

Figure 1.29a
No Correlation

Figure 1.29a
Negative Correlation

EXAMPLE 2
in Table 1.3.

Correlation Find the correlation coefficient for the data

Solution We can use the above formula or let our computers or graphing
calculators do the work. In doing Example 1 you will find that r = —0.99.
This indicates a high negative correlation, which can easily be seen by ob-
serving the original data in Figure 1.26. We conclude that there is a strong
negative correlation between price and demand in this instance. Thus, we
expect increases in prices to lead to decreases in demand.

<> Additional Examples

There has been a debate recently as to whether corporate investment in
commputers has a positive effect on productivity. Some suggest that worker
difficulties in adjusting to using computers might actually hinder productiv-
ity. The paper mentioned in the following example explores this question.

EXAMPLE 3 Technology and Productivity In 1995 Cohen published a
study correlating corporate spending on communications and computers (as
a percent of all spending on equipment) with annual productivity growth.
He collected data on 11 companies for the period from 1985-1989. This data
is found in the following table.

z 0.06 011 016 020 022 0256 033 033 047 062 0.78
y ~10 45 -06 42 04 01 04 14 11 34 55

& is the spending on communications and computers as a percent of all
spending on equipment, and y is the annual productivity growth as a percent.

Determine the best-fitting line using least squares and find the correlation
coefficient. Discuss the results.

Source: Cohen 1605

Solution  Using a spreadsheet or a graphing calculator, we find that o =
5.246, b ~ 0.080, and r ~ 0.518. Thus, the best-fitting straight line is

y = ax -+ b= 5.246x 4+ 0.080
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Example T with Microsoft Excel

Begin by opening a new worksheet. Label Column A with an x and Column
B with a p. Enter the data from Table 1.3 as shown in Worksheet 1.1.
Highlight the data and choose Chart Wizard from the tool bar or Insert and
then Chart, if the Chart Wizard is not on the toolbar. Then pick the XY
{Scatter) graph and choose the first chart type, Scatter. Compares pairs of
values. Continue clicking Next until the chart is coraplete, adding titles and
labels as needed. When the scatter plot is complete, click on the graph and
then on Chart in the tool bar. Choose Add Trendline.... Pick the linear
trend line and under the options menu, choose Display equation on chart and
Display R-squared value on chart. The completed graph is shown below:

12

10 - .
5 s
3
e
= y=-0.6x+10.2
8 4 R=0973
- 9

0 ; . .

0 2 4 6 8 10

Number of itenis (in thousands)

Correlation Coefficient

If your calculator does not display the correlation coefficient, r, it can be
enabled by going to the CATALOG menu (above the [§] ) and scroll down to
DiagnosticOn {see Screen 9) and press [ENIER . Press [ENIEH again on
the homescreen to enable the diagnostic. Next time a regression is done, the
correlation coefficient, 7, and the square of the correlation coefficient, 2, will
automatically be displayed. The correlation coefficient will be displayed on
the Excel chart when this option is enabled. See Worksheet 1.

Example 4 on a Graphing Calculator

Enter the data into lists L1 and L2. Then, as in Technology Note 2, find
the regression equation and enter it into Y= for our cost equation. In Yy=
enter the revenue equation, 55.45X, as shown in Screen 10. Screen 11 has
the graph.

AMA Fiotz Flok: -
S E4T, BRERF1G, 2
2 /”/
~4 2055, 45 ’ﬁﬁw”’

a=K

“y= §

e Inbersetion ™ —————

wNg= a=lEubete  V=REHSRAEPR
Screen 10 Screen 11

[-2, 10]1x[-100, 500]
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Self-Help Exercises 1.5

1. Using the method of least squares, find the best-
fitting line through the three points (0,0), (2,2),
and (3,2). Find the correlation coefficient.

2. The table below shows z, the number of boxes
of cereal in thousands that will be supplied at
a price y, in dollars. Use the method of least

squares and the supply information in the table
to determine how many boxes of cereal will be
supplied at a price of $3.75.

= 9 7 6 4 3
y 449 305 249 210 192

1.5 Exercises

In Exercises 1 thiough &, find the best-fitting straight
line to the given set of data, using the method of
least squares. Graph this straight line on a scatter
diagram. Find the correlation coefficient.

1. (0,0), (1,2), (2,1)

0,1), (1,2), (2,2)

(0,0), (1,1, (2,3), (3,3)

(0,0), (1,2), (2,2), (3,0)

(1,9), 2,2), (3,2), (4,1)
(0,0), (1,1), (2,2), (3,4)

0,4), (1,2), (2,2), (3,1, (4, 1)

J e s RN

Applications

8. Selling Strawberries The table below shows z,
the number cartons of strawberries, that a fruit
stand can sell at different prices y in dollars.
Find the demand equation for strawberries us-
ing linear regression. Using the demand equa-
tion, find the price the stand should charge if
they wish to sell 35 cartons of strawberries. .

z 12 15 20 27 4 60
y 500 400 3.50 3.00 250 2.00

9. Selling Puzzles The table below shows z, the
number of puzzles (in thousands), that the A-
Mart company can sell at different prices, y in
dollars. Find the demand equation for these puz-
zles using linear regression. Using that demand
equation, find the price that A-Mart should
charge if they wish to sell 10,000 puzzles.

z 8 &5 12 3 15
y 500 6.00 350 800 3.00

10, Supply of Mugs The table below shows z, the

number of mugs in thousands supplied by the Big
Mug company for different prices in euros (y).
Using linear regression find the supply equation
and use it to determine the number of mugs that
the Big Mug company will supply when the price
is 3 euros.

z 3 5 6 13 18
y 1.50 1.80 2.00 3.20 4.75

11. Purchase Price of a Car The value of a 1998 car
is given in the table below (value is in thousands
of dollars). Find the depreciation equation using
linear regression and use it to estimate to the
nearest dollar the purchase price of this car.

Year 2000 2001 2002 2003 2004
Value 19 15 12 0 7

12. Purchase Price of a Machine The data in the
table below is the value of a milling machine in
thousands of dollars and the number of years
since the item was purchased. Use linear regres-
sion to estimate the purchase price of this milling
machine to the nearest dollar.

years since purchase 1 2 4 6 7
value in dollars 39 3.2 25 2 18
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Referenced Applications

3.

14.

15.

Deer Population and Deer-Vehicle Accidents
Rondeau and Conrad studied the relationship of
deer population in urban areas to accidents with
vehicles on roads: Below is the data where z is
the deer population in Irondequoit, NY, and y
is the number of collisions with deer in the same
city.

z 340 350 480 510 515 600 650
y 160 60 90 130 120 110 140
xz 700 T60 Y65 820 850
y 120 210 170 180 230

a. Determine the best-fitting line using least
squares and the correlation coefficient.

b. Explain what the linear model is saying about
the deer population and collisions.

Sonsce: Rondean snd Conrad 2003

Economies of Scale in Plant Size Strategic Man-

agement relates a study in economies of scale in
the machine-tool industry. The data is found in
the following table,

xz 70 115 130 190 195 400 450
y 1.1 1.0 085 0.75 0.85 0.67 0.50

where x is the plant capacity in thousands of
units, and y is the employee-hours per unit.

a. Determine the best-fitting line using least
squares and the correlation coefficient.

b. Is there an advantage in having a large plant?
Explain.

c. What does this model predict the employee-
hours per unit will be when the plant capacity
is 300,000 units?

d. What does this model predict the plant ca-
pacity will be if the employee-hours per unit
is 0.907

Source: Rowe, Mason, Dickel, Monx, and Mockler 1094

Cost Curve Dean made a statistical estimation
of the cost-output relationship in a hosiery mill.
The data is given in the following table,

z 16 31 48 57 63 103 110
y 30 60 100 130 135 230 230

14.

17

79

z 114 116 117 118 123 126
y 235 245 250 235 250 260

where ¢ is the output in thousands of dozens and
y is the total cost in thousands of dollars.

a. Determine the best-fitting line using least
squares and find the correlation coefficient.
Graph.

b. What does this model predict the total cost
will be when the output is 100,000 dozen?

c. What does this model predict the output will
be if the total cost is $125,0007

Sowrce: Dean 1976

Cost Curve Johnston estimated the cost-output
relationship for 40 firms. The data for the fifth
firm is given in the following table where z is the
output in millions of units and v is the total cost
in thousands of pounds sterling

x 180
y 130

210 215
180 205

230
190

260
215

290
220

340 400
250 300

x 405
y 285

430 430
305 325

450
330

470
330

490
340

510
375

a. Determine the best-fitting line using least
squares and find the correlation coefficient.
Graph.

b. What does this model predict the total cost
will be when the output is 300 million units?

¢. What does this model predict the output will
be if the total cost is 200,000 of pounds ster-
ling?

Source: Johpston 1960

Productivity Bernstein studied the correlation

between productivity growth and gross national

product (GNP) growth of six countries. The
countries were France (F), Germany (Q), Italy

{I), Japan (J), the United Kingdom (UK), and

the United States (US). Productivity is given

as output per employee-hour in manufacturing.

The data they collected for the years 19501977

is given in the following table where x is the pro-

ductivity growth (%) and y is the GNP growth

{%).

us UK F I G ]
x 25 27 52 56 57 90
y 35 23 49 49 57 85
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