SQUARE INTEGRABLE HOLOMORPHIC FUNCTIONS ON
INFINITE-DIMENSIONAL HEISENBERG TYPE GROUPS

BRUCE K. DRIVERT AND MARIA GORDINA*

ABSTRACT. We introduce a class of non-commutative, complex, infinite-
dimensional Heisenberg like Lie groups based on an abstract Wiener space.
The holomorphic functions which are also square integrable with respect to a
heat kernel measure p on these groups are studied. In particular, we establish
a unitary equivalence between the square integrable holomorphic functions and
a certain completion of the universal enveloping algebra of the “Lie algebra”
of this class of groups. Using quasi-invariance of the heat kernel measure,
we also construct a skeleton map which characterizes globally defined func-
tions from the L? (v)-closure of holomorphic polynomials by their values on
the Cameron-Martin subgroup.
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1. INTRODUCTION

The aim of this paper is to study spaces of holomorphic functions on an infinite-
dimensional Heisenberg like group based on a complex abstract Wiener space. In
particular, we prove Taylor, skeleton, and holomorphic chaos isomorphism theo-
rems. The tools we use come from properties of heat kernel measures on such
groups which have been constructed and studied in [4]. We will state the main
results of our paper and then conclude this introduction with a brief discussion of
how our results relate to the existing literature.

1.1. Statements of the main results.

1.1.1. The Heisenberg like groups and heat kernel measures. The basic input to our
theory is a complex abstract Wiener space, (W, H, i), as in Notation 2.4/ which is
equipped with a continuous skew-symmetric bi-linear form w : W x W — C as in
Notation 3.1. Here and throughout this paper, C is a finite dimensional complex
inner product space. The space, G := W x C, becomes an infinite-dimensional
“Heisenberg like” group when equipped with the following multiplication rule

1
(1.1) (wi,¢1) - (wa,co) = (w1 + wa, 1 + co + 5“ (wl,wg)> .

A typical example of such a group is the Heisenberg group of a symplectic vector
space, but in our setting we have an additional structure of an abstract Wiener
space to carry out the heat kernel measure analysis.

The group G contains the Cameron—Martin group, Goy := H x C, as a sub-
group. The Lie algebras of G and G¢ s will be denoted by g and g respectively
which, as sets, may be identified with G and G¢ s respectively — see Definition
3.2, Notation 3.3, and Proposition [3.5/ for more details.

Let b(t) = (B(t), B (t)) be a Brownian motion on g associated to the natural
Hilbertian structure on geps as described in Eq. (4.1). The Brownian motion
{9 (t)};>( on G is then the solution to the stochastic differential equation,

(1.2) dg (t) =g (t)odb(t) with g(0) =e=1(0,0).

The explicit solution to Eq. (1.2) may be found in Eq. (4.2). For each T > 0 we
let v := Law (¢ (T")) be the heat kernel measure on G at time T as explained in
Definitions 4.1l and [4.2. Analogous to the abstract Wiener space setting, v is left
(right) quasi-invariant by an element, h € G, iff h € Geyy, while v (Geonr) = 0,
see Theorem 4.5, Proposition 4.6, and [4, Proposition 6.3].

In addition to the above infinite-dimensional structures we will need correspond-
ing finite dimensional approximations. These approximations will be indexed by
Proj (W) which we now define.
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Notation 1.1. Let Proj (W)denote the collection of finite rank continuous linear
maps, P: W — H, such that P|g is an orthogonal projection. (Explicitly, P must
be as in Eq. (2.17) below.) Further, let Gp := PW x C (a subgroup of Goar) and
wp : G — Gp be the projection map defined by 7p (w,c) := (Pw,c).

To each P € Proj (W), Gp is a finite dimensional Lie group. The Brownian mo-
tions and heat kernel measures, {th } t50> O1 Gp are constructed similarly to those
on G—see Definition 14.10. We will use {(Gp7 1/;)

approximations to (G, vr).

}PGProj(W) as finite dimensional

1.1.2. The Taylor isomorphism theorem. The Taylor map, 77, is a unitary map
relating the “square integrable” holomorphic functions on Gy with the collection
of their derivatives at e €G¢yps. Before we can state this theorem we need to
introduce the two Hilbert spaces involved.

In what follows, H (Gcar) and H (G) will denote the space of holomorphic func-
tions on G and G respectively. (See Section [5lfor the properties of these function
spaces which are used throughout this paper.) We also let T := T (gcas) be the
algebraic tensor algebra over goas, T’ be its algebraic dual, J be the two-sided
ideal in T generated by

(1.3) (h@k—k®h—[hk:h ke gen)

and J° = {a € T" : a(J) = 0} be the backwards annihilator of J-see Notation [6.1.
Given f € H (G) we let a := 7 f denote the element of JY defined by (a, 1) = f (e)
and

(0 ® -+ @ hy) = (hl...hnf) (e)

where h; € gopy and h; is the left invariant vector field on Gy agreeing with
h; at e-see Proposition 3.5/ and Definition [6.2. We call 7 the Taylor map since
Tf € J%(gcar) encodes all of the derivatives of f at e.

Definition 1.2 (L?-holomorphic functions on Ggay). For T > 0, let

(14) W fllrzcon = PGSEE(W) ||f|GP||Lz(GP,u1;) for all f € H(Gewm), and

(15) M (Go) = {F € H(Gon) s Ifllzcen) < -

In Corollary 6.6 below, we will see that H2 (Gcas) is not empty and in fact
contains the space of holomorphic cylinder polynomials (Pcar)on Geas described
in Eq. (1.7) below. Despite the fact that vy (Geoar) = 0, H2 (Goar) should roughly
be thought of as the vp—square integrable holomorphic functions on Ggyy.

Definition 1.3 (Non-commutative Fock space). Let T > 0 and

0 n
2 2
el 50 (genr) = E 7n' E o, hi @@ hy)|” for all ae J° (gom) s
n=0 hi,....,hn €S

where S is any orthonormal basis for gops. The non-commutative Fock space is
defined as

I3 (aenr) = {a € 1 (gonr) ol (gen) < 0}

It is easy to see that ||||J% is a Hilbertian norm on J% (g )-see Definition

(gom)
6.4 and Eq. (6.8)). For a detailed introduction to such Fock spaces we refer to [13].
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Remark 1.4. When w = 0, G (w) is commutative and the Fock space, J2 (gcar),
becomes the standard commutative bosonic Fock space of symmetric tensors over
gom-

The following theorem is proved in Section 6-see Theorem [6.10L
Theorem 1.5 (The Taylor isomorphism). For all T > 0, T (H%(Gcwn)) C
J2 (gcm) and the linear map,

(1.6) Tr = TheGew) : Hr (Gom) — 7 (8om)
18 unitary.

Associated to this theorem is an analogue of Bargmann’s pointwise bounds which
appear in Theorem [6.11] below.

1.1.3. The skeleton isomorphism theorem. Similarly to how it has been done on a
complex abstract Wiener space by H. Sugita in [27, 26], the quasi-invariance of the
heat kernel measure vy allows us to define the skeleton map from L? (G,vr) to a
space of functions on the Cameron-Martin subgroup G¢ s, a set of vp-measure 0.

Definition 1.6. A holomorphic cylinder polynomial on G is a holomorphic
cylinder function (see Definition [4.3) of the form, f = Fonp : G — C, where
P € Proj (W) and F : PW x C— C is a holomorphic polynomial. The space of
holomorphic cylinder polynomials will be denoted by P.

The “Gaussian” heat kernel bounds in Theorem 4.11] easily imply that P C
L? (vr) for all p < co-see Corollary 5.10.

Definition 1.7 (Holomorphic LP—functions). For 7' > 0 and 1 < p < oo, let
H%. (G) denote the L? (vy) — closure of P C L? (vr).

From Corollary 4.8 below, if T > 0, p € (1,00], f € LP (G,vr), and h € Gey,
then [ |f (h-g)ldvr(g9) < co. Thus, if f € H7 (G) we may define the skeleton
map (see Definition [4.7) by

(S11) () = /G £ (h-g)dvr (g).

It is shown in Theorem [5.12l that St (H2 (G)) C H3 (Gear) for all T > 0.

Theorem 1.8 (The skeleton isomorphism). For each T > 0, the skeleton map,
St : H2 (G) — HZ (Geow), is unitary.

Following Sugita’s results [27) 126] in the case of an abstract Wiener space, we
call Stl3z2 () the skeleton map since it characterizes f € HZ (G) by its “values”,
Strf, on Gop. Sugita would refer to Geops as the skeleton of G (w) owing to the
fact that vp (Gonr) = 0 as we show in Proposition 4.6.

Theorem [1.8] is proved in Section [8 and relies on two key density results from
Section 7. The first is Lemma 7.3 (an infinite-dimensional version of [7, Lemma
3.5]) which states that the finite rank tensors (see Definition [7.2) are dense inside
of J2 (gcar). The second is Theorem [7.1 which states that

(1.7) Ponv = {p|GCM p e 73}

is a dense subspace of HZ (Gcpr). Matt Cecil [2] has modified the arguments
presented in Section [7/ to cover the situation of path groups over graded nilpotent
Lie groups. Cecil’s arguments are necessarily much more involved because his Lie
groups have nilpotency of arbitrary step.
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1.1.4. The holomorphic chaos expansion. So far we have produced (for each T > 0)
two unitary isomorphisms, the skeleton map St and the Taylor isomorphism 7,

H3.(G) 25 13 (Gew) 25 I8 (acr)

The next theorem gives an explicit formula for (77 0 Sp) ™" : J (goar) — H2 (G).

Theorem 1.9 (The holomorphic chaos expansion). If f € H#(G) and af =
TrStf, then

o0

s fe@ =3 (o [ e e (5)

n=0

where b (t) and g (t) are related as in Eq. (1.2) or equivalently as in Eq. (4.2).

This result is proved in Section |9 and in particular, see Theorem [9.10. The
precise meaning of the right hand side of Eq. (1.8)) is also described there.

1.2. Discussion. As we noticed in Remark [1.4] when the form w = 0 the Fock
space JY (goar) is the standard commutative bosonic Fock space [9]. In this case
the Taylor map is one of three isomorphisms between different representations of
a Fock space, one other being the Segal-Bargmann transform. The history of the
latter is described in [13] beginning with works of V. Bargmann [I] and I. Segal in
[24]. For other relevant results see [14} [§].

To put our results into perspective, recall that the classical Segal-Bargmann
space is the Hilbert space of holomorphic functions on C" that are square-
integrable with respect to the Gaussian measure du,(z) = W‘"e_‘z‘zdz, where
dz is the 2n—dimensional Lebesgue measure. One of the features of functions
in the Segal-Bargmann space is that they satisfy the pointwise bounds |f(2)| <
I £1lL2(u,) €xp(|2]?/2) (compare with Theorem 6.11). As it is described in [13], if
C™ is replaced by an infinite-dimensional complex Hilbert space H, one of the first
difficulties is to find a suitable version of the Gaussian measure. It can be achieved,
but only on a certain extension W of H, which leads one to consider the complex
abstract Wiener space setting. From H. Sugita’s [27, 26] work on holomorphic func-
tions over a complex abstract Wiener space, it is known that the pointwise bounds
control only the values of the holomorphic functions on H. This difficulty explains,
in part, the need to consider two function spaces: one is of holomorphic functions
on H (or Gepr in our case) versus the square-integrable (weakly) holomorphic
functions on W (or G in our case).

The Taylor map has also been studied in other non-commutative infinite-
dimensional settings. M. Gordina [11} 10, [12] considered the Taylor isomorphism
in the context of Hilbert-Schmidt groups, while M. Cecil [2] considered the Taylor
isomorphism for path groups over stratified Lie groups. The nilpotentcy of the
Heisenberg like groups studied in this paper allow us to give a more complete de-
scription of the square integrable holomorphic function spaces than was possible in
[11, [10}, [12] for the Hilbert-Schmidt groups.

Complex analysis in infinite dimensions in a somewhat different setting has been
studied by L. Lempert (e.g.[20]), and for more results on Gaussian-like measures
on infinite-dimensional curved spaces see papers by D. Pickrell (e.g.[22], 23]). For
another view of different representations of Fock space, one can look at results
in the field of white noise, as presented in the book by N. Obata [21]. The map
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between an L2-space and a space of symmetric tensors sometimes is called the Segal
isomorphism as in [18, 19]. For more background on this and related topics see [16].

2. COMPLEX ABSTRACT WIENER SPACES

Suppose that W is a complex separable Banach space and By, is the Borel o—
algebra on W. Let Wge denote W thought of as a real Banach space. For A € C,
let My : W — W be the operation of multiplication by A.

Definition 2.1. A measure p on (W, By) is called a (mean zero, non-degenerate)
Gaussian measure provided that its characteristic functional is given by

(2.1) f(u) = / ") dyy (w) = e 29 for all u € Whes
w

where ¢ = ¢, : W§, x Wi, — R is an inner product on W§,. If in addition, u
is invariant under multiplication by ¢, that is, p o Mi_1 = pu, we say that p is a
complex Gaussian measure on W.

Remark 2.2. Suppose W = C? and let us write w € W as w = z + iy with
x,y € RY. Then the most general Gaussian measure on W is of the form

o~ en(1a[ 1] [ ]) o

where (@ is a real positive definite 2d x 2d matrix and Z is a normalization constant.
The matrix @ may be written in 2 x 2 block form as
A B
Q= |: Btr (¢ } .
A simple exercise shows p = p o Mi_1 iff B=0and A = C. Thus the general
complex Gaussian measure on C? is of the form

1 1
dp (w) = — exXP (—2 (Ax-x—i—Ay-y)) dz dy

1 1
= - exp <2Aw . ﬁ)) dx dy,

where A is a real positive definite matrix.

Given a complex Gaussian measure p as in Definition 2.1, let

(2.2) lw|lg == sup Juto)l. for all w € W,
uewg \{0} v/ q(u, u)

and define the Cameron-Martin subspace, H C W, by

(2.3) H={heW:|h|y <oo}.

The following theorem summarizes some of the standard properties of the triple
(W, H, ).

Theorem 2.3. Let (W, H, ;1) be as above, where p is a complex Gaussian measure
on (W, Bw ). Then
(1) H is a dense complex subspace of W.
(2) There exists a unique inner product, (-,-),, on H such that Hh||i1 = (h, h)
for all h € H. Moreover, with this inner product H is a complete separable
complex Hilbert space.
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(3) There exists C < oo such that
(2.4) Pl < Clk|y for any h € H.
(4) If {e]} _, 15 an orthonormal basis for H and u,v € Wy, then

(2.5) q(u,v) = (w o) =y [ules)vle) +ulieg)vie)].

j=1
(5) po M = p for all A € C with |\ = 1.
Proof. We will begin with the proof of item 5. From Eq. (2.1), the invariance
of p under multiplication by ¢ ( po M[l = 4 ) is equivalent to assuming that
g(uoM;,uoM;) = q(u,u) for all w € WY,. By polarization, we may further
conclude that
(2.6) q(uoM;,volM;)=q(u,v) for all u,v € W§,.
Taking v = uw o M; in this identity then shows that g (v o M;, —u) = ¢ (u,u o M;)
and hence that
(2.7) q(u,uo M;) =0 for any u € Wg,.
Therefore if A = a + ib with a,b € R, we see that
q(uo My,uo M) =q(au+ buo M;,au+ bu o M;)
(2.8) — (@ + %) g () = N2 q (),
from which it follows that g (u o My, u o My) = g (u,u) for all u € W}, and |\| = 1.

Coupling this observation with Eq. (2.1) implies o My ' = p for all || = 1. If
|A| = 1, from Eqs. (2.2) and (2.8), it follows that

Pl = swp ARl [uo M) (w)
T ews o) Va (u,u)  wewg {0} /g (wo My, uo My)
- L

ueWi \{0} /¢ U u

In particular, if ||h||,; < oo and |A| = 1, then ||Ah|; = ||h]|; < oo and hence
AH C H which shows that H is a complex subspace of W. From [4, Theorem 2.3]
summarizing some well-known properties of Gaussian measures, we know that item
3. holds, H is a dense subspace of Wge, and there exists a unique real Hilbertian
inner product, (-, ). , on H such that Hh||H = (h,h) . for all h € H. Polarizing
the identity || ALl = [|h| 5 implies (Ah, Ak) = (h, k), forallh,k € H. Takmg
A =i and k = —ih then shows (ih, h)p, = (h zh)Re, and hence that (ih, h)ge

for all h € H. Using this information it is a simple matter to check that

(2.9) (hok) gy = (h, k), + i (hyik)py, for all hk € H,

= ||lw||, for all w e W.

is the unique complex inner product on H such that Re (-,-) ; = (-, ") g7, -

So it only remains to prove Eq. (2.5). For a proof of the first equality in Eq. (2.5),
see [4, Theorem 2.3]. To prove the second equality in this equation, it suffices to
observe that {e;, zej} ° | is an orthonormal basis for (Hge, (-, '>HRe) and therefore,

(u, U>H§ = Z [u(e;)v(ej) +u(iej) v (ie;)] for any u,v € Hg,.
j=1
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d

Notation 2.4. The triple, (W, H,u), appearing in Theorem [2.3 will be called a
complex abstract Wiener space. (Notice that there is redundancy in this nota-
tion since p is determined by H, and H is determined by .)

Lemma 2.5. Suppose that u,v € W§, and a,b € C, then

(2.10) /W et gy = exp <; (a®q (u,u) + b*q (v,v) + 2abq (u, v))) .

Proof. Equation (2.10) is easily verified when both a and b are real. This suffices
to complete the proof, since both sides of Eq. (2.10) are analytic functions of
a,b e C. O

Lemma 2.6. Let (W, H, u) be a complex abstract Wiener space, then for any ¢ €
W*, we have

(2.11) /W e‘p(“’)du(w)zlz/w emdu(w)7

(2.12) / Re o ()| dy (w / Tm g (w)|2 dpt (w) = I3
and

(2.13) /W o (w) 2 dps (w) = 2 [l -

More generally, if C is another complex Hilbert space and ¢ € L (W, C), then
2 2
214 | e @l dutw) = 2l oo

Proof. If u = Re g, then ¢ (w) = u(w) — iu (iw). Therefore by Egs. (2.6), (2.7),
and (2.10),

/ egad‘u _ / eufiquid‘u‘
w w

= exp <; (q(u,u) —q(uwo M;,uoM;)— 2iq(u,qui))> =1.

Taking the complex conjugation of this identity shows fW e?Wdy, (w) = 1. Also
using Lemma 2.5, we have

/ IRe ¢ (w)|? dp (w) = ¢ (u,u) and
w

/|Im<p( )P dp (w /|u (iw)|* dp (w) = q (wo M, uo M) = q (u,u).
w

To evaluate ¢ (u,u), let {ey} 7, be an orthonormal basis for H so that {ey, ie;} oo,
is an orthonormal basis for (Hge,Re(-,-) ). Then by Eq. (2.5),

o0

g () = 3 |[ulen)® + uGies) ] = Zw ex)” = Il -

k=1
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To prove Eq. (2.14)), apply [4, Eq. (2.13)] to find

L Vo ) = 3 [l el + s Gl

2 2
=2 Z e (er)llc =2 llelhoc -

O

Remark 2.7 (Heat kernel interpretation of Lemma [2.6). The measure p formally

satisfies
/W f (wydpe (w) = (3% £) (0)

where Apy,, = >272, 07, and {ej};il is an orthonormal basis for Hge. If f is
holomorphic or anti-holomorphic, then f is harmonic and therefore

[ Fw)dut) = (cFng) ©) = 1 0.

Applying this identity to f (w) = e?®) or f(w) = e¥() with ¢ € W* gives Eq.
(2.11)). If uw € W}, we have

[ o w)di ) =

/N
9]
[N
>
x
=
Y
£
[ V)
N—
©
Il
(]
DN
|-
—~
o3
=)
o
N
[ V)
~
—~~
=

n=0
= & (B ) (0) = ;2_: (22 ) (0
=S ules)? = ullhy,

Jj=1

Egs. (2.12) and (2.13) now follow easily from this identity.

2.1. The structure of the projections. Let i : H — W be the inclusion map
and i* : W* — H™* be its transpose, i.e. i*f :={ o for all £ € W*. Also let

(2.15) H,:={he€H:(,h),; € Ran(i") C H*}

or in other words, h € H is in H, iff (-,h),; € H* extends to a continuous linear
functional on W. (We will continue to denote the continuous extension of (-, h)
to W by (-, h), .) Because H is a dense subspace of W, i* is injective, and because
i is injective, i* has a dense range. Since h € H — (-,h), € H* is a conjugate
linear isometric isomorphism, it follows from the above comments that H, > h —
(-, h) y € W* is a conjugate linear isomorphism too, and that H, is a dense subspace
of H.

Lemma 2.8. There is a one to one correspondence between Proj (W) (see Notation
1.1) and the collection of finite rank orthogonal projections, P, on H such that
PH C H,.

Proof. If P € Proj (W) and w € PW C H, then, because P|y is an orthogonal
projection, we have

(2.16) (Ph,u)y = (h, Pu)y = (h,u), forall h € H.
Since P : W — H is continuous, it follows that v € H,, i.e. PW C H,.
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Conversely, suppose that P : H — H is a finite rank orthogonal projection such
that PH C H,. Let {ej}?zl be an orthonormal basis for PH and ¢; € W* such

that ¢;|g = (-,¢j),. Then we may extend P uniquely to a continuous operator
from W to H (still denoted by P) by letting

n n
(2.17) Pw = Zéj (w)e; = Z (w,ej) ej for all we W.
j=1 j=1
From [4, Eq. 3.43], there exists C' = C (P) < oo such that
(2.18) |Pwl||; < C|lw|ly, forall we W.

3. COMPLEX HEISENBERG LIKE GROUPS

In this section we review the infinite-dimensional Heisenberg like groups and Lie
algebras which were introduced in [4, Section 3].

Notation 3.1. Let (W, H, i) be a complex abstract Wiener space, C be a complex
finite dimensional inner product space, and w : W x W — C be a continuous skew
symmetric bilinear quadratic form on W. Further, let
(3.1)  lwll := sup{llw (w1, w2)ll¢ : w1, w2 € W with [lwilly, = wally =1}
be the uniform norm on w which is finite by the assumed continuity of w.
Definition 3.2. Let g denote W x C when thought of as a Lie algebra with the
Lie bracket operation given by
(3.2) [(A4,a),(B,b)] :==(0,w (A4, B)).
Let G = G (w) denote W x C when thought of as a group with the multiplication
law given by
1

(3.3) Ng2=g1+g2+5 [91,92] for any g1,92 € G
or equivalently by Eq. (1.1)).

It is easily verified that g is a Lie algebra and G is a group. The identity of G is

the zero element, e : = (0,0).

Notation 3.3. Let goyr denote H x C when viewed as a Lie subalgebra of g and
Geu denote H X C when viewed as a subgroup of G = G (w). We will refer to
gocm (Geowm) as the Cameron—Martin subalgebra (subgroup) of g (G). (For
explicit examples of such (W, H, C,w), see [4].)

We equip G = g = W x C with the Banach space norm

(3.4) l[(w, g = llwlly + llelle
and Geoy = gov = H x C with the Hilbert space inner product,
(35) <(A7 a) ) (Ba b)>QCM = <A7 B>H + <aa b>c .

The associate Hilbertian norm is given by

(3.6) 1A, = VAN + 0]l

As was shown in [4, Lemma 3.3], these Banach space topologies on W x C and
H x C make G and G¢ )y into topological groups.
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Notation 3.4 (Linear differentials). Suppose f : G — C, is a Frechét smooth
function. For g € G and h,k € g let

f(g)h:=0nf(9) f(g+th)

~ dtlo
and
" (9) (h@ k) := Onorf (g) -

(Here and in the sequel a prime on a symbol will be used to denote its derivative or
differential.)

As G itself is a vector space, the tangent space, T;G, to G at g is naturally
isomorphic to G. Indeed, if v, g € G, then we may define a tangent vector v, € T,G
by vy f = f' (g)v for all Frechét smooth functions f : G — C. We will identify g
with TG and geas with To.Gear. Recall that as sets g = G and goy = Goy. For
g € G, let l; : G — G be the left translation by g. For h € g, let h be the left
invariant vector field on G such that h (9) = h when g = e. More precisely, if
o (t) € G is any smooth curve such that o (0) = e and ¢ (0) = h (e.g. o (t) = th),
then

(3.7) h(g) =gk i= o g ().

As usual, we view h as a first order differential operator acting on smooth functions,

f:G—C, by
(38) (7)) = S| Fa-o(0).

The proof of the following easy proposition may be found in [4, Proposition 3.7].

Proposition 3.5. Let f : G — C be a smooth function, h = (A,a) € g and
g=(w,c) € G. Then

(3.9) h(g) :=,lgh = (A, a+ %w (w, A)) for any g = (w,c) € G
and, in particular,

(3.10) (@ 6) = ' (0) (Aot ().

Ifhk € g, then

(3.11) (i}l}f - léizf) = (K7,

The one parameter group in G, e, determined by h = (A,a) € g, is given by
e =th =t(A,6).

4. BROWNIAN MOTION AND HEAT KERNEL MEASURES

This section will closely follow [4, Section 4] except for the introduction of a
certain factor of 1/2 into the formalism which will simplify later formulas. Let
{b(t) = (B(t),Bo(t)};5o be a Brownian motion on g = W x C with the variance
determined by

1
= —Re(h, k) sSAt

gcmMm 2 gcm

(4.1) E[Re(b(s),h).  -Re(b(t), k)

gcm
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for all s,t € [0,00), h = (4,a), and k:=(C,c), where A,C € H, and a,c € C.
(Recall the definition of H, from Eq. (2.15)).)

Definition 4.1. The associated Brownian motion on G starting at e = (0,0) € G
is defined to be the process

(42) 00 = (B0 B+ [ wB().aB@).

More generally, if h € G, we let gp, (t) := h-g (t), the Brownian motion on G starting
at h.

Definition 4.2. Let Bg be the Borel o—algebra on G and for any T > 0, let
vr @ Bg — [0,1] be the distribution of g (7). We will call v the heat kernel
measure on G.

To be more explicit, the measure vp is the unique measure on (G, Bg) such that

(4.3) vr (f) = /G fdvr = E[f (g (T))]

for all bounded measurable functions f : G — C. Our next goal is to describe the
generator of the process {gn (t)},5-

Definition 4.3. A function f : G — C is said to be a cylinder function if it may
be written as f = F o wp for some P € Proj (W) and some function F : Gp — C,
where G p is defined as in Notation[I.1. We say that f is a holomorphic (smooth)
cylinder function if F' : Gp — C is holomorphic (smooth). We will denote the space
of holomorphic (analytic) cylinder functions by .A.

Proposition 4.4 (Generator of gi). If f : G — C is a smooth cylinder function,
let

oo r__ o d o o
w0 =Y |00 +Gg0) | 1+X |05 + 05 |1

=1

where {ej};il and {fj}?:1 are complex orthonormal bases for (H,(-,-)y) and
(C,(-,-)c) respectively. Then Lf is well defined, i.e. the sums in Eq. (4.4) are
convergent and independent of the choice of bases. Moreover, for all h € G, iL 18
the generator for {gn (t)},5- More precisely,

1 t
(45) M = (o @) - 1 [ LF (on () ar
0
is a local martingale for any smooth cylinder function, f : G — C.

Proof. After bearing in mind the factor of 1/2 used in defining the Brownian motion
b(t) in Eq. (4.1), this proposition becomes a direct consequence of Proposition 3.29
and Theorem 4.4 of [4]. Indeed, the Brownian motions in this paper are equal in
distribution to the Brownian motions used in [4] after making the time change,
t — t/2. It is this time change that is responsible for the 1/4 factor (rather than
1/2) in Eq. (4.5). O
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4.1. Heat kernel quasi-invariance properties. In this subsection we are going
to recall one of the key theorems from [4]. We first need a little more notation.

Let Cl,, denote the collection of C'-paths, g : [0,1] — Gear. The length of g
is defined as

1
(4'6) EGCA{ (g) = /0 H lg71(s)*g/ (S)H ds.

gocmMm
As usual, the Riemannian distance between x,y € Gy is defined as
(4.7 deon (@,y) =inf {lg.,, (9) 19 € Clyy > g(0) =z and g(1) =y} .
Let us also recall the definition of k (w) from [4, Eq. 7.6];

1 2
k(w) = —5  sup lw G D5 wcn.
Al =1 -
2 2
(4.8) T IIASI|ul[:1 o Dl-ec 2 ~ lWlmgroc > —00,
H™—

wherein we have used [4, Lemma 3.17] in the second equality. It is known by Fer-

nique’s or Skhorohod’s theorem that Hng = ||w|\§1*®H*®C < 00, see [4, Proposition
3.14] for details.

Theorem 4.5. For allh € Gop and T > 0, the measures, z/Tol}:1 and v o 7";:1,

d(uTolfl) . d(l/Torfl)
7dwh and Zj = 7@;’

be the respective Randon-Nikodym derivatives, k (w) is given in Eq. (4.8), and

are absolutely continuous relative to vy. Let Z' =

t
c(t) = — for anyt € R

with the convention that ¢ (0) = 1. Then for all 1 < p < oo, Z, and Z} are both
in LP (vr) and satisfy the estimate

(@9) 2l < o (HEIDCD (o).

where x =1 or x =r.

Proof. This is [4, Theorem 8.1] (also see [4, Corollary 7.3]) with the modification
that T should be replaced by T'/2. This is again due to the fact that the Brownian
motions in this paper are equal in distribution to those in [4] after making the time
change, t — t/2. O

It might be enlightening to note here that we call Ggps the Cameron-Martin
subgroup not only because it is constructed from the Cameron-Martin subspace,
H, but also because it has properties similar to H. In particular, the following
statement holds.

Proposition 4.6. The heat kernel measure does not charge Goyy, i-e. vr (Geonr) =
0.

Proof. Note that for a bounded measurable function f : W x C' — C that depends
only on the the first component in W x C, that is, f (w,c) = f (w) we have

/f@ﬂw@@:va@mz/fmemy
G w
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Note that for the projection 7 : W x C' — W, 7 (w, ¢) = w we have m,vr = ur and
therefore

vr (Geym) =vr (7r_1 (H)) = mwr (H) = pr (H) = 0.
(I

For later purposes, we would like to introduce the heat operator, Sy := e?%/4,

acting on LP (G,vr). To motivate our definition, suppose f : G — C is a smooth
cylinder function and suppose we can make sense of u(t,y) = (eT=YL/4f) (y).
Then working formally, by 1t6’s formula, Eq. (4.5)), and the left invariance of L, we
expect u (t, hg (t)) to be a martingale for 0 < ¢t < T and in particular,

(410)  E[f (hg (T)] = E[u(T,hg (T))] = E [u (0, hg (0)] = ("7 ) (h).
Definition 4.7. For T > 0, p € (1,00], and f € L? (G,vr), let Spf : Goey — C
be defined by

(411) (Seh) () = [ F0-g)dvr (9) = ELf (hg (D).

The following result is a simple corollary of Theorem 4.5/ and Holder’s inequality
along with the observation that p’ — 1 = (p— 1)71, where p’ is the conjugate
exponent to p € (1, 00].

Corollary 4.8. If p>1,T >0, f € LP (G,vr), h € Gem, and

(412) Z}L e L™ (VT) = ﬂ1<q<ooLq (I/T)

is as in Theorem|[4.5, then St f is well defined and may be computed as

(413) S0 = [ 1602} @) dvr ().

Moreover, we have the following pointwise “Gaussian” bounds
c(kW)T/2)

@18 IS W< Wl o0 (D, (e h))

We will see later that when f is “holomorphic” and p = 2, the above estimate
in Eq. (4.14) may be improved to

1
(415)  1(S2f) (W)] < 1o 5P (ﬂdém (e, h)) for any h € Gon.
This bound is a variant of Bargmann’s pointwise bounds (see [I, Eq. (1.7)] and [6,
Eq. (5.4)]).

Lemma 4.9. Let T > 0 and suppose that f : G — C is a continuous and in LP (vr)
for somep > 1. Then Strf : Goy — C is continuous.

Proof. For q € (1,p) and h € Geop we have by Holder’s inequality and Theorem
4.5 that

E|f (hg ) = vr (11" 28) < 11y 12011, 25

(1.16) L )



SQUARE INTEGRABLE HOLOMORPHIC FUNCTIONS 15

Hence if {h,},-, C Gon is a sequence converging to b € Gey, it follows that
(4.17)

q/p c(k(w) /2)
supElf(hng(T))\ 11 o © (T(p_q)sgpdch (e,hn)) < 00,

(T))},_, is uniformly integrable. Since by continuity of

which implies that {f (hng
= f (hg (T)), we may pass to the limit under the expectation

fa hmn—»oo f( ( ))
to find

lim Spf (hn) = lim Ef (hng (T)) = E[f (hg (T))] = St f (h).

n—oo

4.2. Finite dimensional approximations.
Notation 4.10. For each P € Proj (W), let gp (t) denote the G p—valued Brownian
motion defined by

(4.18) gp (t) = (PB (t),Bo (t) + %/0 w(PB(r),dPB (7-))) .

Also, for anyt > 0, let vf’ := Law (gp (t)) be the corresponding heat kernel measure
on Gp.

The following Theorem is a restatement of [4, Theorem 4.16].

Theorem 4.11 (Integrated heat kernel bounds). Suppose that p? : G — [0,00) be
defined as

(4.19) p* (w,e) = Jwly + el

Then there exists a § > 0 such that for all e € (0,0) and T >0

(4.20) sup E [e%pz(gp(T))] < oo and / e 9 dyy (9) < 0.
PeProj(W) G

Proposition 4.12. Let P, € Proj (W) such that Py|g 1 Iy on H and let g, (T) :=
gp, (T). Further suppose that § > 0 is as in Theorem [4.11, p € [1,00), and f :
G — C is a continuous function such that

(4.21) I (9)] < Ce=P" /BT for 4il g € G

for some e € (0,0). Then f € LP (vr) and for all h € G we have
(4.22) Jim E|f (hg (T)) = f (hgn (T))|” =0,
and

(.23 Tim E[f (g (T)h) — f (ga (T) W) =0.

Proof. 1If q € (p, o) is sufficiently close to p so that gp~le < §, then
SupE |f (g (T))|* < CTsupE [er 120" (0)/7]
n n
which is finite by Theorem 4.11. This shows that {|f (g, (7))["},—, is uniformly

integrable. As a consequence of [4, Lemma 4.7] and the continuity of f, we also
know that f (g, (T)) — f(g(T)) in probability as n — oco. Thus we have shown
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Egs. (4.22) and (4.23)) hold when h = e = 0. Now suppose that g = (w,¢) and
h = (A,a) are in G. Then for all o > 0,

1
P (gh) = lw+ Al + |la+c+ o (w,4)

C
1
2 2
< llwllw + 141y + 2 1Al llwlly +llallc + lielle + 5 llo (w, Alle
(4.24) <0 (9) +0° (h) + CllAllyy [wlly,

Cr _
3 o7t 14l +alwli ]

Ca C
<1+ =] p? 1+ —)p°(h
(1+ 5 ) @+ (1+52) ),
where C' := (2+ 3 [w|ly). As Eq. (4.24) is invariant under interchanging g and h
the same bound also hold for p? (hg). By choosing a > 0 sufficiently small so that
(1+ %) e < 0, we see that ¢ — f(gh) and g — f (hg) satisfy the same type of

bound as in Eq. (4.21)) for ¢ — f (g). Therefore, by the first paragraph, we have
now verified Eqs. (4.22)) and (4.23) hold for any h € G. O

<p?(9) +p° (h) +

5. HOLOMORPHIC FUNCTIONS ON G AND Gg

We will begin with a short summary of the results about holomorphic functions
on Banach spaces that will be needed in this paper.

5.1. Holomorphic functions on Banach spaces. Let X and Y be two complex
Banach space and for a € X and § > 0 let

Bx (a,0) :=={z € X : |z —al x <6}
be the open ball in X with center a and radius 9.

Definition 5.1 (Hille and Phillips [17, Definition 3.17.2, p. 112.]). Let D be an
open subset of X. A function v : D — Y is said to be holomorphic (or analytic)
if the following two conditions hold.

(1) w is locally bounded, namely for all a € D there exists an r, > 0 such that
M, =sup{|lu(z)|ly : ¢ € Bx (a,rq)} < o0.

(2) The function u is complex Géateaux differentiable on D, i.e. for each a € D
and h € X, the function A — wu(a + Ah) is complex differentiable at A =
0eC.

(Holomorphic and analytic will be considered to be synonymous terms for the
purposes of this paper.)

The next theorem gathers together a number of basic properties of holomorphic
functions which may be found in [17]. (Also see [15].) One of the key ingredients
to all of these results is Hartog’s theorem, see [17, Theorem 3.15.1].

Theorem 5.2. If u : D — Y is holomorphic, then there exists a function u’ :
D — Hom (X,Y), the space of bounded complex linear operators from X to Y,
satisfying
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(1) Ifae D, x € Bx (a,r4/2), and h € Bx (0,7r,/2), then
4M,
ra (ra — 2] x)

In particular, u is continuous and Frechét differentiable on D.
(2) The function u' : D — Hom (X,Y) is holomorphic.

(5.1) lu(z +h) = u(x) —u' (z) hlly < 1A% -

Remark 5.3. By applying Theorem [5.2/repeatedly, it follows that any holomorphic
function, u : D — Y is Frechét differentiable to all orders and each of the Frechét
differentials are again holomorphic functions on D.

Proof. By [17, Theorem 26.3.2 on p. 766.], for each a € D there is a linear operator,
u (a) : X — Y such that du (a + Ah) /dA\|x=0 = «’ (a) h. The Cauchy estimate in
Theorem 3.16.3 (with n = 1) of [17] implies that if a € D, © € Bx (a,r,/2) and
h € Bx (0,74/2) (so that « + h € Bx (a,r,)), then [|u’ (z) k|, < M,. It follows
from this estimate that

(5.2) sup{Hu’ (@) lom(x,y) * @ € Bx (a,ra/Q)} < 2M, /r,.

and hence that v’ : D — Hom (X,Y) is a locally bounded function. The estimate
in Eq. (5.1) appears in the proof of the Theorem 3.17.1 in [17] which completes the
proof of item 1.

To prove item 2. we must show u' is Gateaux differentiable on D. We will in
fact show more, namely, that v’ is Frechét differentiable on D. Given h € X, let
Fn : D — Y be defined by F}, (z) := v’ (z) h. According to [17, Theorem 26.3.6],
F}, is holomorphic on D as well. Moreover, if a € D and x € B (a,7,/2) we have
by Eq. (5.2) that

1En (2)]ly < 2Ma [|h]lx /7a-
So applying the estimate in Eq. (5.1) to F}, we learn that

(5.3) 1Fy (z+ k) — Fy () — FL (2) klly < zi(zMa 1Pllx /7a)

AR
T (e -2k x) I+l

for z € B (a,r,/4) and ||k||y < ro/4, where
F (2)k = % loFn (z + k) = %bu’ (z + M) h =: (6%u) (23 h, k).

Again by [17, Theorem 26.3.6], for each fixed z € D, ((52u) (x; h, k) is a continuous
symmetric bilinear form in (h, k) € X x X. Taking the supremum of Eq. (5.3) over
those h € X with ||h||y =1, we may conclude that
Hu’ (x+ k) —u (2) — 0%u (z;-, k) HHom(ny)
= sup ||Fy(z+Fk) = Fp(x) = F, () klly
Al x=1
4(2M,/r,)

N o r k”2 .
% (% - 21kl x) Il

This estimate shows v’ is Frechét differentiable with u” () € Hom (X, Hom (X,Y))
being given by u” (z) k = (6%u) (z;-, k) € Hom (X,Y) forall k € X and z € D. [0
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5.2. Holomorphic functions on G and G¢y. For the purposes of this section,
let Go = G and go = g or Go = Geoum and go = gom. Also for g, h € g, let (as
usual) adgh := [g, hl.

Lemma 5.4. For each g € Gy, lg : Go — Gy is holomorphic in the H'”go ~topology.
Moreover, a function u : Gg — C defined in a neighborhood of g € Gy is Gateaux
(Frechét) differentiable at g iff uol, is Gdteaux (Frechét) differentiable at 0. In
addition, if w is Frechét differentiable at g, then

(5.4 (wo 1) O)h = (9) -+ 3 1a.11).

(See [13, Theorem 5.7] for an analogous result in the context of path groups.)

Proof. Since
1 1
l!](h) :gh:g+h+§[gah} =g+ <Id90 +2(]‘d!]) ha

it is easy to see that [, is holomorphic and l; is the constant function equal to

Idg, + %ad, € End (go). Using adg = 0 or the fact that l;l = lg-1, we see that [}
is invertible and that

1 -t 1
l;il = <Idgo =+ 2Cldg> = Idgo — 5&(19.

These observations along with the chain rule imply the Frechét differentiability
statements of the lemma and the identity in Eq. (5.4).
If u is Gateaux differentiable at g, h € go, and k := h + % [g, h], then

d d d
oo Iy () = o (g - (W) = ——lou (g + Ak)

and the existence of -k|ou (g + Ak) implies the existence of -k|guol, (Ah). Con-
versely, if uol, is Gateaux differentiable at 0, h € go, and

ke h— % 9. h] = (Idgo + ;adg> s
then
ly(AE) =g+ (Ialgo + ;ad9> k =g+ Ah.
So the existence of - |o (u o ;) (\k) implies the existence of % |gu (g + Ah). O

Corollary 5.5. A function u : Gy — C is holomorphic iff it is locally bounded
and h — u (geh) =u(g-h) is Giteauz (Frechét) differentiable at 0 for all g € Gj.
Moreover, if u is holomorphic and h € gg, then

() (9) = lou (96*") =1 (9) (h + [g, )

is holomorphic as well.

Notation 5.6. The space of globally defined holomorphic functions on G and Gopy
will be denoted by H (G) and H (Gco) respectively.
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Notice that the space A of holomorphic cylinder functions as described in Defini-
tion [4.3/is contained in H (G). Also observe that a simple induction argument using
Corollary 5.5 allows us to conclude that h; ...h,u € H (Gy) for all u € H (Go) and
hly---’hn € go-

Proposition 5.7. If f € H(G) and h € g, then ihf =ihf, ihf = —ihf,
N2
(5.5) [(m) +h2} f=0, and

(5.6) (72 + ") |f|2=4‘i}f‘2.

Proof. The first assertions are directly related to the definition of f being holo-
morphic. Using the identity ihf = ihf twice implies Eq. (5.5). Eq.(5.6) is a
consequence of summing the following two identities

WP =h(f-F)=Wf-F+ -2 +2hf-hf
and
2002 3 ~2,. 7 ~2 2 Yo 7
ih” |f|" =ik (f-f) =ih f-f+ f-ih f+2ihf-ihf
= —12f = f-W*f+2hf - hf,
and using Ef:ﬁ (I

Corollary 5.8. Let L be as in Proposition |4.4. Suppose that f : G — C is a
holomorphic cylinder function (i.e. f € A), then Lf =0 and

(5.7) LIfP = |hs

hel’

2
)

where T' is an orthonormal basis for goar of the form
0o d
(5‘8) F:Feurf = {(ej70)}j:1 U{(Oafj)}j:1

with {ej};il and {fj}?zl being complex orthonormal bases for H and C respec-
tively.

Proof. These assertions follow directly form Eqgs. (4.4), (5.5), and (5.6)). O

Formally, if f : G — C is a holomorphic function, then e”*/4 f = f and therefore
we should expect Stf = f|g.,, Where St is defined in Definition [4.7. Theorem 5.9
below is a precise version of this heuristic.

Theorem 5.9. Suppose p € (1,00) and f : G — C is a continuous function such
that flae, € H(Gewn) and there exists Py, € Proj (W) such that Py|g 1 Ip, then

(5.9) £y < S9B1F n r)-
If we further assume that
(5.10) SUP f o (G, i) < 001

then f € LP (vr), Stf = flaou, and f satisfies the Gaussian bounds

1D 1< oy 0 ( S (o)) for any € G
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Proof. According to [4, Lemma 4.7], by passing to a subsequence if necessary, we
may assume that gp, (T) — ¢ (T') almost surely. Hence an application of Fatou’s
lemma implies Eq. (5.9). In particular, if we assume Eq. (5.10) holds, then
f € LP (vr) and so Stf is well defined.
Now suppose that P € Proj (W) and h € Gp. Working exactly as in the proof
of Lemma 4.9, we find for any ¢ € (1,p) that
c(kp(W)T/2)q

q qa/p 2
(5:12) IS (hgr (D) < IS0,y exp ( o, <e7h>) 7
where dg,, (-, ) is the Riemannian distance on Gp and (see [4, Eq. (5.13)]),

1
(513) ke (w)i= —5sup {llo (AR piyec: A€ PH, [Alpy =1},

Observe that kp (w) > k (w) and therefore, as ¢ is a decreasing function, ¢ (k (w)) >
¢(kp (w)). Let m € N be given and h € Gp,. Then for n > m we have from Eq.
(5.12) that

IS (g, (D" < W,y ow (P20 08, (o)

T(g-p
k(w)T/2)q
< q/p c ( d2 h
12 oy 50 ( oM, (en)
wherein in the last inequality we have used ¢ (k (w)) = ¢ (kp (w)) and the fact that
dQGPﬂ (e, h) is decreasing in n > m. Hence it follows that sup,,>,,, E|f (hgp, (T))|* <

oo and thus that {f (hgp, (T))} is uniformly integrable. Therefore,

n>=m
(5.14) Srf (h) =Ef (hg(T)) = lim Ef (hgp, (T)) = lim_ ; f(hx) dvpr (x).

On the other hand by [4, Lemma 4.8] (with T replaced by T'/2 because of our
normalization in Eq. (4.1))), 1/713" is the heat kernel measure on Gp, based at
ec Gp,,ie v (dz) = p§72 (e,x) dz, where dz is the Riemannian volume measure
(equal to a Haar measure) on Gp, and pg" (z,y) is the heat kernel on Gp,. Since
flap, is holomorphic, the previous observations allow us to apply [5, Proposition
1.8] to conclude that

(5.15) f (hx)dvk (z) = f (e) for all n = m.

Gp,
As m € N was arbitrary, combining Eqs. (5.14) and (5.15) implies that Sy f (h) =
f(h) for all h € Gy := Up,enGp,, . Recall from Lemma 4.9 that Srf : Goyr — C
is continuous and from the proof of [4, Theorem 8.1] that Gy is a dense subgroup
of Gopr. Therefore we may conclude that in fact St f (k) = f (h) for all h € Gep.
The Gaussian bound now follows immediately from Corollary 4.8. O

Corollary 5.10. Suppose that § > 0 is as in Theorem |[4.11 and f : G — C is a
continuous function such that flge,, is holomorphic and |f| < Ce=*/®T) for some
e € [0,6). Then f € LP (vy), Stf = f, and the Gaussian bounds in Eq. (5.11)
hold.

Proof. By Theorem [4.11), the given function f verifies Eq. (5.10) for any choice
of {P,},2, C Proj(W) with P,|y 1 P strongly as n | co. Hence Theorem /5.9 is
applicable. ([l
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As a simple consequence of Corollary [5.10, we know that P C LP (vr) (see
Definition [1.6) and that (S7p) (h) =p (h) for all h € Gopr and p € P.

Notation 5.11. For T > 0 and 1 < p < oo, let A% and HY. (G) denote the
L? (vp) — closure of AN LP (vp) and P, where A and P denote the holomorphic
cylinder functions (see Definition[4.5) and holomorphic cylinder polynomials on G
respectively.

Theorem 5.12. For all T > 0 and p € (1,00), we have Sy (HYy. (G)) C H(Gewm)-

Proof. Let f € My (G) and p, € P such that lim,—oc [[f — Pullps(,y = 0. If
h € Gou, then by Corollary 4.8

157 f () = pn (R)| = |ST (f = Pn) (B)]
c(kw)T/2)

< Hf _anLP(yT) €xXp (T(pl)déCM (e,h)) .

This shows that St f is the limit of p, |G, € H (Geoar) with the limit being uniform
over any bounded subset of h’s contained in G¢jps. This is sufficient to show that
Stf € H(Gcar) via an application of [17, Theorem 3.18.1]. O

Remark 5.13. It seems reasonable to conjecture that A% = H2 (G), nevertheless
we do not know if these two spaces are equall We also do not know if Spf = f
for every f € AN L? (vr). However, Theorem 5.9 does show that Spf = f for all
f € ANpeprojow) LP (1/75) with LP (VTE)*HOI‘HIS of f being bounded.

6. THE TAYLOR ISOMORPHISM THEOREM

The main purpose of this section is to prove the Taylor isomorphism Theorem 1.5
(or Theorem [6.10). We begin with the formal development of the algebraic setup.
In what follows below for a vector space V we will denote the algebraic dual to V'
by V'. If V happens to be a normed space, we will let V* denote the topological
dual of V.

6.1. A non-commutative Fock space.

Notation 6.1. For n € N [et g%}f/[ denote the n—fold algebraic tensor product of
9o with itself, and by convention let g%?u :=C. Also let

T:=T(gcm) =CHgom ® g7 S 96 @ - -

be the algebraic tensor algebra over goar, T’ be its algebraic dual, and J be the two-
sided ideal in T generated by the elements in Eq. (1.3). The backwards annihilator
of J is

(6.1) J'={aecT :a(J)=0}
For any a € T' and n € NU{0}, we let a, := 04|g%,4 € (g?f]@)/,

After the next definition we will be able to give numerous examples of elements
in JY.

Definition 6.2 (Left differentials). For f € H (Gcoum), n € NU{0}, and g € G,
" .
define f, (g) :== D"f (g) € (9%1\4) by
(D°f) (9) = [ (9) and
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(6.2) (D"f(9) h1 & -+ @ hn) = (hy-..hnf ) (9)

for all and hq, ..., hy, € go, where hf is given as in Eq. (3.8) or Eq. (3.10). We will
write Df for D f and f (g) to be the element of T (gcar) determined by

(6.3) <f(g) ,ﬂ> = <fn (9) ,B> for all 8 € gCM and n € Ny.

Example 6.3. As a consequence of Eq. (3.11), f(g) € J° for all f € H(Geu)
and g € Gew.

In order to put norms on J°, let us equip g?ﬂﬁ/[ with the usual inner product
determined by

(64) (M@ @hy, k1@ @kn)gon = H ., forany hi k; € gonr.
For n = 0 we let (z,w)Q%J = 2w for all z,w € g5}, = C. The inner product

(-, o)QgXI induces a dual inner pioduct on (gCM)* which we will denote by (-,-),,.
The associated norm on (g&7,)" will be denoted by ||-||,,. We extend |||, to all

of (687,) by setting [|8], = oo if B € (g22,)"\ (s87,)". If T is any orthonormal

basis for gcas, then ||3]|,, may be computed using

(6.5) 1BlGen == > B @ - @hy)*.

9(:1\/1
Ri,...,hn €D

Definition 6.4 (Non-commutative Fock space). Given T' > 0 and o € J° (gcur),
let

2 — 1" 2
(6.6) ||aHJ%(gCM) = Z r ol
n=0
Further let
2
(67) 7 (aca) = {a € 1 (aoan) ¢ ol gy < 20}

The space, J2 (gcar), is then a Hilbert space when equipped with the inner
product

oo n

T
(6.8) (@ 8) 19 (gonr) = Z T (o, B),, for any a, B € JP (gconr) -
n=0

6.2. The Taylor isomorphism.

Lemma 6.5. Let f € H(Gen) and T > 0 and suppose that {P,},-_; C Proj (W)
zs a sequence such that Pplgon T Lgon a8 — 0o0. Then

where H'||H2T(GCM) is defined in Eq. (1.4).
Proof. By Theorem 5.1 of [6], for all P € Proj (W),
(6.10) sy = £ )]y,
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where
2

(6.11) i)

j%(gp):ijy’:l Z ‘<f(e)ah1®"'®hn>

n=0 {h‘j }?:1 cr'p

and I'p is an orthonormal basis for gp. In particular, it follows that

6.12 Flloye —  sup H Fle

(6.12) | ”HT(GCM) PEProj(W) (e) J9(gp)

and hence we must now show

6.13 sup Hf e = f e .
(6.13) PEProj(W) ( J2(ap) (e) Jp(gcar)

If I is an orthonormal basis for gops containing I'p, it follows that
ite)] il f(e),h h
e = _— e 3 ® st ® n>
£ >\J%(gp) oY [(Fenm

n=0 {h;}7_,Ccr
f (e < H f (e . We may choose
‘f( )’ J’?‘(QP) f( ) J%(QC}VI) Y

orthonormal bases, I'p_, for gp, such that I'p, T I' as n T co. Then it is easy to
show that

2

2

f(e)

b
J2(gom)

which shows that SUP peProj(W)

f(e)

Jim (£l e, iy = i

J9(ap,)

:nlinéoi% Z ‘<f(e),h1®...®hn>

n=0 " {h;}7_,CTp,

2

DN =)

=Y (Fe)me-ah)| =|fe

n=0 n! {h;}r_,CT Je(scom)

from which it follows that sup pepojw) ‘f(e) . > ) f(e) . 0
T\8P Tgcm

For the next corollary, recall that P and Pcjs denote the spaces of holomorphic
cylinder polynomials on G and Gy respectively, see Definition [1.6l and Eq. (1.7).

Corollary 6.6. If f : G — C is a continuous function satisfying the bounds in
Proposition [§.12 with p = 2, then flao,, € H%(Gon) and f(e) € J2 (gonr). In
particular, for all'T >0, Pcy C H2 (Geow) and for any p € P, p(e) € J% (gom)-
This shows that H% (Gcar) and JS (gon) are non-trivial spaces.

Definition 6.7. For each T' > 0, the Taylor map is the linear map, 77 :
H% (GCM) — J% (gCM), defined by TTf = f (e)

Corollary 6.8. The Taylor map, Tr : H% (Geon) — J (8cm), is injective. More-
over, the function H'||H2T(Gcm) is a norm on Hz (Gcoa) which is induced by the

inner product on H% (Genr) defined by
(6.14) (s 0) 342 (o) 7= (0(€),8(€)) jo g0y o any u,v € Hi (Genr).
Proof. If f(e) = 0, then ||f||H2T(GCM) = 0 which then implies that f|g, = 0 for

all P € Proj(W). As f: Goy — C is continuous and Upepyojw)Gp is dense in
Gewnr (see the end of the proof of Theorem [5.9), it follows that f = 0. Hence we
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have shown 77 injective. Since ||-|| J9(geny) 18 @ Hilbert norm and, by Lemma 6.9,

gcMm
||f||H2T(GCM) = ||TTfHJ%(gCM), it follows that H'||H2T(GCM) is the norm on H2 (Ger)
induced by the inner product defined in Eq. (6.14). a

Our next goal is to show that the Taylor map, 77, is surjective. The following
lemma motivates the construction of the inverse of the Taylor map.

Lemma 6.9. For every f € H(Goum),

oo

(6.15) flo=> % <fn (e) ,g®”> for any g € Gew,

n=0

where the above sum is absolutely convergent. By convention, g¥° =1 € C. (For a
more general version of this Lemma, see Proposition 5.1 in [3].)

Proof. The function u (z) := f (zg) is a holomorphic function of z € C. Therefore,

oo

flg)=u(®) =3 2ut (0)

n!
n=0

and the above sum is absolutely convergent. In fact, one easily sees that for all
R > 0 there exists C'(R) < oo such that ’u(") (0)] < C(R)R™ for all n € N.
The proof is now completed upon observing

i )= () woleo = () Flt9) o

_ (i) F(e9) limo = (5"1) (e) = (fu €) ,g™").

The next theorem is a more precise version of Theorem [1.5.

Theorem 6.10 (Taylor isomorphism theorem). For all T > 0, the space H% (Gcar)
equipped with the inner product (-, '>H2T(GCM) 1s a Hilbert space, T (HQT (GCM)) C
J2 (gcm), and Ty = T|H2T(GcM) : H2 (Gom) — J9 (gom) is a unitary transfor-
mation.

Proof. Given Corollary 6.8, it only remains to prove 77 is surjective. So let a €
JY (gcamr). By Lemma 6.9, if f = 7~ "o exists it must be given by

1
(6.16) f(g) = Z — (ay, g®™) for any g € Gon.

— n!
We now have to check that the sum is convergent, the resulting function f is in
H (Geom), and f (e) = a. Once this is done, we may apply Lemma 6.5 to conclude
that Hf||H;%(GCM) = ”a”J%(gcm < oo and hence we will have shown that f €
H3 (Gewm) and Tr f = . For each n € NU{0}, the function u, () := % (an, g%")
is a continuous complex n-linear form in g € G¢p and therefore holomorphic.
Since [(an, g®™)| < |lanll,, ll9]l then for R > 0

n
gcm?

sup { un (9)] + 90140, < B} < llnl,, B
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Therefore it follows that

> sup {[un ()¢ [9llg0, < B} <D° —r lanll, 7
n=0 n=0
T =T (R
S e S ()
n=0 n=0
2
(6.17) = llell jo (gonr) GR2/CT) o

This shows f(g9) = limy_ 27]:7:0 up (g) with the limit being uniform over ¢ in
bounded subsets of goar. Hence, the sum in Eq. (6.16) is convergent and (see [17,
Theorem 3.18.1]) the resulting function, f, is in H (Geoar). Since

oo

f(zh) = Z Z—| <an, h®"> for any z € C and h € goyy,
n

n=0

it follows that

(nst) = () 1) oo = () () oo = (Fute)1o7).

This is true for all n and h € gcas, so we may use the argument following Eq.
(6.13) in [3] (or see the proof of Theorem 2.5 in [7]) to show f (e) = a. O

As a consequence of Eq. (6.17) we see that if f € H% (Goar) then

2
(6.18) |f (g)| < HfHHZT(GCM) eHQHgCM/(ZT) for any g € Gour.

The next theorem, which is an analogue of Bargmann’s pointwise bounds (see [1]
Eq. (1.7)] and [6, Eq. (5.4)]), improves upon the estimate in Eq. (6.18).

Theorem 6.11 (Pointwise bounds). If f € H2 (Gown) and g € Go, then for all
g € Gom,

2
(6.19) 1 @1 < gz sy €749/ ED,

where d2,,, (-, ) is the distance function on Geyr defined in Eq. (4.7).

Proof. Let P, € Proj (W) be chosen so that P,|g.,, T Igon 88 n — oo and recall
that Gog := U2 ,Gp, is a dense subgroup of Gopr as explained in the proof of
Theorem 5.9, Let g € Gp,, for some m € N and let o : [0,1] — G be a Cl—curve
such that o (0) = e and o (1) = g. Then for n > m, o, (t) := 7p, (o (t)) is a C*
curve in G, such that o, (0) = e and o, (1) = g. Therefore by [6, Eq. (5.4)], we
have

(6.20)

[f (@)l < ||flep,

where {g,,, () is the length of o, as in Eq. (4.6). In the proof [4, Theorem 8.1],
it was shown that lim, oo £Goy (0n) = Lae,, (0). Hence we may pass to the limit
in Eq. (6.20) to find, |f (9)] < ||f||H2T(GCM) - e%oou ()/@T), Optimizing this last
inequality over all o joining e to g then shows that Eq. (6.19) holds for all g € Gy.
This suffices to prove Eq. (6.19) as both sides of this inequality are continuous in
g € Gey and Gy is dense in Gy . O

@2, (€.9)/(2T) 020 (00)/(21)

L2(Gpy k) ¢ < ”fHH?T(GCM) e



26 DRIVER AND GORDINA

7. DENSITY THEOREMS

The following density result is the main theorem of this section and is crucial to
the next section. Techniques similar to those used in this section have appeared in
Cecil [2] to prove an analogous result for path groups over stratified Lie groups.

Theorem 7.1 (Density theorem). For all T > 0, Pcps defined by Eq. (1.7) is a
dense subspace of Ha (Gon)-

Proof. This theorem is a consequence of Corollary 7.4 and Proposition [7.12] below.
O

The remainder of this section will be devoted to proving the results used in the
proof of the theorem. We will start by constructing some auxiliary dense subspaces
of J2 (gcm) and HZ (Geowm)-

7.1. Finite rank subspaces.

Definition 7.2. A tensor, o € J° (gcas), is said to have finite rank if a,, = 0 for
all but finitely many n € N.

The next lemma is essentially a special case of |7, Lemma 3.5].

Lemma 7.3 (Finite Rank Density Lemma). The finite rank tensors in JO (gcnr)
are dense in JO (gcnr)-

Proof. For 6 € R, let g : gomr — gom be defined by

vo (A,a) = (eieA, eﬂea) .
Since

[po (A,a), v (B,b)] = [(eieA,eﬂea) , (ewB, eiwbﬂ
= (0,w (ewA7 eioB)) = (0, ey (A, B)) =g [(A,a), (B,b)]
we see that ¢y is a Lie algebra homomorphism.
Now let @y : T (gcm) — T (goar) be defined by Pyl = 1 and
Dy (h1 @ - ®hp) =pph1 ® -+ ® wphy, for all h; € gopr and n € N.
If we write £ An for E@n —n® &, then
o(E AN —[&n]) = (e &) A (Peion) — Pein [€, 7]
= (Peio &) A (peion) — [peio, Peion).

From this it follows that ®¢ (J) C J and therefore if a € J° (gcar), then ao @y €
J? (gcnr). Letting T' be an orthonormal basis as in Eq. (5.8), we have pgh = ¢2%h
or pgh = €h for all h € T'. Therefore it follows that

(oo Dg, ky @by @ -+ ® k)| = |, pok1 @ Qoka @ -+ ® pkn)|?
= \(a,k1®k2®---®kn>|2
and hence that

oo

Tn

2 2

‘|ao®0||J%(gCA{): E Py E [{ao @y, k1 @by ® -+ Q@ ky)l
n=0 ki,k2,....,kn €T

=" 2 2
= E T E (o, k1 @ ko ® -+ @ kyp)|” = Ha”Jg(ch)'
n=0 ’ ki,k2,....,kn €T
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So the map « € J% (gcm) — o @y € J2 (goar) is unitary. Moreover, since

o, pok1 @ poka ® -+ @ @oky) — (k1 @ ko @ -+ @ k) > < 2|y k1 @ ko @ -+ ® k)|

we may apply the dominated convergence theorem to conclude

lim [0 B — a||§%(gm)

:iﬂ Z lim | (o, pok1 ® oka @ -+ ® Pokn) — (k1 @ ks @ -+ @ k)|
n! Ky ko dener 00

=0,

so that @ — « o @y is continuous. (Notice that Py o D, = Py, so it suffices to
check continuity at 6 = 0.)
Let

3
|
-

k )
Fo(6) = % Z 1 sin (k9/2)

T 27 sin 2(0/2)

?M

denote Fejer’s kernel [28] p. 143]. Then f_ﬂ F,(0)d0 =1 for all n and

s

lim F,(0)u(0)dd = w (0) for all u € C ([-m,7],C).

‘We now let

us

a(n) = / aoPyF, (0)do.

—T

Then

limsupHa—a(n)Hi%(gCM hmsupH/ [ — a0 Py F, (0)db

J(gcnm)

< hmbup/ o = 0 Bl g gy Fr (6)d0 = 0.

n—oo

Moreover if 3 :=ky,...,kn € gop With m > n, then there exits §; € g " such
that

2m
Dy = Z e,

l=m

From this it follows that

@m0 = [

—T

™ 2m ™

(0, @) F (0)d0 = (a,ﬁl>/ ¢ F, (6)d0 = 0

l=m -

from which it follows that « (n),, = 0 for all m > n. Thus «(n) is a finite rank
tensor for all n € N and limsup,,_, |ja — & (n)||2J%(QCM) =0. O

Corollary 7.4. The vector space,
(7.1)  Hi s, (Gom) = {u € H7 (Genm) < i (e) € JP (gom) has a finite rank}
is a dense subspace of H2 (Gon)-

Proof. This follows directly from Lemma[7.3|and the Taylor isomorphism Theorem
6.10. O
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7.2. Polynomial approximations. To prove Theorem 7.1, it suffices to show
that every element u € H%’ﬁn (Genm) may be well approximated by an element
from ‘H2 (G). In order to do this, let {e; : j = 1,2,} C H, be an orthonormal basis
for H and for N € N, define Py € Proj (W) as in Eq. (2.17), i.e.

N
(7.2) Py (w) = Z (w,ej) e; for all w e W.

j=1
Let us further define 7 := 7p, and
(7.3) uy :=uomy forall N € N.
We are going to prove Theorem 7.1/ by showing uy € P and uy — u in H3 (Genr)-

Remark 7.5. A complicating factor in showing uy|g.,, — u in H2 (Gear) is the
fact that for general w and P € Proj (W), np : G — Gp C Gy is not  a group
homomorphism. In fact we have,

(7.4) 7p [(w,c) - (w', )] —7p (w,c) - 7p (W', ) =Tp (w,w')
where
(7.5) Lp(w,w') = % (0,w (w,w") —w (Pw, Pw"))

So unless w is “supported” on the range of P, wp is not a group homomorphism.
Since, (w,b) + (0,¢) = (w,b) - (0,¢) for all w € W and b, ¢ € C, we may also write
equation [7.4 as

(7.6) 7p [(w,c) - (w', )] = 7p (w,c)-7p (W, ) - Tp (w,w').
Lemma 7.6. To each k := (A,a) € gom, 9 = (w,¢) € G, and P € Proj (W), let
(7.7) kP (9) = k¥ (w,c) := mpk +Tp (w, A) € gp

where U'p is defined in Eq. (7.5) above. If u: Gopy — C is a holomorphic function
and g € G, then

(7.8) (kerr)) (9) = (Dulmr (9) k" (9))
or equivalently put,
(7.9) (@omp (9) k) = (D (uomp)(9), k) = (Du(mp(9)), k" (9))-

Proof. By direct computation,

(I;: (uo 7TP)) (9) = %‘Ou (mp (g-€™))

= %’0 <Du (mp (9)),[7p (9)] " 7P (g etk)>
where by Eq. (7.6),

%\0 ([m ()" -7p (g etk')) — %‘O (p (tA),a+ %w (w,tA) —w (Pw,tPA))

- (PA, a+ %w (w, A) — w (Pu, PA))

:ka+rp(w,A).
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Notation 7.7. Given P € Proj(W) and k; = (4j,¢;) € gom, let K; = kf

Geoyv — gom and ky - Goyr — @?:19%%4 be defined by

K = (l?:n + K,L®> (l%n_l + Kn_1®> (121 + K1®> 1

(7.10) = (b + K@) (Fuo1 + K19 . (B + o) K

In these expressions, K;® denotes operation of left tensor multiplication by K.
Example 7.8. The functions k, are determined recursively by k1 = K1 and then
(7.11) Kp = (Kn ® —HNsn) Kme1 = Kp @ Kn—1 + knkn_1 for allm > 2.

The first four k, are easily seen to be given by, k1 = K,

ko = Ko ®@ Ky + koK; = Ko ® Ky +Tp (Ag, A1),

K3 = (Ks ® +1~€3> (Ko @ K1 +Tp (Az, A1)

=K3®K; @K1+ K3®Tp (A2, A1) +Tp (A3, A2) @ K1 + Ko @ T'p (A3, A1),
and
Ky =K, @ K3 ® Ko @ K,

n Ki®K3@Tp(Ag, A1) + K4 @Tp (A3, A2) @ K1 + K4 @ Ko @ T'p (A, Ay)
+0p (A4, A3) @ Ko @ K1 + K3 @ I'p (A4, A2) @ Ky + K3 ® Ky @ I'p (A4, Ay)

+Tp(Ag, A3) @Tp (A2, A1) +Tp (A3, A2) @Tp (Ag, A1) +Tp (As, A2) @Tp (A3, Ay).

At the end we will only use Kk, evaluated at e € Gopr. Evaluating the above expres-
sions at e amounts to replacing K; by wpk; in all of the previous formulas.

Proposition 7.9. Ifu € H(Geum), then, with the setup in Notation 7.7, we have
(7.12) <u/07r\p7kn®~-~®k1> = (G omp,ky) for anyn € N,
where both sides of this equation are holomorphic functions on Gony .

Proof. The proof is by induction with the case n = 1 already completed via Equa-
tion (7.9). To proceed with the induction argument, suppose that Eq. (7.12) holds
for some n € N. Then by induction and the product rule

(o mp, kpt1 @ky @+ k1) = ki1 (W0 mp, kpi1 @k @+ @ k1)
= I;nJrl <'LAL omnp, 'k&n>

(7.13) = <12 omp, ]an+1/-£n> + <l§:n+1 [tomp], /en> )

To evaluate I%nﬂ [Gomp] let v € T (gonr) and let © denote the corresponding left
invariant differential operator on G¢ops. Then

(ko liome] v) (0) = (Busa {[ao me] ) o)
= (Bus [(w) o 7p]) (9)
= (D () (xr (9) kT2 (9))

— (#7, (g)fm) (np (9))




30 DRIVER AND GORDINA

(7.14) = (a(rp(9)) kni1 (9) ®0).
Combining Egs. (7.13)) and (7.14) shows,

<’U//O?P7 kn+1 ® kn ® e ® k1> - <'&O 7T137kn—‘,-1'%n> + <a0ﬂp,k5+l ® K’n>

= <ﬁ o mp, knt1kin + kfﬂ ® “n> = (Gomp,fins1)
wherein we have used Eq. (7.11)) for the last equality. O

The induction proof of the following lemma will be left to the reader with Ex-
ample [7.8 as a guide.

Lemma 7.10. Let k; = (Aj,¢j) € gom for 1 < j < n, L%J =n/2 if n is even and

(n—1)/2if n is odd, and k,, be as in Eq. (7.10). Then
(7.15) kn (€) = pk, @ -+ @ mpkys @ mpky + R(P : ky,y ... k1),

where
(7.16) R(P :kp,,....,k1) = R;j(P:kn,,... k1)

with Rj (P : ki,...,ky) € ggs\zﬁ). Each remainder term, R; (P : ki,...,ky), is a
linear combination (with coefficients coming from {£1,0}) of homogenous tensors
which are permutations of the indices and order of the terms in the tensor product
of the form

(7.17) I'p(A1,A)®---®Tp (Agj,l,AQj) ® kojt1 @ @ kp.

Proposition 7.11. Let Py € Proj (W) and mn := mp, be as in Notation 1.1 and
suppose that uw € H (Gowm) satisfies |Gy, (€)|],, < oo for all n. Then

I

(7.18) Jim |in (e) = [aomn (e)], ||, =0 forn=0,1,2,.....

Proof. To simplify notation, let a,, := 4, () and o, (N) := [@o 7y (e)] .- Let I"be
an orthonormal basis for goas of the form in Eq. (5.8) and let k := (k1, ko, ..., k,) €
I'”. Then

(0—a(N),k1® - Q@ky) = (k1 ®- @ky — Nk @ -+ @ Tnkn)+(o, R (Py : k))

where R (Py : k) is as in Lemma [7.10. Therefore, |a, —ay, (N)|,, < Cy + Dy
where
Cy = Z (o, R (Py : k))|? and
keF"L
Dy = Z o, k1 @ -+ @ kp — ks ® - @ wnkn) .
ker‘n

We will complete the proof by showing that, limy .., Cxy =0 = limy_.o, Dny. To
estimate C, use Lemma [7.10/ and the triangle inequality for ¢ (I'™) to find,

13]
Cn= | > > {a.R;(Py:k)| < > [en R (Py : k).

kel | j=1 j=1 \| ker»

2
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But )y epn [(@, Rj (Py : k))|* is bounded by a sum of terms (the number of these

terms depends only on j and n and not N) of which a typical term (see Eq. (7.17))

is;

(7.19) Z [{a— i+ Ipy (A1, A3)®@---®@Tp, (Agjfl,Azj)®k2j+1®'-'®/€n>|2.
kerr

The sum in Eq. (7.19) may be estimated by,
- 2
2 2 j
||Oén7an7j Z ||FPN (ellvelz)HgCM ||FPN (el2j—1’612_;’)||gC,M = ”an*anfj 65\7’
ll,...,lgjzl

where

1 2
EN=7 Y llw(ew, er) —w (Prer, Pyer)lle

k=1
1 oo
=1 > lw(er er) — w (Prex, Pyer)llg
max(k,l)>N

1
< § Z ||W (ekael)‘lé — 0 and N — oo.

max(k,l)>N

Thus we have shown limy_, o CN =0
For N e N, let 'y = {(O,fj)} LU {(ej, )} . Since k1 @ - @ kyp, = nk1 ®

@ mnkn if k= (k1 ke, ... K ) , it follows that
D]2\7: Z |<anak1®"'®kn_7TNk1®"'®7rNkn>|2
ker»\I'y

(7.20) <2 ) Ham ki@ @ k).

kern\I'7,
Because

D Nan k1 @ @ k) |* = [lanl; < 00

keln
and '}, T 'y as N T oo, the sum in Eq. (7.20) tends to zero as N — oo. Thus
limy 0o Dy = 0 and the proof is complete. O

Proposition 7.12. Ifu € H%ﬁn (Gem) and uy :=uomy as in Eq. (7.3), then
un € P and un|Ge, — w in H%(Gowmr).

Proof. Suppose m € N is chosen so that 4, (e) = 0 if n > m. According to
Proposition (7.9,

(i (€) kn @ -~ @ k1) = (i(e),rn (e))

where k, (e) € @JL 1J gCM =) From this it follows that (in (€),kn®---®k1) =0
if n > 2m + 2. Therefore, uy restricted to Py H x C is a holomorphic polynomial
and since uy = UN|pNH><C oy, it follows that uy € P. Moreover,

2m+2

Jim_{[|a(e) = an (&) 7g (g = Jlim_ Z —Hun — [aw (e)], 15 =0,
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wherein we have used Proposition 7.11/to conclude limy . ||ty (€) — [an (€)],]l,, =
0 for all n. It then follows by the Taylor isomorphism Theorem [6.10/ that
thﬁOOHU_“N”HQT(GCM) =0. O

8. THE SKELETON ISOMORPHISM

This section is devoted to the proof of the skeleton Theorem [1.8. Let us begin
by gathering together a couple of results that we have already proved.

Proposition 8.1. If f : G — C is a continuous function such that flge,, s
holomorphic, then

f(e)

8.1 < - ‘ '
( ) ||f||L2(1/T) Hf‘GCMH'H%(GcM) IO (gcnr)

If ||f|GCM||3{?‘}(GCM) < o0, then Stf = f and f satisfies the Gaussian pointwise

bounds in Eq. (6.19). (See Corollary (8.5 for a more sophisticated version of this
proposition.)

Proof. See Theorems 5.9 and [6.11. O

Lemma 8.2. Let f : G — C be a continuous function such that f|g.,, is holo-
morphic and let § > 0 be as in Theorem|4.11. If there exists an € € (0,4) such that
If ()] < CesP*OV/CT) on, G, then,

< 00.

(8.2) Hf||L2(VT) = ”fHH%(GCM) - Hf(e) Jo(gom)

(It will be shown in Corollary|8.4| that f is actually in H3 (G).) In particular, Eq.
(8.2) holds for all f € P.

Proof. Let {P,},2_; C Proj (W) be a sequence such that P,|g.,, T Igc, asn — oc.
Then, by Lemma (6.5 and Proposition 4.12/ with i = 0,

00 > Il g2y = i 1fll (e, vy = 1l gonn = [ (€) e’

O

We are now ready to complete the proof of the Skeleton isomorphism Theorem
1.8l

8.1. Proof of Theorem [1.8.

Proof. By Corollary 5.10, Stf = f|g., for all f € P and hence by Lemma 8.2)
||STf||H2T(GCM) = [[fllz2(sy)- 1t therefore follows that €T|'p extends uniquely to
an isometry, Sz, from H% (G) to H% (Goam) such that St (P) = Pear. Since St
is isometric and Pcyy is dense in ‘H2 (Gear), it follows that St is surjective, i.e.
St : H% (G) — H% (Gear) is a unitary map. To finish the proof we only need to
show St f = St f for all f € H2 (G). Let p,, € P such that p,, — fin L? (vr). Then
pn = Stpn — Stf in HZ (Gear) and hence by the Gaussian pointwise bounds in
Eq. (6.19), St f (9) = lim, o0 pn (g) for all g € G¢py. Similarly, using the Gaussian
bounds in Corollary 4.8, it follows that

ISTf (9) = pn (9)] = |ST (f = pn) (9)]
c(k(w)T/2)

(8.3) <If = pallpar e (Tdém (e, 9))
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and hence we also have, Stf (g) = lim,—.pn (g9) for all g € Gear. Therefore,
Stf = Srf as was to be shown. (I

Corollary 8.3. If f : G — C is a continuous function such that flg., €
H’% (GCIM); then f € H’% (G)? Srf = f|GC}w’ and ||f||L2(uT) = Hf”?—(%(GcM)‘

Proof. By Proposition 8.1 we already know that Stf = f|gs,,- By Theorem (1.8,
there exists u € H2 (G) such that f|g.,, = Sru. Let p, € P be chosen so that
pn — w in L? (vr) and hence pplge,, = Stpn — Stu = Srf in H:(Gom) as
n — oo. Hence it follows from Proposition 8.1] that

Il f _pn||L2(uT) < I(f = pn) |GCM||H2T(GCM) = |57 (f —pn)||H2T(GCM)7
and therefore, lim,, . || f —anLQ(UT) =0, ie. p, — fin L?(vr). Since p, — u
in L? (vr) as well, we may conclude that f = u € H% (G). O

Corollary 8.4. Suppose that f : G — C is a continuous function such that |f| <
Ce=’’/@T) and flg,,, is holomorphic, then f € HZ (G) and Stf = f.

Proof. This is a consequence of Lemma 8.2/ and Corollary 8.3l O

9. THE HOLOMORPHIC CHAOS EXPANSION

This section is devoted to the proof of the holomorphic chaos expansion Theorem
1.9/ (or equivalently Theorem [9.10). Before going to the proof we will develop the
machinery necessary in order to properly define the right side of Eq. (L.8).

9.1. Generalities about multiple It6 integrals. Let (H, W) be a complex ab-
stract Wiener space. Analogous to the notation used in Subsection 6.1 we will
denote the norm on H*®" by || - |,.

Notation 9.1. For a € H*®*" and P € Proj (W), let ap := a o P®" € H*®",

Proposition 9.2. Let n € N and o € H*®" and Py, € Proj (W) with Pglu T I|m.
Then ap, — a in H*®".

Proof. Let A := UiAg be an orthonormal basis for H where Ay is chosen to be an
orthonormal basis for Ran (Py) such that Ay C Ag4q for all k. Since Pyu = u or
Pyu =0 for all u € A and k € N, we have

oy ur ® -+ @ty — Proug @ - ® Prug)|? < (o, un @ - @ )|

where

S eu @ @u)f = o] < co.
ULy yUn EA

An application of the dominated convergence theorem then implies,

Jim fla—ap; = lm Y [ouw ® @ un — P ® - @ Pouy)|”

U yeees U EA
. 2
= E lim [{o,u1 @+ @ up — Prug @ -+ @ Pruy)|” = 0.
k—o0
UL,y Un EA

O
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Lemma 9.3. Suppose that {b(t)},~, is a W-valued Brownian motion normalized
by N

O1)  E[6 (b)) (b ()] = %s Nt ), or all £y, 6 € Wi,

If P € Proj (W), T >0, and {fs} 5 is a (PH)" ~valued continuous adapted process,
such that EfOT |f8|?P]HI)* ds < 0o, then

T
/0 (ford (PB) (s))

Proof. Let {e; };l:l be an orthonormal basis for PH and write

2

T
(9.2) E :/0 E|fsl{pe)- ds.

d
Pb(s) =Y _[X;(s)e; + Y (s)iey]
j=1

where X; (s) = Re (Pb(s),e;) and Y; (s) =Im (Pb(s),e;). From the normalization
in Eq. (9.1)) it follows that {\/§X i \/?YJ };i:l is a sequence of independent standard

Brownian motions, and therefore the quadratic covariations of these processes are
given by:

1
(03)  dX;dY;, =0 and dX;dX). = dY;dYy = Sdjdt for all j,k =1,....d.

Using Eq. (9.3) along with the identity,

(9.4) (ford Z (Fares) dX; () + (foie;) Y ()],

it follows by the basic isometry property of the stochastic integral that

T > d T , T o
/ <fs,d<Pb><s>>| -3 2" | el as+ [ iigie) ds]

Tl 2 T 2
=E/O S (fores)| ds=/0 E|fol2pm- ds.
j=1

E

Definition 9.4. For P € Proj (W), n € N, and T > 0, let

/ AP (51) @ dPb (53) @ - - © dPb (s) .
0<s51<82<-+-<5, <T

Alternatively put, M (T) = 1 and MP (t) € (PH)®" is defined inductively by
(9.5) / ) @ dPb(s) for all t > 0.

Corollary 9.5. Suppose that T > 0, a € H*®*" and P € Proj (W), then
(a, MF (1)) is a square integrable random variable and

Tn
E (o, M} (D) = = el
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Proof. The proof is easily carried out by induction with the case n = 1 following
directly from Lemma 9.3. Similarly from Lemma 9.3, Eq. (9.5), and induction we

have
2

T
E|dp|2:IE/O {a, MF | (s) ® dPb(s))

T d 9
:/ ZEK&,MTIL)_I (s)®e;)| ds
(Rt

d T n—1 "
5 T
= Z/ g e ) ® eIy ds = T ol
o
O

Notation 9.6. We now fiz T > 0 and for P € Proj (W), let ap = <cu,M,ILD (T)>,
i.e.

ap = <a,/ de(sl)®de(32)®~-~®de(sn)>.
0<s51<s2<- <5, <T'
Lemma 9.7. If P,Q € Proj (W), then
- - . . ™
lar — gz == Elap — dql” = —7 llap — aglly -

Proof. Let R € Proj (W) be the orthogonal projection onto Ran (P)+Ran (Q). We
then have (ap), = ap and (aq), = aq and therefore, by Corollary 9.5,

- ~ 12 ~ 12

Eldp - dal” = E|(ar) — ()| =E|(ar - ap)y|
Tm 2 ™ 2

=T [(ap —ap)zll, = Py lap —apl, -

O

Proposition 9.8. Let a € H*®" and P, € Proj(W) with Pylg 1 I|m, then
{ap,}r—, is an L?-convergent series. We denote the limit by &. This limit is
independent of the choice of orthogonal projections used in constructing c.

Proof. For k,l € N, by Lemma 9.7,
|ap, — ap,l;2 = llap, —ap,|l, — 0as ,k — oo,

because, as we have already seen, ap — o« in H*®". Therefore & = L?-
limg_o p, exists.

Now suppose that Q; € Proj (W) also increases to I|g. By Lemma 9.7 and the
fact that both ap, and ag, converge to o in H*®", we have

lap, — agQ, HLZ = [lap, — anlH*@ﬂ —0asl— oo
(I
By polarization of the identity, ||6¢H2LQ =7" ||0¢Hi /nl, it follows that
- ™ .
(a, /3) e (o, B)y-en for all a, 3 € H*®™.
Moreover, if « € H*®" and 3 € H*®™ with m # n, by the orthogonality of the

finite dimensional approximations, &p, and BP“ we have that (&, B) , = 0.
L
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o0 n
Corollary 9.9 (Itd’s isometry). Suppose that o = {ay}rr o € @ LIH*®", i.e.
n=0

o, € H*®™ for all n such that

9]
AL
2 2
ol = 3= — llawl? < oo.
n=0 ’

Then & :=Y ", dy, is L? (P)—convergent and the map,

oo Tn

P " sa—acl?P),
> !

is an isometry, where P is the probability measure used in describing the law of

{6 }is0-

9.2. The stochastic Taylor map. Let b(t) = (B (t), By (t)) € g and g (t) € G be
the Brownian motions introduced at the start of Section 4. We are going to use the
results of the previous subsection with H = gcoa, W = g, and b (¢) = (B (¢), By (¢)).
Let f € H% (G) and af := Tr S f € J% (gcm). The following theorem is a (precise)
restatement of Theorem 1.9l

Theorem 9.10. For any f € H% (G)

(9.6) fg(T) =ay,
where &y was introduced in Corollary(9.9. (The right hand side of Eq. (1.8) is to
be interpreted as éf.)

Proof. First suppose that f is a holomorphic polynomial and P € Proj (W) so that
wp € Proj(g). Then by Itd’s formula,

flgr (T)) = f(e) + / (D (gp (1)) ,dnpb ().

Tterating this equation as in the proof of [3, Proposition 5.2], if N € N is sufficiently
large, then
N

Flgp (D) =f(e)+>

n=1

N
=fle)+>_[D"f(e),,-
n=1
We now replace P by P, € Proj (W) with Py 1 I in this identity. Using Propositions
4.12/ and 9.8, we may now pass to the limit as kK — oo in order to conclude,

/ (D" f (e),dmpb(s1) ® -+ @ dmwpb(sy))
0<s51<s52<- <5, <T

N
(9.7) Flg(T))=fle)+ Y [D"f(e)] =ay.

n=1
Now suppose that f € H2 (G). By Theorem [7.1 we can find a sequence of
holomorphic polynomials {f,},-—, C P such that

E|f (9(T) = fa (g (@D = 1If = fullZa(p) — 0 as 1 — co.

The isometry property of the Taylor and skeleton maps (Theorem [6.10/ and Corol-
lary 8.3), shows that oy, — ay in J9 and therefore by Corollary 9.9 &y, — day
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n — oo. Hence we may pass to the limit in Eq. (9.7) applied to the sequence
(9 (T)) = &y,,, to complete the proof of Eq. (9.6). O

10. FUTURE DIRECTIONS AND QUESTIONS

In this last section we wish to speculate on a number of ways that the results in
s paper might be generalized.

(1) It should be possible to remove the restriction on C being finite dimensional,
i.e. we expect much of what have done in this paper to go through when
C is replaced by a separable Hilbert space. In doing so one would have to
modify the finite dimensional approximations used in our construction to
truncate C as well.

(2) We also expect that the level of non-commutativity of G may be increased.
To be more precise, under suitable hypothesis it should be possible to handle
more general graded nilpotent Lie groups.

(3) Open questions:

(a) as we noted in Remark 5.13/ we do not know if A%, = HY. (G). It might
be easier to try to answer this question for p = 2.

(b) give an intrinsic characterization of H2 (G) as in Shigekawa [25] in
terms of functions in L2 (vr) solving a weak form of the Cauchy—
Riemann equations.

Acknowledgement. We are grateful to Professor Malliavin whose question during
a workshop at the Hausdorfl Institute (Bonn, Germany) led us to include a section
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