INTEGRATED HARNACK INEQUALITIES ON LIE GROUPS

BRUCE K. DRIVERT AND MARIA GORDINA#

ABSTRACT. We show that the logarithmic derivatives of the convolution heat
kernels on a uni-modular Lie group are exponentially integrable. This result is
then used to prove an “integrated” Harnack inequality for these heat kernels.
It is shown that this integrated Harnack inequality is equivalent to a version
of Wang’s Harnack inequality. (A key feature of all of these inequalities is that
they are dimension independent.) Finally, we show these inequalities imply
quasi-invariance properties of heat kernel measures for two classes of infinite

dimensional “Lie” groups.
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2 DRIVER AND GORDINA

1. INTRODUCTION

1.1. Basic setup. Let (M,g) be a connected complete Riemannian manifold,
d: M x M — [0,00) be the Riemannian distance function, dV be the Rie-
mannian volume measure on M, A be the Laplace—Beltrami operator acting on
the space of smooth differential forms, (M), over M, and Ay = Algo(ar),
where QY (M) := C2° (M) is the space of compactly supported smooth func-
tions on M. From Gaffney [25], Roelcke [52], Chernoff [10] and Strichartz [59],
we know that the L? (M, dV)—closure, Ag, of Ag is a non-positive self-adjoint op-
erator on L? (M,dV). Moreover, there exists an associated smooth heat kernel,
(O’OO) XM xM> (t’x’y) — Pt (a:,y) € (0,00) ) such that bt (ac,y) =Dt (y,x),

(1.1) / pe(z,y)dV (y) <1 for all z € M, and
M

12) (SR @) = [ ) @)V fora f € 0.

For the bulk of this paper we will be considering the special case where M = G is
a Lie group equipped with a left invariant Riemannian metric as we now describe.

Let G be a connected finite dimensional uni-modular Lie group, g = Lie (G) be its
Lie algebra, and suppose that g is equipped with an inner product, (-,-) = (-, -)g .
Let |Al, := /(A,A) for all A € g. We endow G with the unique left invariant
Riemannian metric which agrees with (-,-) , at € € G, le. the unique metric on
G such that Ly, : g — T,G is isometric for all g € G. The Riemannian distance
between z,y € G will be denoted by d (z,vy) .

For A € g let A denote the unique left invariant vector field on G such that
A(e)=Aegandlet L =309 A2 where {4,;}™? is an orthonormal basis for
g. As is well-known, since G is uni- modular L is the Laplace-Beltrami operator
(for example, see [217 Remark 2.2] and Lemma (6.1 below) restricted to C* (G).
Since Ly : G — G is an isometry for all g € G, if p; (x,y) is the heat kernel on
G, then p; (g, 9y) = p¢ (z,y) for all ,y,9 € G. Taking ¢ = 2! then implies
that p; (x,y) = p; (e, y) . Similarly, d (g, gy) = d(,y) for all z,y,9 € G and
therefore d (z,y) = d (e,z7'y) .

Notation 1.1. By a slight abuse of notation, let p; (z) := p; (e, x) for x € G. We
will refer to p; (-) as the convolution heat kernel on G and to the probability

measure, dv; (x) := py () dx, as the heat kernel measure on G. We also write
dx for dV (x) and |z| for d(e,x).

The following lemma is an immediate consequence of the comments above and
the basic properties of p; (z,y) .

Lemma 1.2. Forall x,y € G

pe(@,y) =pe (27'y) = pe (v~ '),
dV is a bi-invariant Haar measure on G,

(

(2)

(3) pt (Ifl) =p¢ ()
(4)

(5)
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(6) for f € L?(G,dV),

tAg/2 _ . -1 d
(e f) (2) /Gp (z™1y) f () dy
=/pt (y~'z) f(y) dy

G
— [ piwo) £ (o) d.

G

1.2. The main theorems.
Definition 1.3. For A € gand T > 0, let
Wi (z) = — (Alin) (x) = ,M'
pr (x)

The significance of W1 in the above definition stems from the following integra-
tion by parts identity;

13) [ Af@pr@do= | J@WE@pr@)ds ¥ f € CF ().
G G
We may now state the main theorems of this paper.

Theorem 1.4. If T >0 and A € g, then

, kT)
14 Wi < oxp (4T 42
(1.4) /Ge A pT(x)dx_exp( T 1AlL )

where c(-) is as in Eq. (1.7).

The proof of this theorem relies on martingale inequalities applied to the proba-
bilistic representation for Alnpr (z) in Theorem [6.4. We also have another related
integral bound on W73.

Theorem 1.5. Continuing the notation in Theorem 1.6 and in particular let c (+)
be as in Eq. (1.7). Then for any p € (1,00) there is a constant, Cp, < 0o such that

c(kT)
T

These theorems will be proved in Sections 5l and |6l below. Also see [22, Theorem
5.11] for a version of this theorem valid on a general compact Riemannian manifold
and Proposition E.1lin Appendix Elwhere we use a Hamilton type inequality to show
that an inequality similar to that in Eq. (1.4) holds on any complete Riemannian
manifolds whose Ricci curvature is bounded from below. However, see Remark [E.2
where it is noted that, in general, we can not choose the constants appearing in
Proposition [E.1] to be independent of dimension.

The following theorem is a corollary of Theorem 1.4 above and Theorem 2.5
below. The details will be given in Section |3 below.

(1.5) Wl oy < Co

||LT’(1/T) —

|A| for all A € g.

Theorem 1.6. Let T > 0 be given and let k € R be a lower bound on the Ricci
curvature, Ric > kI. Then for every y € G and p € [1,00),

P 1/p
pr (zy™") c(kT)(p—1) >
(1.6) (/G [M] pr (2) da:> < exp <2T |y )
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where

t
1. = R
(1.7) c(t) o forall te

with the convention that ¢ (0) = 1.

From Theorem 1.6/ and Lemma 1.2 we have,

(Ll e = (L[t e
(

)] v
(LS| e

<C(kT) ) |y12|2)

(1.8) = exp (C(kT)(p_l)dQ (y,z))

IA
®
[}

e}

2T

for all y, z € G. This form of the integrated Harnack inequality makes sense on any
Riemannian manifold. We will show in Corollary [D.3 of Appendix D! below that Eq.
(1.8) does indeed hold when G is replaced by a complete connected Riemannian
manifold with Ric > kI for some k € R. The key point is that the estimate in
Eq. (1.8) is equivalent to Wang’s dimension free Harnack inequality, see [65] 66]
and Theorem [D.2 below. We are grateful to Michael Rockner for pointing out the
relationship between Wang’s inequality and the integrated Harnack inequality in
Eq. (L.8).

Remarks 1.7. Some of the key features of Theorem [1.6 are:
(1) As seen in Example [1.1) below, the estimate in Eq. (1.6) is sharp when
G =R".
(2) For T near zero, ¢ (kT) /T = 1/T and for T large, ¢ (kT) /T = max (0, —k).
(3) The estimate in Eq. (1.6) is dimension independent and therefore has
applications to infinite dimensional settings, see Section [7| below.

Let R, : G — G (Ly : G — @) be the operation of right (left) multipli-
cation by y € G, vy o R;l (VT o L;l) be vy pushed forward by R, (L,), and
d (VT o Ry_ 1) /dvp denote the Radon-Nikodym derivative of vy o R; ! with respect
to vp. For the infinite dimensional applications of Section [7, it is convenient to

rewrite Eq. (1.6) as
d R71 —
(vroR,Y) < exp (c(kT)Qgﬁ 1)d2 (e,y)) .

(1.9) o

Lr(G,vr)

By Lemma [1.2] Eq. (1.6) may be also be expressed as

0 ([ rew) " o (H5E0)

or as

~1, p 1/p c _
(1.11) (/G l%] pT(:E)dac> < exp (UCT);TPUW).
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This last equality is equivalent to the left translation analogue of Eq. (1.9), namely

dlvroL,’) < exp (C(I“T)(p_l) |y|2) .

(1.12) o 0)

2T

LP(G,VT)
1.3. Examples and applications.

Example 1.1. Suppose G = R" so that g =2 R™ which we assume has been
equipped with the standard inner product. In this case

1 n/2 |1_|2
rr)=\s7) "ot |

where |z|” := 32" | 22. For A€ g and f € C} (R") we have A = 94 and
- - A
Af (z) pr (z) dz = — f(z)0apr (z)dr = f (@) ——pr () dz

from which it follows that W75 (z) = Z£. By simple Gaussian integrations,

ewf?(”’)pT (z) dz = exp %
- or |

(L[ o)~ (] o)

_Gon 2 (p—=1), =2
= 2T |y‘ = 0
e exp (c(0) ).

and

(1.13) /R (WX (@)]" pr (2) de = /

P

A .
x pr (z)de = TP/2| AP cr,

T

where
cr ::/]R |z|” py () dx.

The first two results show the estimates in Eqgs. (1.4) and (1.6) are sharp. The
identity in Eq. (1.13) shows the form of Eq. (1.5) is sharp. We do not know if, in
general, the constant C, appearing in Eq. [L.5 can be taken to be C), defined above.

Our main interest in Theorem [1.6 is in its application to proving that certain
“heat kernel measures” on infinite dimensional Lie groups, G, are quasi-invariant
under left and right translations by elements of a certain subgroup, Gy. We will
postpone our discussion of this application to Section [7. For now let us give a
couple of finite dimensional applications of Theorems 1.6 and [1.5.

Proposition 1.8. Suppose that T > 0, p > 1, and f € LP (vr) is a harmonic
function, i.e. Af =0. Then

(1.14) /GpT (y,2) f(x)dx = f(y) forall ye@q.
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At an informal level we expect

| )t @de = (5) )
G
and hence
o [ ) Frde = & (302) ) = (emoﬂA;f) (v) = 0.
Therefore it is reasonable to conclude that
[ prtva) @)= (75028) () = (2502F) () = £ ).
G

However, this argument is not rigorous as f is only square—integrable relative to
the rapidly decaying measure, vy, rather than to Haar measure on G. The rigorous
proof of Proposition 1.8 will be given in Section [7.

The following corollary is a simple consequence of Proposition [1.8, Eq. (7.4) in
the proof of this proposition, and Theorem [1.6]in the form of Eq. (1.11)).

Corollary 1.9. Suppose that p € (1,00). Under the hypothesis of Theorem 1.0, if
f € LP(vr) and f is harmonic (i.e. Af =0), then

c(kT)

(1.15) £ 0= Wl o0 (702 )

In particular, if G is further assumed to be a complex Lie group and f € LP (vr) is
assumed to be holomorphic, then the pointwise bound in Eq. (1.15) is still valid.

Remark 1.10. When f is holomorphic, p = 2, T = 1/2, and G = C%, the inequality
in Eq. (1.15) is Bargmann’s pointwise bound in [3, (Eq. (1.7)] except that the
constant in the exponent is off by a factor of two. More generally, when G is a
general complex Lie group and f is holomorphic, it has been shown in [21, Corollary
5.4] that

Lf(y)] < ||f||L2(l,t/2) el /2 for all y € G.

The reason for the discrepancy in the coefficients in the exponents between these
inequalities is that p;/o (x,y) is not the reproducing kernel for the holomorphic
functions in L? (I/t/g) in that y — p;/s (z,y) is not holomorphic. The coefficient in
the exponent of Eq. (1.15)) is also not sharp since y — pr (z,y) is not harmonic.

2. LP — JACOBIAN ESTIMATES

Let M be a finite dimensional manifold, u be a probability measure on M with
a smooth, strictly positive density in each coordinate chart. For » > 0, let || f||, :=

(Lo 171 d,u)l/r denote the L" () — norm of f: M — C.
Let X; be a time dependent vector field and let S; denote its flow, i.e. Sy (m)
solves,

(2.1) %St (m) = Xt 0 S (m) with Sy (m) =m for all m € M.

We will assume that X; is forward complete, i.e. S;(m) exists for all ¢ > 0 and
m € M. Define

pe = (Se), p=poS; .
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Since p; also has a strictly positive density in each coordinate chart the Radon-
Nikodym derivative

Jy = dp/dp
exists for all ¢ > 0. Our goal of this section is to prove Theorem 2.5 below which
gives an upper bound on |[J¢,, for p € (1,00). This result is a slight extension of
the part of Theorem 2.14 in Galaz-Fontes, Gross, and Sontz [27] to the setting of
time dependent vector fields, X;. For the readers convenience we will sketch the

method introduced in [27, Theorem 2.14]. In what follows, 0In0 is to always be
interpreted to be 0.

Lemma 2.1. Suppose that (t,m) € (0,T) x M — hy;(m) € [0,00) is a smooth
bounded function and r : (0,T) — (1,00) is a C* — function. Then

d HONEAS hy 1 oth?
(2.2) —In||hl, ) = / - In du+ / ——dp.
" O =0 L \" Tl ) 47 @ D 3

Proof. For the reader’s convenience we will give a formal derivation of this identity
and refer the reader to Gross [32, Lemma 1.1] for the technical details. For r > 0
and any bounded measurable function, g : M — R, a straight forward calculation

shows
-
il lgll, = 1/ g (m Igl>du
gl gll,.

If we further assume that r > 1 and v : M — R is another bounded measurable

function, then
1 [y Ovlgl” dp
i lol, =0 [Fn ([ 1o an)] = L
r fM |9‘ du

1
_}/ 9 gl du—/ lgI"” Sgn(g)vdu
- T - r .
rJar gl vl

These two identities along with the chain rule,

d
Ll = e [ el ) + 0l ]

easily give Eq. (2.2). O

Lemma 2.2. Let W € L () and f > 0 be a bounded measurable function. Then,
for all s > 0,

f
23) /MWfduSS/MflnN(f)

where

dp + sB(W/s) y fdu

B(W):=n(u(e"))=In (/M eru) .

Proof. Recall that Young’s inequality states, zy < e®* + ylny — y for x € R and
y > 0, where 0In0 := 0. Applying Young’s inequality with x = W and y = f and
then integrating the result gives

Jowsdns [ Mau [ (rimf -
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Replacing f by Af with A > 0 in this inequality then shows
/ Wfdp < X1 U erqu/ AfIn(Af) — Af] du}
M M M
= A*l/ er,u—|—ln/\/ fdu+/ [fInf — fldu.
M M M

The minimizer of the right side of this inequality occurs at A = ( / Y ewdu) .
(for fdu)f1 and using this value for )\ gives

f
(2.4) y W fdu < /M fln e dp+ B(W) /M fdp.

(The proof of Eq. (2.4) was predicated on the assumption that B (W) < oo but
clearly Eq. (2.4) remains valid when B (W) = c0.) The estimate in Eq. (2.3) follows
directly from this by replacing W by W/s. (I

Definition 2.3. The p—divergence of a smooth vector field, X, on M is the function
W = W¥ defined by

/ Xedp = / ©Wdp, for all p € CH(M).
M M

Proposition 2.4. Let X; and S; be as in Eq. (2.1), Wy := Wx, be the p—divergence
of Xy, h € C' (M, [0,00)), hy :=hoS;t, andr € C*((0,7),(1,00)). Then for any

s > 0 we have

d 7 hT hi s B
2. ~Inllh > (- = t (1 dy — 2 1 .
25) il = (; S)A4hm:<“wmu> poGBlTw)

Proof. Differentiating the identity S; o S, (m) = m and making use of the flow
Eq. (2.1) implies

d
Therefore,
d _
@St ! (m) =— (St 1)* X (m)

or equivalently,
%f (St_l (m)) = =X; (foS; ") (m) forall feC*(M).

Using this identity along with Eq. (2.2)) shows

d Y, he 1 [ X
2o Gl =t [ o (mot) gt [ S0
a "Wl =2 L Tl ™ T, P o Thall

where r = r(t) and 7 = 7 (¢) . Combining this identity with the definition of W;
and the estimate in Eq. (2.3) with W = W; and f = H:W then implies,

d P hi hi 1 hi
Dbyl =5 [ P dp—~ [ Wytmd
ﬁ“”ﬁw>rﬂumu<“hm) 7 L
7 hy ( hy )
>_ 7l In——— d
r /M ||htHr Hh’tHT

s R R
- - rln Tdu+B(W/S):|
riﬁummr hell '




INTEGRATED HARNACK INEQUALITIES 9

which is the same as Eq. (2.5). O

The following theorem is the extension of Galaz-Fontes, Gross, and Sontz [27,
Theorem 2.14] from time-independent vector fields to time—dependent vector fields.
These results generalize the fundamental results of Cruzerio [11] — also see [4] 5,
12, 17, 149], 50] for other related results.

Theorem 2.5 (Jacobian Estimate). Let p > 1 and r € C([0,7],[1,00)) N
C1((0,7),(1,00)) such that r(0) = 1, 7(r) = p and 7*(t) > 0 for 0 < t < T
then

(2.7) [Tl < et

)

where p' :=p/ (p — 1) is the conjugate exponent to p and

(2.8) A(r) = Ax (1) == /0 . :2 ((tt)) B <Z: Eg Wt> dt.

Proof. Taking s = 7/r in Eq. (2.5)) gives

d 7 T
g el = =58 ()

which integrates to

o 7, = ikl = 1A, exp ( /0 :2((%8 (%w) dt> .

Replacing h by h o S; in this inequality implies

(29) [ ndedu= e Sl < bl .
M

Let L? (1) denote the almost everywhere non-negative functions in L? (1) . Since
Eq. (2.9) is valid for all h € C* (M, [0,00)) and the latter functions are dense in
L ()" (see the proof of Lemma 2.8 in [27]), it follow that Eq. (2.9) is valid for
all h € LP (u)+ . Equation 2.7) now follows by the converse to Holder’s inequality.
Indeed, let K C M be a compact set and take h = Jf/_llK = JTl/(pfl)lK in Eq.

(2.9) to find
’ 1/p
M) = (/ JP 1Kdu> M),
P M
This inequality is equivalent to

, 1-1/p
171kl = (/M JP leu) < A

Now replacing K by K, with K,, compact and K,, T M and passing to the limit as
n — oo in the previous inequality gives the estimate in Eq. (2.7). |

/ IV Lpedp < HJ;/@—l)lK
M

3. PROOF OF THEOREM 1.6

In this section we will give a proof of Theorem [1.6/ assuming that Theorem [1.4
holds.
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Proof. (Proof of Theorem [1.6.) In order to abbreviate the notation, let ¢ :=
c(kT) /T. Let g € C*([0,1],G) be such that g (0) =e€Gandg(l)=yeG
and define A; = Lgfé)*g (t) € g. If we now let X; := A; € I'(T'G), then the flow,
St, of Xy satisfies, S; () = g (¢) . Indeed, because X; is left invariant,
d .
%xg (t) = Ly.g (t) - Lz*Lg(t)*At = Lxg(t)*At =X (xg (t)) :
In order to apply the Jacobian estimate in Theorem 2.5, let dy (x) = dvr (z) =
pr (z) dz and observe that

/G B (S1 (x)) dp () = /G h (ey) dp () = / h (ey) pr (2) de

G
_ pT (!Ey_l)
— [ n@pr @y do= [ n@) P )
/G ( ) G pr (z)
from which it follows that
d(Sy), p pr (zy™t)
3.1 J(2) i = —2— () = ———=.
Moreover, if W, = W;g is the p = v — divergence of X;, by Theorem [1.4]
kT
(3.2) B(AW,) = In (/ e)thdu) < c(kT) 2 A2
G T g
Hence it follows from Theorem 2.5/ that
( 1) » 1/p’
pr (zy~ A(r)
3.3 _ z)dx =Ji]l,, <e ,
(3.3 /G< e ) pr (@) Il

where

and r € C([0,1],[1,00)) N C*((0,1),(1,00)) such that r(0) = 1, r (1) = p and
7(t)>0for 0 <t<1.

We now want to choose 7 (t) so as to minimize A (r) subject to the constraints
7(t) >0, 7(0) =1 and r (1) = p. To see how to choose r, let us differentiate A (r)
in a direction v such that v (0) = 0 = v (1) and then require

t e (1AL e [t A,
o= o= [ fon-—4 [0 ()

. . . A2 .
Since v (t) is arbitrary, we should require ‘r;(‘tg = k2, where k > 0 is a constant,

Le. 7 (t) = K |As], . Hence we take

t
r<t>:1+n/ A, dr,
0

5= (- 1) (/ Arlyar)

where )
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has been chosen so that r (1) = p. With this choice of r,

A(r):zc/l . 7/ Ayt = 5= )</01|At|gdt>

and using this value for A (r) in Eq. (3.3) along with the identity, (p — 1) " = p/—1
implies

2

' 1/p'
P P ey — 1 2
/G lpr(T(i))] pr (z) dx = ||/l <exp ((le) (/O At dt) > :

Upon noting that p’' :=p(p — 1)_1 ranges over (1,00) as p ranges over (1,00), the
proof of Theorem [1.6/is complete. O

4. PROPERTIES OF THE HODGE — DE RHAM SEMIGROUPS

This section gathers a number of technical functional analytic results needed
to establish the representation formula in Theorem [5.4/ below. Let (M,g) be a
complete Riemannian manifold, dV' denote the volume measure on M associated to
g, V denote the Levi-Civita covariant derivative, A¥ = A* (T*M), A = @‘gi:“E)M AR,
QF (M) (2% (M)) denote the space of (compactly supported) smooth k — forms over
M, and Q (M) = eimMOF (M) be the space of all smooth forms over M. If a and
[ are measurable k — forms, let

d

<Oé,ﬁ>m = Z a(ejl,...,ejk)ﬁ(ejl,...,ejk),

Jiseenje=1

where {e]} _, is any orthonormal frame for T;,, M. When m — («, §),, is integrable,
let

(0, 8) = /M (o, B) AV

and let L? (A¥) denote the measurable k — forms, «, such that (o, @) < co. Further
let

L2 (A) == oM L2 (AF).
Two measurable k — forms, a and (3, are take to be equivalent if o = (3 a.e.

Let d : Q (M) — Q (M) be the differential operator taking k — forms to k + 1 —
forms, § be the formal L? — adjoint of —d,

A= —(6d+dé) = — (d+6)*

be the Hodge-de Rham Laplacian on Q (M), and O be the Bochner (i.e. flat)
Laplacian on Q (M) . More precisely if « is a k — form, da is the k — 1 form defined
by

d
(4.1) Z Ve, @) (ej,—

Jj=1

and
d d

(Oa),, == ZVSJ@eja = Z (V2Eja - vVEJ- Eja)m

Jj=1 Jj=1
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where {E; }?EM is an local orthonormal frame for TM defined in a neighborhood
of m. The next two theorems summarize the properties about these operators that
will be needed in this paper.

Theorem 4.1. The operators, di = d|gxr ) * QF (M) — QFL (M) for k =
0,1,2...,dim M — 1 are L? (Ak) — closable with closure denoted by dj,. Let us now
further assume that (M, g) is complete. Then:
(1) Each of the operators, Ay := Alqr(ary for k=0,1,2...,dim M thought of
as unbounded operators on L? (Ak) , are essentially self-adjoint operators.
Let Ay denote the (self-adjoint) closure of Ay,.
(2) Each operator, Ay, is non-negative. Let '™ denotes the contraction semi-
group on L? (Ak) associated to Ay.
(3) Forke{0,1,...,dim M —1} and t > 0, dge'®* = e!®r+1dy. on the domain
Of (Zk_ -
(4) SpetPrw = etPk-16w for all w € QF (M) with k = 1,2, ..., dim M.
Proof. Let 0x, := Slarr) : QF (M) — QF-Y(M). As —0x11 C d, d is densely
defined and hence dj, is closable. For items 1. and 2., see Gaffney [25], Roelcke [52],
Chernoff [10], [67], and Strichartz [59].

Item 3. is a simple application of Theorem A.2/of Appendix|Albelow. In applying
this theorem, take W = L? (A*1), X = L?(A%), Y = L?(A**!) and Z =
L? (A’”z) with A = dj_1, B = dj, and C := dj4,. By convention Q= (M) =
{0} = QIMMH+L (M) and d_y = 0 = dgim - With these assignments, the self-
adjoint operators, L and .S, in Theorem |A.2/ become

(4.2) L= gk,1d271 + d,:(ik and S = Jkd;; + dZJrlCszrl.

As Aglor(ary C —L and —L is self-adjoint (see Theorem [A.1/ below), it follows that

Ay = —L and similarly, Ay = —S.
For item 4., let w € QF (M) and ¢ € Q¥~1 (M) . Then

<5et5’“w,g0) = — (etﬁ’“w,d@) = — (w7et5’“cﬁp> = — (w7(fet5k*1¢>
= (&u,et&’“‘lga) = (etﬁk—ldw,go) .
O

Remark 4.2. With a little more work it is possible to show that dj, = —05,1 and

that dpetdr = e!2+-1§, on the domain of ;. We will omit the proof of these results
as they are not needed for this paper.

We are primarily concerned with zero and one forms. A key ingredient in the
sequel is the Bochner identity,

(4.3) Aa = Oa — aoRic for all « € Q' (M).

Assumption 1. For the rest of this paper we will assume that (M, g) is a complete
Riemannian manifold such that Ric > k for some k € R, i.e. Ricy, > kI, ar for
all m € M.

Theorem 4.3 (Semi-group domination). Suppose that (M, g) is a complete Rie-
mannian manifold such that Ric > k for some k € R. Then for all f € L? (AO) and
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a e L?(AY),

(4.4) 2o f| < e f1 <l ae.
and

(4.5) eté‘la‘ < e Ftetho la] < e F o, ae.

where ||f]|, and ||la| ., denote the essential supremums of the functions, |f| and
m — |au,| respectively.

Proof. The inequality in Eq. (4.4) is an immediate consequence Eqs. (1.2), (1.1)
and the positivity of the heat kernel, p; (z,y) . This inequality may also be proved
using the semi-group domination ideas that will be used below to prove Eq. (4.5).

The proof of Eq. (4.5)) will be an application of the results in Simon [56} [57] and
Hess, Schrader, and Uhlenbrock [34] along with a Kato [39] type inequality. The
general Kato inequality we need is given in Theorem [B.2/of Appendix [B. We apply
Theorem B.2 with E = A (T* M) to conclude,

(4.6) (Oa, psgn, (@) < (laf, Ap)
for all o« € Q) (M) and ¢ € C* (M), := C>® (M — [0,00)). In Eq. (4.6),

sgn, (o) = 10#0@ + la—oe,

where e is any measurable section of F such that (Oa, e) = 0 on M. This inequality
and the Bochner identity in Eq. (4.3) shows

(Are, psgn, (@) = (Do, psgn, (a)) = (a0 Ric, psgn, (a))
(4.7) < (laf; Ap) = (a o Ric, psgn, (@) .
To evaluate the last term, let Y be the vector field on M such that o = (Y, -) . Then
aoRic= (RicY,-) and

1 1
(a o Ric,sgn, (a)) = 1az07— (a0 Ric, o) = 1a2o7— (RicY,Y)
o |al
1 1,
> kla;ﬁ()m <Y, Y) = kla#om |a| =k |Oé| .

Therefore,
(cvo Ric, psgn, (o)) = / (a o Ric,sgn, (a)) edV = k(| , )
M

which combined with Eq. (4.7) implies
(4.8) (Ara,psgn, (a)) < (Jaf, Ap) =k (laf, @)

or equivalently,

(Hoo, psgn, (a)) = (laf, —Ap)
where Hy := —(A+k)|qian- In particular if g € CF (M), , A > 0, p =
(=2 +)\)_1 g, and oy € QL (M) and we define ay = ¢sgn, (a1) € L* (A'),
then (a1, az)rz(y,) = (la1,]az])p2(ay) » la2| = ¢, and

(H0a17a2)L2(A1) =z (|O‘1| ) _AOSD)H(Ao)'
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Hence we have verified the hypothesis of Proposition 2.14 and Theorem 2.15 in [34]
and as a consequence,

(4.9) ‘e‘tH‘Ja‘ < et(=50) la| ae. forall a€ L?(A").

As Hy = —A; — k and hence, e to = ¢t21eth Eq. (4.9) is equivalent to the first
inequality in Eq. (4.5). d

5. A PATH INTEGRAL DERIVATIVE FORMULA

5.1. Brownian motion and the divergence formula. Let (Q,]—', {ft}tZOJP’)
be a filtered probability space satisfying the usual hypothesis, and for each x €
M let {3 :t < ((z)} be an M — valued Brownian motion on (Q, F,{F;}1>0,P),
starting from z, with possibly finite lifetime ((z). Recall 7 is said to be an M-
valued Brownian motion provided it is a Markov diffusion process starting at x
with transition semi-group determined by the heat kernel, p; (-, -). Because of our
standing assumption, Ric > k, it is well-known that fM pi(x,y)dy =1forallz € M
and consequently that ¢ (x) = oo, see 2} 26 67, 15, 41], 28, 29 B31] and the books
[62, Theorem 8.62], [36, Chapter 4.] and [13}, Theorem 5.2.6]. For our purposes it
will be convenient to construct X7 as a solution to a stochastic differential equation
which we will describe shortly.

Notation 5.1. Given two isometric isomorphic real finite—dimensional inner prod-
uct spaces, V. and W, let O (V,W) denote the set of linear isometries from V to
w.

Let //+ (o) denote parallel translation along a curve ¢ in TM and all associated
bundles. We also introduce the horizontal vector fields on the orthogonal frame
bundle over M as

d
By (u) = —lo/ /1 (o) u for v e R? and u € O (RY, T, M),
where o (t) is a curve in M such that ¢ (0) = uv.

Notation 5.2. Given a semi-martingale, Yy, we will denote its Ité differential by
dY: and its Fisk-Stratonovich differential by odY;.

Let by denote a R? — valued Brownian motion, # € M, and ug € O (R, T, M),
then 37 may be defined as the unique solution to the stochastic differential equation,
od¥} = uy o dby with X = z,

Odut = Bodbt (ut) with Uup-
The stochastic parallel translation along ¥ up to time ¢ is taken to be, //; =
uugt € O (Tp M, Tz M) . Suppose that f(t,m) (a(t,m)) is a smooth time de-

pendent function (one form), then the It6 differentials of f (¢,X7) and « (¢, X7) //:
are

0

1) Al @50 = (] (650 + J00f (50 ) do-+ (grad  (1,). /)

and

62 dla(t350)//] = (ra20) + 300030)) de+ [V m,0 (0] /1
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See (for example) [23] 45] [62, 36} [19] for more on the general background used in
this section.

5.2. The divergence formula. Let @Q); denote the End (T, M) — valued process
satisfying the ordinary differential equation,

d 1

(5.3) ZQi=—3 Ric//* Q, with Qo = idr, ar.
where

(5.4) Ric//* := / /7! Ricsy / /s

Lemma 5.3. If Ric > k for some k € R and |||, denotes the operator norm on
T, M, then

(5'5) ||Qt”op S eikt/2'
Similarly if Ric < K for some K € R, then
(56) HQ;IHOp = eKt/Q‘

Proof. For any v € T, M, we have
d .
Z1Qul* = (= Ric//* Qu,Quv) < =k |Quf*

from which Eq. (5.5) easily follows. To prove Eq. (5.0), let R; := (Qt_l)* and
observe that

d oY _ L (et Lyl
Zh=— (7 Q) =5 (@' R QuQp) = S Rie/ R

Hence reasoning as above we may conclude that

leil,, = @)

= HRtHop < eKt/2'
op
O

When M is compact, the following result is Theorem 5.10 of Driver and Thal-
maier [22].

Theorem 5.4 (A divergence formula). Assume the Ricci curvature, Ric, on M
satisfies, k < Ric < K for some —00 < k §~K <oo. LetT >0 and ¢ be a C' -
adapted real-valued process such that by =0, b =1, and

(5.7) /O '

where C' < oo is a non-random constant. Then for every C? — vector field, Y, on
M with compact support the following identity holds

<Y(Z§’)»//TQT/O lZQtldbt>‘| ;

where V - Y is the divergence of Y and 57; = %gt.

L

dr <C
dr T

(5.8) E[V .Y (3%)=E
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Proof. The proof will consist of adding some technical details to the proof of The-
orem 5.10 in [22]. Suppose a is a smooth one form on M with compact support,

(5.9) ap = e(T=D81/2g,

£ is an adapted continuously differentiable real-valued process, and £ is a fixed
vector in T M. Then as shown in [22, Theorem 3.4] (and repeated below in Lemma
C.1 for the readers convenience) the process,

510 z= e/ [ @7 () doe+ o] - Geo =

is a local martingale.
From Theorems 4.1 and 4.3/ we have
—(T—t)k/2 T|k|/2
Jag| < em T2 la) < T2 ja|
and

[Bar] = [e(T=0%"5a| < |}3all, .

Making use of these estimates along with Lemma 5.3 and Eq. (5.7) shows that Z;
is a bounded local martingale and hence, by a localization argument, a martingale.
In particular, it follows that ¢ — EZ; is constant for 0 < ¢ < T and hence

(eTA/Qa) (52) 0o — & (eTA/za) (S2)ly = Zo = EZy

T d - ] ~
/ Q! (&) db, + €y | — da (X5) bp
0 dT

=E|(a(E7)o//r)Qr

If we now suppose that £y = 0, f, = 0, and ¢7 = 1, the above formula reduces to

d

0=E |(a(S%) o //7)Qr /OT Q! (thl) db, — ba (z;)_

This identity is equivalent to the identity in Eq. (5.8) as is seen by taking a (x) v :=
(Y (z),v) for all z € M and v € T, M and recalling that

d d
da=3 ie Ve, (V1) =D Jie (Ve Y, ) =V Y.
i=1 i=1

Example 5.5. Taking {, = t/T in Eq. (5.8) shows

<Y<z%>,//TQT / Q{ldbtﬂ |

6. EXPONENTIAL INTEGRABILITY OF W7J

(5.11) E[V.Y (52)] = %IE

In this section and for the remainder of the paper we will again go back to the
setting where M = G is a connected uni-modular Lie group equipped with a left -
invariant Riemannian metric as described in the introduction. We are now going
to use Theorem 5.4 to estimate W4 := W}; in Definition [1.3l In order to do this
we will use Eq. (5.8)) to find a useful path integral expression for Wy, see Theorem
6.4/ below.
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For A,B € g, let DyB := V4B € g where V is the Levi-Civita covari-
ant derivative on T'G. Observe that V ;B is a left invariant vector field and

(VAB) (e) = VB = D4B. Hence we have the identity, VAB = 5,\473.

Lemma 6.1. Suppose that {Ai}?i:nfg s an orthonormal basis for g and G is uni-
modular. Then

(1) S8 Dy A; =0 or equivalently Y070 V4 Ai=0.

(2) The divergence of B, V- B, is zero for all B € g.
(3) Ag = Z?;Hllg Af 18 the Laplace Beltrami operator on G.

Proof. (1) The formula for D4 B is

1
DAB - 5(
and hence Dy A = —ad’ A and for any B € g we find

dim g dim g
<Z DAiAi,B> = — Z (Ai,adAiB)g
i=1 g

i=1

adaB — ad’y B — adj A)

dim g
= — Z (Ai,adBAi)g = —tr (adB) .

i=1
Since G is uni-modular, det (Ad.:s) = 0 for all ¢ and therefore tr (adp) = 0.
(2) The following simple computation shows V- B =0

dim g dimg

vB:E:@&R&LC=§:w&R&%
i=1 i=1
dim g

= - Z (BaDAiA’i)g =0.
i=1
. ydimg
(3) Observe that {Ai} 4 is a globally defined orthonormal frame for TG and
that

i=1

dim g dim g
Bo= > [A2-va | = A2
i=1 1=1
O

In Theorem 6.4 below, we will specialize Theorem 5.4/ in order to find a prob-
abilistic representation for W4 of Definition [1.3l This representation will then be
used to estimate [, eV 4dvp for all A € g. Let {3;},-, be a Brownian motion on
G such that ¥y = e, b; be the g — valued Brownian motion defined by,

by ::/0 //+ (X)) od¥,,

and (; be the g — valued semi-martingale defined by

t
Bt 12/ H(OdET)Z/ L1, odys,
0

t
0
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where 6 (v,) := Ly1,v, for all v, € T,G. As a reflection of the fact that (™ ¢ A2
is the Laplace-Beltrami operator, [3; is another g—valued Brownian motion. This
will also be evident from the following proposition.

Proposition 6.2. Fiz T > 0 and let Uy € O(g) be the unique solution to the
stochastic differential equation

(6.1) dUs + Dogp, Uy = 0 with Ug = 1.
Further define Y; := U;Qy, and V; := YTYt_l. Then

(6.2) //+ = Ls,.Ut

and

t t t
(63 [vteds = [ustas = [y teds, <
0 0 0

Proof. The fact that //; := Ly, .Uy is explained in [18, Theorem 6.6] and hence

t t t
by :/ U 'Ly, odX, :/ U710 (ods,) :/ U=t odp,,
0 ! 0 0
i.e. dB; = Uy o db;. Letting {Ai}?i:“fg be an orthonormal basis for g, it follows from
Lemma 6.1 and the fact that {U;4;}™ ¢ is also an orthonormal basis for g that

1 1
dUydb, = = Dap,Undby = — 3 Dy, an, Usdby

dim g

1

=5 Z Dy, A, U A; dt = 0.
=1

This allows us to conclude that dg; = U; o dby = Uzdb; which completes the proof
of the proposition. O

Proposition 6.3. Let Y; := U;Q; and for firted T > 0 let V; = YTYt_1 and
G =0 (Br —Bs: t < s,7 <T) — the completion of the o — algebra generated by
{Br —Bs : t<s,7<T}. Then

(1) V; is G — measurable, and

(2) Vi is the unique solution to the backwards stochastic differential equation,

1
avi =V, (Dodgt + 3 Ric, dt) with Vp = 1.

Proof. Because Ly, is an isometry of G, it follows that
(6.4) Ric//* = //7 ' Rics, //¢ = Uy 'L, Rics, Lg, .Uy = Uy Rice Uy.
Using this identity and the definition of Y; we find, Yy = Id and

1
dYy = ~Doas, UiQy — 5 U Ric!/* Quat
1
(6.5) = —Doag,Ys = 5Us Ric//t U7 tY,dt
1
(6.6) = —Doap,Ys — 5 Ric, Yydt.
Since dY; ' = =V, (odY;) Y71, it follows that V! satisfies,

1
(6.7) dY, ' =Y, ' Dogp, + §Y;1 Ric, dt with Yy ' = Id.
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For T >t >0, let Y7, solve,

1
dTYT,t = _DOdBTYT,t - 5 l{iCe YT,th with Y;g’t = Id,

and observe that Yy, is 0 (8; — 35 : t < 5,7 < T) — measurable. By the uniqueness
of solutions to linear stochastic differential equations we may conclude

Yr=Yr;Y;as foral0<¢t<T

and hence it follows that V; = V7Y, ' 2 Yy, is also 0 (B, — Bs : t < s, 7 <T) —
measurable. Moreover we have,

dV, = Yrd (Y, ') = =YY, " (odYy) Yy
1
=-V (—Dod,@t — 5 Rice dt)

1
=V <Dod5t + 3 Ric, dt> with Vp = Id.

See [18| Section 4.1] for more on the backwards stochastic integral interpretation
of this equation. O

Theorem 6.4. If A€ g and ¢ € C*([0,T],R) with £(0) =0 and ¢ (T) = 1, then

<A7 /O i () de%>

where fOTé(T) VngT is a backwards Ité integral and Vi satisfies the (backwards)
stochastic differential equation,

(6.8) Wa(z) =E

ZT:$‘|,

1
dVy = §Vt Rice dt + Vi Doqg, with Vp = Id.
Proof. Let f € C° (G) and
Y (2):= f(z) A(z) = f (z) Lo A
As shown in Lemmal6.1, V - A = 0 from which it follows that
Y = (grad f,A) = Af.
Ty~ (s A), -

Therefore an application of Theorem 5.4/ (with £, now being denoted by ¢ (t)) shows,

2[(ir) )] -

f(Er) <A(ET>7//TQT/O £(7) Q:lde>]

(6.9) =E

f(Er) <A,LZT1*//TQT/O i(r) Q;ldb7>] ~

From Eq. (6.3)

T . T .
<AaLgT1*//TQT/O e(r) Q:ldb‘r> = <A,UTQT/O t(r) Q;lU;ldﬁT>

(6.10) = <A, Yr /T ((r) YT—ldﬁT>
0
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(6.11) = <A, /T () VrdﬁT> .
0

Moreover, we may write the last expression as a backwards It6 integral, since

dV,dB,; = V;Dag dB; =V, > DaA-dt=0
A€ONB(g)

wherein we have used Lemma 6.1 again for the last equality. Hence we now have

T T -
<A,LE;1*//TQT/O ((r) QTlde> = <A,/0 () V7d5,>.

These computations may be justified by the same methods introduced in [18]. This

completes the proof because,
T —
f (21) <A, | o mmﬂ
0

for all f € CX (G). O

E[Wa (2r) £ (S1)] = E |(Af) (2r)] =E

Our next goal is to bound fG eWadyp for all A € g. In order to do this it will be
necessary to estimate the size of the process V;.

Lemma 6.5. Suppose k € R is chosen so that Ric > kI, then
(6.12) VAP < |AP e T for all A € g.
Proof. Since

4V = Vi Ric, di + ViDugs,.
we have )

avy = 3 Rice Vi*dt — Dogp, Vi

wherein we have used the fact that D4 : g — g is antisymmetric. In particular it
now follows that

1
d|VFAP? =2 (cdVi A, Vi A) =2 <2 Ric, V;* Adt — Dogp, Vi A, V;A)

= (Rice VA, V¥ A) dt > k |V Al dt with |ViA]? = |A]%.
We may write this inequality as
4
dt
which upon integration gives,
In|A? —In|V/AP = In VAP —n|[VFAP > k(T —t).
Hence |A]> / |V A" > eMT=1) which is equivalent to Eq. (6.12). O

In |V A]? > k with |[V7A]> = A

Lemma 6.6. Let k € R and T > 0, then
T . k
(6.13) inf /0 2 (r)e P T=Ddr 3 < T T

where the infimum is taken over all £ € C([0,T],R) such that £(0) = 0 and
£(T) =1.
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Proof. By a simple calculus of variation argument, £ € C* ([0,7],R) with £(0) =0
and ¢ (T) =1 is a critical point for the function,

(6.14) K(0) := /0 ’ 2 (r)e T =dr,

iff ¢ (7) €*7 is constant in 7. This constraint and the boundary conditions imply that
K has a unique critical point at

—k
e T -1
te(m) = 7 —-

Plugging this value of ¢, into K then shows K (¢.) = k (1 — e_kT)_1 from which
Eq. (6.13) follows. O

6.1. Proof of Theorems 1.4 and [1.5. With the above results as preparation, we
are now in position to complete the proofs of Theorem (1.4 and [1.5.

Proof. Proof of Theorem 1.4, Let £ € C* ([0,7],R) such that ¢(0) = 0 and ¢(T) =
1. From Theorem 6.4, Lemma [6.5, Jensen’s inequality for conditional expectations,
and a standard martingale argument (see the proof of Lemma 7.6 and especially

Eq. 7.17 in [17]) we have
T <
<A,/0 é(r)VTdﬂT> G(ZT)M

/ eVidvr = E |exp (E
G L
o]

<E |E lexp <<A, /TK(T) VTd(ET>>
=E |exp <<A,/Té(7') VTd%T >1

1 T 52 * 412
< exp 3 () |[VEA] dr
0

L>(P)

A2 (T
< exp (2|/ 02 (1) e_k(T_T)dT> ,
0

where P is the underlying probability measure. Since ¢ was arbitrary, it follows
from Lemma, 6.6 that,

1 (7.
/ eVadyr < infexp (/ (1) |A]? e_k(T_T)ah')
G ¢ 2Jo

1 k 1
<o (o M) e (e (T AP).
O

Proof. (Proof of Theorem [1.5l) From Theorem 6.4, Lemma 6.5, Jensen’s inequality
for conditional expectations, and Burkholder-Davis-Gundy inequality (see for ex-
ample [60, Corollary 6.3.1a on p.344], [48, Appendix A.2], or [47, p. 212] and [38|



22 DRIVER AND GORDINA

Theorem 17.7] for the real case), there exists C), < co such that

oo
|<A/o i(r)VedB, > (ET>H

_E :‘<A,/0Té(7)v7d‘ﬁr> p] :E[/OTé(T) (v:A.dT,)
< sz-E ‘/OT & (r) [V AR dr "

T p/2
2 ) —k(T—1
cr <A| /O 2 (r) e K )d7-> .

Using Lemma 6.6, we may optimize this last estimate over the admissible ¢ to find,

) k p/2 QC(kT) p/2
/G\WA|Pd1/T§C’£ <|A ew_1> = (jap 2

which is equivalent to Eq. (1.5). O

/ WAl dvr = E
G

p

<E|E

T

7. APPLICATIONS

Lemma 7.1. Suppose that T > 0, p > 1, and f € L? (vr) N C?(G) such that
AfeL?(vr). Then f,Af € LP (1y) for 0 <t <T and

(7.1) gt/cpt (z,y) f (y)dy = %/Gpt (z,y) Af (y)dy forall 0 <t<T.

Proof. Since the Ricci curvature is left translation invariant, it is bounded on G.
Applying the Li — Yau Harnack inequality (see Eq. (D.6 below), we have for any
~v > 1/2 that there exists K = K (v,T) < oo such that

dry
T
(7.2) (o) < K (t) pr(@) ¥ (2,1) € G x (0,T].
In particular it follows that
T dv/p
(73) iy <K (F) Wl ¥ 0<<T.

Using p’ — 1= (p—1)"" and Eq. (L.8), it follows that

[ra)ls@lae= [ 20D 15 @) )
G

a pi(z)
Pt (yv) .
kt -1
< Ifll gy 0 (”Sjﬁ )

(7.4 < Uy 50 (s ol )
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Therefore the integrals in Eq. (7.1) are well defined. Moreover,
[ s@do= [ pi(ya) f@)de = [ i) £ (ge) da
G €] G
= [ron@n@a

and for any ¢ € (1,p)

1 0 Lyl = /|f ol o = [ 17 @ (r70) do

/ f (@ |“”t v f)dw)

<y 0 (““”(2)| | )

wherein we have used Hoélder’s inequality and Eq. (L.11) for the last inequality.
From these remarks and the fact that A (f o L,) = (Af) o Ly, it suffices to prove
Eq. (7.1) in the special case where y = e.

From Eq. (7.2) and the Dominated convergence theorem, the function,

t) = /Gf (x)dvy (x) for all t e (0,7,

is continuous. Our goal now is to show F is differentiable and that F (t) =
5 Jo Af (x)dv () for all 0 < ¢ < T. To prove this suppose that h € C°(G)

and consider,
- [ r@n@n @

To simplify notation in the computation below, let {4; }dlmg be an orthonormal
mg

basis for g, Vf = (A f) L and V- U = 3. A;U; where U = (Ui)?;nfg with

U, € C* (G). Using atpt (x) = lApt (), and a few integration by parts we find

/f ) Ap (z) de

1
:i/GA(fh) pthzi/C;(fAh—i—ZVf-VfH—hAf) pedV

1
:i/G(fAfH—hAf) pth—/GfV-[Vhpt] v
:%/G(fAlH-hAf) pth—/f[Ath—Vh-th] v
- 1 Vi
(7.5) _—§/GfAhdz/t—/th p—dt+2/hAfdyt

Therefore,
1 1 1
t) — 5/ Af dy, = _iRh (t) — Sh (t) + iUh (t)
G

where, making use of Eqgs. (7.3) and (1.5), we have

Ra (8)) < /G FHAR] dve < 1Ly 18] o o)
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\"
(7:6) <82 (1) 1l 18y

/(Vt)

ww=;4

(7.7) <G

LP(vy)

/), (f)dwz

|Uhun§3AJAth—1|de;nAfmwwﬁnl—humqw>

Le(ur)

and

T\
(78) <K (1) 18 hunior 1= Bl

From [21, Lemma 3.6], we may choose {h,},., C C°(G,[0,1]) such that
hn(xz) = 1 whenever |z| < n and sup, sup,cq )(A LAk )(x)‘ < oo for all

i1,...,4k €{1,2,...,dimg} and k € N. It then follows from Eqgs. (7.3), (7.5), (7.6),
(7.7)), and (7.8) and the dominated convergence theorem that

hn **/ Af dug| <

uniformly on compact subsets of (0,7"). Moreover, by the dominated convergence

theorem, FJ, (t) — F (t) as n — oo and therefore we may conclude that F (t) =
L[ Af du, fort € (0,T). O

|[Bn,, (8)] + |5, ()|+ Un,, (t)] = 0 as n — oo

l\D\»—t

7.1. The proof of Proposition 1.8.

Proof. Now suppose, as in Proposition 1.8, 7" > 0, p > 1, and f € LP (v1) such
that Af = 0. As in the proof of Lemma 7.1, we may reduce the proof to the case
where y = e. Let F (t) := fG fdvy. By Lemma [7.1] and the mean value theorem,
F(T)=F(t)forallt e (0,T) and in particular, F' (T") = lim, o F' (t) . We are going
to finish the proof by showing lim; o F' (¢) = f (e) . To do this, let h € C° (G, [0,1])
be chosen so that h (z) =1 if |z| < 1. Then

:/ f (@) h(z)p (x) dz +r(t)
G

where
< )| |1 —h(x)|p: () dx < )| ps () dx
meWHI ()| pe () Aﬂwnm>
= X pt(m) % i Ssu pt(w)

(7.9) —»/Znﬂlf( ) o (@) < s P W sy

Since limyjg [ f(x)h(x)p(x)dz = f(e)h(e) = f(e), it suffices to show
limy o |7 ()| = 0.

To estimate r (t) we will make use of some crude upper and lower bounds on
the heat kernel, p; (x), for example see [64, Theorem V.4.4 or Theorem IX.1.2.] for
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more precise bounds. According to either of these theorems, there exists a constant
¢ > 0 such that

e () ct=%? exp (—c |z|? /t) (T /2 1 )
< =c | — exp| | —=—-]z]").
pr(x) = -17-d/2 exp (—c‘l |z |? /T) ¢ It
From this estimate it follows that lim¢ o sup, >y (p+ () /pr (¥)) = 0 which com-
bined with Eq. (7.9) shows lim o |r (t)] = 0. O

7.2. Applications to infinite-dimensional groups. For this section, suppose
that G is a topological group, B is the Borel o — algebra over G, and Gy is a
dense subgroup of G which is endowed with the structure of an infinite-dimensional
Hilbert Lie group. Further assume that gg := Lie (Gg) = T.Gy is equipped with a
Hilbertian inner product, (-, ) a0 - We will also assume that (G, B) is also equipped
with a probability measure, v, to be thought of as the “heat kernel” measure at
some time T > 0 associated to the given inner product on gg. We will now give two
theorems which guarantee that v is quasi-invariant under both left and right trans-
lations by elements of Gy. The two cases considered are where GG can be thought of
as either a projective or inductive limit of finite-dimensional Lie groups.

Theorem 7.2 (Projective Limits). Suppose that T > 0, A is a directed
set, {Ga}toca 5 a collection of finite dimensional uni-modular Lie groups, and
{7 : G — Ga}yca is a collection of continuous group homomorphisms satisfying
the following properties.

(1) B is equal to the o — algebra generated by the projections, {Ta} ca -

(2) Talg, : Go — Gq is a smooth surjection. Let dms : go — @a be the
differential of ., at e.

(3) Vo 1= (ma), v =vom, ! is the time T heat kernel measure on G, determined

by the unique inner product. (-,-)., on go which makes

dﬂ-a|Nul(7ra) : Nul (Tra)L — fa

an isometric isomorphism of inner product spaces.
(4) There exists k € R such that Ric, > kgo for all a € A, where Ric, is the

Ricci tensor on G equipped with the left invariant metric determined by
<.’ '>a .
Under these assumptions, to each h € Gg, v o R;l is absolutely continuous
relative to v. Moreover, if J, :=d (1/ o R;l) /dv is the Radon-Nikodym derivative
of vo R;l with respect to v and 1 < p < oo, then

(7.10) Il < oo (L=, )

where dg, is the Riemannian distance function on Gjy.

Proof. Since the estimate in Eq. (7.10)) holds for p = 1, we may assume without loss
of generality that 1 < p < oo. Let H denote the linear space of bounded measurable
functions of the form f = u o m, where @« € A and v : G, — R is a bounded
measurable function on G,. Because of assumption 1., H is dense in L? (G,v). (An
easy proof may be given using a functional form of the monotone class theorem,
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see for example [37, Theorem A.1 on p. 309].) By Theorem [1.6in the form of Eq.
(L.9),
Ve (dac “ T (h_l))

Ja @) i= ==

for z € G,

satisfies

T -1
[ Jallre (o p.) < exp (C(kég)dé (e, Tq (h))) for all 1 < p < 0.

Using this result and assumption 3, if f = wo 7, € H, then

/\f oh)| dv (2 /|uo7ra (h)| dv (2 /|u o (&) 7o ()] do (2)
— [ Julyma () dva ) = / ()] o () v (9) -

@ a

An application of Holder’s inequality then implies,

18 @ @) < Wil Vol

(r.11) < im0 (=N, ema10).

Now suppose that k € C* ([0,1],Gp) such that k(0) = e and k(1) = h. Then
the length of ¢t — 7, (k (1)) € G4 is given by
1

la, (Mo ok) = - o (R dt.
G (a0 k) -t (D)
Since
. d _
L u(eyy-sTa (R (1)) = —loma (k ()" o (k (¢ + 5))
d _ .
= —loma (k )kt + s)) = dr, (Lk(t)_l*k (t))
and

)
go

Ly (k(t))=14Ta (k (t)) ,
it follows that
o (670 ) <, (0 0) < [ [y, 0)

Taking the infimum over all such k implies

dG(¥ (6, T (h)) < dGo (67 h) .

= ‘d’]’[’a (Lk(t)_l*k (t)) ’g § ‘Lk‘(t)_l*k (t)

dt = Lg, (k).
go

Combining this inequality with Eq. (7.11)) gives the estimate,

@12 [ 1@l @) < Ul o (R ).

The afore mentioned density of H in L? (G, v) along with Eq. (7.12) shows the
linear functional ¢ : H — R, defined by

- /G f (xh) dv (x)
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extends uniquely to a continuous linear functional, @y, on LP (G, v) satisfying

kT) (p' —1
%déo (e,h)) for all f € LP (G,v).

Since L? (G, v)" = L?' (G, v), there exists Jj, € L? (G, v) such that
c(kT)(p' 1)
Ul < oo (T, )

150 (D] < 11l 5D (

2T

and
f)= /Gf(x) Jp (x)dv (z) forall fe LP(G,v).

Restricting this formula H shows,
(7.13)

/f v (dzh~ /fz:h )dv (z /f ) Jn () dv (z) for all f e H.

Another monotone class argument (again use [37, Theorem A.1 on p. 309])) shows
that Eq. (7.13) remains valid for all bounded measurable functions, f : G — R.
Therefore, we have shown that Jj, :=dvo R;l /dv exists and satisfies the bound in
Eq. (7.10). 0

We now turn to the inductive limit quasi-invariance theorem. The following
result is an abstraction of the quasi-invariance result in [17]. For related results of
this type see, Fang [24] and Airault and Malliavin [1].

Theorem 7.3 (Inductive Limits). Again, let T > 0, Gy C G, and (G,B,v) be as
described at the start of this section. Further assume there exists, {Ga} ¢4, where
A is a directed set and for each o € A, G, is a finite dimensional uni-modular Lie
subgroup of G such that G, C Gg if o < B. Let i : Go — G denote the smooth
injection map. The following properties are assumed to hold.

(1) UaeaGq is a dense subgroup of Gj.

(2) For all f € BC (G,R) (the bounded continuous maps from G to R),

/fdl/: lim (foioz)dljom

a— 00 G
@

where v, is the time, T, heat kernel measure on G, associated to inner
product, (-, ')ga , defined to be the restriction of (-, ~)ElU 10 go X Ga-

(3) There exists k € R such that Ric,, > kga for all o € A, where Ric, and
ga are the left invariant Ricci and the metric tensors on G, induced by
('7 .)Ga .

(4) For each a € A, there exits a smooth section, s, : Go — G, (i.e.
Sa 0 1o = idg,) satisfying the following property. Given oy € A, and

k € C1([0,1],Go) with k(0) = e, there exists an increasing sequence,
{an}, 2] CA (ie. ap <oq <as <...), such that
(7.14) lgo (k ()= lim Lg, (Sa,ok).

(We do not assume that so, : Go — G4 s a homomorphism.)

Under these assumptions, to each h € Gy, yoR,:l 18 absolutely continuous relative
to v and the Moreover, the Radon-Nikodym derivative, Jy, := d (1/ o R;l) /dv, again
satisfies the bounds in Eq. (7.10).
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Proof. As in the proof of Theorem [7.2 it suffices to assume p € (1, 00) throughout
the proof. Let ap € A, h € Gy, and ap < a3 < ag < --- <, < ... be as in item
4. above. By Theorem [1.6/in the form of Eq. (1.9), the Radon-Nikodym derivative,

Jo, (), of Vg, (da: “Sa, (h)_l) = Va, (dz-h™1) relative to v, (dz) satisfies the
estimate,

c(kT) (p' — 1) _
||JanHLp/(Gan,y%) < exp <d%an (e,h 1)

2T
= exp <C(]€T)2(£1)d2G% (e, h))
< exp (c (k:T)2(;' - l)ézca” (Sa, © o')) :

where o is any path in C* ([0, 1], Gp) such that o (0) = e and o (1) = h. Assuming
the f € BC (G), by the definition of J,, and Holder’s inequality,

/ 1f @ 1) v, (2) = / Jo (@) | (@) dvar, ()

| ¢ (KT) (p' — 1)
< Wlliren ey oD (Héé (0, 07) ).

Using the assumptions in items 2. and 4. of the theorem, we may pass to the limit
(n — 00) in this inequality to find,

@19 [ 170l @) < Ul o (S0, @),

2T
Optimizing this inequality over o € C* ([0, 1], Gp) joining e to h gives

@100 [ 1wl @) < Ul o (“EE R, ).

Up to now we have verified Eq. (7.16) for any h € U,caGo. As the latter set
is dense in (G, the dominated convergence theorem along with the continuity of
dg,, (e,h) in h allows us to conclude that the estimate in Eq. (7.16) is valid for all
h € Gy. Since BC (G,R) is dense in L? (G,v) (again use [37, Theorem A.1 on p.
309]) and because of Eq. (7.16), the linear functional, ¢y, : BC (G) — R defined by

(7.17) on () = /G f (xh) dv ()

has a unique extension to an element, @y, of L (G,v)" satisfying
(7.18)

_ c(kT)(p' —1
61 (D < Wl 0 (=, (1)) forall £ € 27(G10).
As in the latter part of the proof of Theorem 7.2, the estimate in Eq. (7.18) implies
the existence of a function, Jj, € L” ,V), such that
(7.19) / £ (@) Jn (2) dv (2)

and

¢ (KT) (¢ — 1)
Wil () < 5P (Qngo en).
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Furthermore, from Egs. (7.17) and (7.19) it follows that
(7.20) / f(xh)dv (z f )Jp (z)dv (x) for all f € BC(G).

Another monotone class argument [37, Theorem A.1 on p. 309] then shows Eq.
(7.20) is valid for all bounded measurable functions, f : G — R. Hence v (dzh™') =
Jn (z) v (dz) and Jj, (z) satisfies the estimate in Eq. (7.10). O

Corollary 7.4. Under the hypothesis of either Theorem 7.2 or|7.5, the heat ker-
nel measure, v, is quasi-invariant under left translations by elements of h € Gy.
Moreover, the Radon-Nikodym derivative, J,fb =d (V ) L;l) /dv satisfies the same
bound as d (vo R;") /dv which is given in Eq. (7.10).

Proof. Since the heat kernel measures {v4},. 4 on the Lie groups, {Gao},c4
invariant under inversion, x — !, it follows that v also inherits this property.
Hence if f : G — R is a bounded measurable function, then

/f hz)dv (z /f (ha™') dv (z) = /f((xh_l)il) dv (z)
= [ e @@ = [ @ @ @),

from which it follows that J}, () = Jj,-1 (z7!) for v — a.e. z. Therefore,

||Jf1'LHLP(V) ”Jh 1||Lp(u)<ex ( ( )2; )d ( h_1)>

which completes the proof since dg, (e,h™") = dg,_ (h,e) = dg, (e, h). O

are

See Driver [17] for an explicit application of the projective limit Theorem [7.2 in
the setting of loop groups and see Driver and Gordina [20] for an application of the
inductive limit Theorem 7.3/ to an infinite dimensional Heisenberg group setting.
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APPENDIX A. A COMMUTATOR THEOREM

In this section we will develop the abstract functional analytic results which were
used in the proofs of Theorems 4.1/ and 4.3. Results similar to the next theorem
may be found in Briining and Lesch [6], Xue-Mei Li [43] [44] and in Bueler [7].

Theorem A.1. Let W, X, and Y be Hilbert spaces and A: W — X and B: X — Y
be densely defined closed (unbounded) operators such that Ran(A) C Nul(B). Let
Q: X - WY be the unbounded linear operator defined by: D(Q) = D(A*)ND(B)
and for x € D(Q), Qr := (A*x,Bx). Let us also define R : WY — X by
D(R) = D(A) ® D(B*) and R(w,y) := Aw + B*y. Then

(1) Ran(A) and Ran(B*) are orthogonal.
(2) R is closed.
(3) @ = R* is a closed densely defined operator.
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(4) The operator, L := AA*+ B*B, on X is densely defined, non-negative, and
self adjoint operator. Moreover, L := Q*(Q.

Proof. We will denote all of the inner products on these Hilbert spaces by (-, -). Let
w € D(A) and y € D(B*). Since Ran(A) C Nul(B), 0 = (BAw,y) = (Aw, B*y)
which proves item 1. For item 2., suppose that (wy,y,) € D(R) are such that there
exists (w,y) € W@ Y and € X such that

(Wn, Yn) — (w,y) asn — oo and
R(wp,yn) — x as n — oo.

We must show that w € D(A), y € D(B*) and that + = Aw + B*y. We are given
that Aw,, + B*y, — = as n — oo. But by the first item and the Cauchy criteria,
this implies that both lim,, .., Aw, and lim,_,., B*y, exist. Because both A and
B* are closed, this implies that w € D(A), y € D(B*) and that

Aw+ By = nlirgo Aw,, + hm B*y, = hm (Aw,, + B*y,) .
Hence we have proved item 2.

Item 3. As R is closed, it follows that R* is densely defined. Therefore we need
only show that R* = . For this, let us recall that z € D(R*) and R*z = (w,y)
iff ((w,y), (W', y")) = (x, R(w',y")) for all (w’,y’) € D(R). This is equivalent to the
following statements:

(w,w") + (y,y') = (&, Aw’ + B*y’) for all w’ € D(A) and y' € D(B*).
(w,w") = (x, Aw’) and (y,y') = (x, B*y') for allw’ € D(A) and 3y’ € D(B*).
x € D(A*), x € D(B**) = D(B), A*x = w and Bz = Bz = y.

z € D(Q) and Qx = (w,y).

Thus we have proved item 2. of the theorem.

Item 4. By a Theorem of Von-Neumann, [51, Theorem X.25], Q*Q is a non-
negative densely defined self adjoint operator on X. So it suffices to show that
Q*Q = AA* + B*B.

By items 2. and 3., @* = R*™ = R. Therefore, Q*Q = RQ. Now the following

are equivalent:

e € D(RQ) and RQx = z'.

e £ € D(A*)ND(B), Qx := (A*x,Bzx) € D(R), and R(A*z,Bx) = 2’

e € D(A*)ND(B), A*x € D(A), Bx € D(B*) and AA*x + B*Bx = 2.
e z € D(AA*)ND(B*B) and AA*z + B*Bx = «’.

e v € D(AA*+ B*B) and AA*z + B*Bx = 2'.

This shows Q*Q = AA* + B*B and thus completes the proof. O

Theorem A.2 (Commutator Theorem). Let W, X, Y, and Z be Hilbert spaces and
A:W =X, B:X =Y, and C:Y — Z be densely defined closed (unbounded)
operators such that Ran(A) C Nul(B) and Ran(B) C Nul(C). Let L := AA*+ B*B
and S := BB* + C*C. Then Be t**z = e * Bx for all x € D(B) and any t > 0.

Proof. Let A > 0. Observe that BL = BB*B on D(BL) = D(AA*) N D(BB*B)
and the SB = BB*B on D(SB) = D(BB*B). In particular we have shown

(A1) SB=BB*B=BL onD(BL)=D(AA*)ND(BB*B)
and hence,
(A.2) (1+AS)B=DB(1+4+AL) on D(BL).



INTEGRATED HARNACK INEQUALITIES 31

If v € D(B) and 2’ := (1+AL) ', then 2/ € D (L) C D (B) and
L' =1+ ML)z’ — X2’ =2 — X2’ € D(B).
Therefore ' € D (BL) and so by Eq. (A.2) applied to 2/ = (1+AL) 'z we
discover that,
(14+AXS)B(A+AL) "2 =B(14+AL)(1+ ML) 'z = Buz.
Applying (14 AS) ™" to both sides of this equation shows
(A.3) B(1+AL)™' =1+ AS)"'Bon D(B).
Multiplying Eq. (A.3)) on the right by (1 + /\L)f1 gives
B(1+AL)2=(14+AS)"'B(1+AL)"" =(1+AS)"2Bon D(B),

wherein we have used Eq. (A.3) again in the second equality. Continuing this way
inductively allows us to conclude.

(A.4) B1+AL)™=(1+AS)™Bon D(B) for all n € N.

To complete the proof the theorem recall et = s — lim,, .o (1 + %L)_" and
that e~ = s — lim, .o (1 + £5)~". Hence, taking A =t/n in Eq. (A.4) and then
passing to the limit allows us to conclude

4 4
lim B(1+ —L) "z = lim (14 —S) "Bz =e¢ "Bz forall 2 € D(B).
n—oo n n—00 n
Since B is closed, it follows that, for all x € D (B), that
ety = lim (14 LL) "z € D(B)
n—oo n
and ;
Be 'y = lim B(14+ —L) "z = e *Buz.
n

n—oo

APPENDIX B. A KATO TYPE INEQUALITY

Let E be a real Euclidean vector bundle over a Riemannian manifold, M, I'*® (E)
(I (E)) be the smooth (compactly supported) sections of E, and H := L? (E) be
the space of square integrable sections of E. Further assume that E is equipped with
a metric compatible connection, V¥, and that (0 = (¥ is the associated Bochner
Laplacian on T (E). To be more explicit, if {e;}:*"<"

ie1 is a local orthonormal
frame, then

Of = tr (VIMEEGES) = 3™ (VEVEf = VEru, f).

To simplify notation in the computations below, we will drop the superscripts, F
and TM from the symbols since they can be deduced from the context.

Notation B.1. Given a measurable section, e : M — E, and f € H, let

it f#0
e if f=0

sgn, (f) := 1f¢0|§| +15_pe = {

With this notation we have the polar decomposition, f = |f]| sgn, (f), which is
valid no matter what the choice of e.
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Theorem B.2 (Kato’s Inequality). Let ¢ > 0, f € I'°(E), |f|. := 1/ |fI” + €2,
and f. = f/1fl. - Then

alfl. = (f-.VF) and
B dolfl= i 3 (19

= \<fs,veif>ﬂ2> +(f.01)

7.

(B.2) > (f.,00).

Moreover if p € C> (M), and f € C (E), then
(B.3) (OF.osen. (1)) < (] Do)

where e is any measurable section of E such that (Of (x),e(x)), =0 and |e (z)|, =
1 on the set where f = 0.

Proof. This theorem is mostly a straightforward computation. (See [34], where a
local coordinate version of this calculation is done.) We start by computing the
gradient of |f|_ as

d|fl. = ——=—==d|f|" = (£,V.f).

1
2/IP + <2 \/m +e?

With this in hand we have the following formula for the Hessian of | f]|,

valfl,=— (P +2) 907 e (V90 + (£.92,5)).

VISP + e

Taking the trace of this result gives

N (T S S TA I ( f,mf>>
: \/m re \G

which is equivalent to Eq. (B.1). Equation (B.2) follows by the Cauchy-Schwarz
inequality which implies

- \<fa,veif>\2 >

If we now assume that f € T (F) and ¢ € C*° (M, [0,00)), then multiplying
Eq. (B.2) by ¢ and integrating gives,

Ao |f,

~ 12 9
- f8 ‘VELJC‘ 20

(B.4) / <Df, | Ji] ><ﬂdV< [ Bl v - /M|f|sA080dV

where we have done two integrations by parts to get the last equality. Letting e | O
in Eq. (B.4) then implies

(B.5) | ©sgng(D)eav < [ 111 80
M M
which is to say

(B.6) (Of,sgng (f)) < Ao |f] (in the distributional sense).
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If we now choose e to be a measurable section of E such that |e|] = 1 and (Of,e) =0,
then (Of,sgn, (f)) = (Of,sgn, (f)) and we may rewrite Egs. (B.5) and (B.6) as,

/ (O, sen, (/) pdV < / | AgpdV
M M

and
(Of,sen, (f)) < Ag|f| (in the distributional sense).

These last two equations are equivalent to Eq. (B.3). ([l
APPENDIX C. A LOCAL MARTINGALE

In this appendix we will continue to use the notation in Section 5.1/ unless oth-
erwise stated.

Lemma C.1 (Local martingale lemma). Let l, € R be an adapted continuously
differentiable real valued process, €y € T, M,

t
(C.1) b = Qy UO Q! (j}) db, + eo} ,

a€ QL (M), and
(C.2) Zy = (ar (S¢) 0 //¢) by — Sy (S¢) by,

be as in Eq. (5.10). Then Z; is a local martingale whose Ité differential is given by
(C.3)

d -~ _
dZy = (V) jean,ar) (Be) o / /el + (ar (Ze) 0 / /1) <dt€t) dby — (V/,ap,at) (E¢) -
Proof. The proof of this lemma, is purely a computation. For the sake of the reader’s

understanding we will give a slightly inefficient proof designed to motivate the form
of Z; in Eq. (5.10)). Let a; be as in Eq. (5.9) and then set

Nt = a¢ (Et) o //t

Then by It&’s lemma in Eq. (5.2)), Theorem 4.1, and Bochner identity in Eq. (4.3)),
we find

dNy = (v//tdbtat) (Et) o //t + % ((D - A) ag (Et)) o //tdt

1 .
(C.4) = (V/uanae) (Be) o //e + 5 lae (5¢) o Rico//i] dt.
Also by Ité’s lemma in Eq. (5.1) and item 4. of Theorem 4.1,
dfbar (S0)] = d [ (T920/25a) ()]

(C.5) = (v//tdbt [G(T_t)AO/Z&lD (31) = (V) /pa, [0a4]) (5) .

Now suppose ¢; € T, M and th € R are arbitrary continuous Brownian semi-
martingales such that

Al = vy dby + By dt and dly = Gy dby + B, dt

with «q, 0O, &, and Bt being continuous adapted processes with values in
End (T, M), T, M, T, M*, and R respectively and let

(C.6) Zy = Niby — (0ay) (34) 4y
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Making use of Egs. (C.4) and (C.5), the It6 differential of Z in Eq. (C.6) is,

dz; = (v//tdb,at) (Xt)o /)by + 1 [at () o Rico//ly] dt
+(ar (30) © //1) [owdb + By dt] (V) sesat) (Zt) 0 //ecusesdt
~ (V) 100)) (0) Gy — B (1) [Gndos + fudt]
(V) /res [0ar]) Guedt
= (V) jeavear) (Se) 0 //ely + (ae (3) 0 / /1) cvdby
— (V) ean, [6ac]) (Se) € — Say (E) ddby

(C.7)
( 3 lac (3¢) o Rico//ol] + (ar (Be) © //¢) B + (V) /pes01) (Be) © / Jrcuse >
+ % 4 dt.
—(5at (Et) ﬁt — (v//tei [(5at]) Qe
Our goal is to choose a4, B¢, &y, and Bt in such as way that Z; is a local martingale.
To do this we need to make the term in the parenthesis in Eq. (C.7) vanish.
Grouping the terms according to the number of derivatives on a;, the term in
parenthesis in Eq. (C.7) will vanish provided

5 [0 (%) o Rico/ /i + (a0 (%) 0 /1) fu =,
(V) jresar) (Be) 0 / [rauei — day () B = 0,
and (V//tei [6at]) ae; = 0.

Moreover because of Eq. (4.1), these equations may be satisfied by choosing & =0
(so that /; is differentiable and % =3,

1 1
ﬁt = —5//;1 RiC//tgt = —iRiC//tgt,

and

~ s,
ap = Bedr,m = dtITl

Thus we have shown,
Zt = (at (Et) o} //t)gt — 50475 (Et)gtv
is a local martingale provided /; is an adapted C* — process and ¢ solves

dz,
(C.8) dty = =

To solve this equation for ¢4, let @Q; solve the ODE in Eq. (5.3) and write £; = Q+k:
where k; := Qt_lét. Plugging this expression for ¢; into Eq. (C.8) using,

—tdb, — = Rlc//t 0, dt.

1
dly =~ Ric//t Qikydt + Qudky,

implies,
d,

1
—§Ric//‘ Qekydt + Qudky = —=dby — Ric//‘ Qik dt

from which we learn, dk; = @, ! dzt +db;. Integrating thls equation and multiplying
the result on the left by Q; gives Eq (C.1). Equation (C.3) now follows from Eq.

(C.7) with & = 0 and a; = %17 . 0
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APPENDIX D. WANG’S DIMENSION FREE HARNACK INEQUALITY

Suppose that pr(-,-) > 0 is the heat kernel at time 7' > 0 on a complete
connected Riemannian manifold (M) and for measurable f : M — [0, 00), let

(Prf) (z) == /M pr (2.y) £ () dV (y).

Hence if f € L2(V), then Ppf = eT20/2f The following lemma reflects the fact
that (L?)* and LP" are isometrically isomorphic Banach spaces for 1 < p < co and
p' =p/ (p— 1) — the conjugate exponent to p.

Lemma D.1. Let z,y € M, T >0, p € (1,00), and C € (0,00]. Then

(D.1) [(Prf) (@)]" < CP(Prf?)(y) forall f=0
if and only if

(D.2) ( / [Zgﬂ pr (5, ) dV (2 >> "

Proof. Since

e @ = [ Pr(@2) ¢y (g, 2)aV (2),

pr (yv )
if du(2) :==pr (y,2)dV (z) and g (x) := ZEU’ g then
(D.3) (Prf)(z) = y f () g (z)dp(x).

Since g > 0 and L? (1)* is isomorphic to L?' (1)* under the pairing in Eq. (D.3),
it follows that

Ju f (@) g (2) dp () _ sup (Prf)(@)
Hfllw >0 [(Prfe) (y)]V/?

The last equation may be written more explicitly as,

’ 1/17/
pr(2.2)]’ gy P @)
(/M [pﬂyJ prin v (Z)> 0 [(Pef) )

and from this equation the lemma easily follows. O

HQHLP’( = sup
20

The following theorem appears in [65] 66] — also see also see [].

Theorem D.2 (Wang’s Harnack inequality). Suppose that M is a complete con-
nected Riemannian manifold such that Ric > kI for some k € R. Then for all
p>1, f>0,T>0, and x,y € M, we have

(D.4) (Prf)? (y) < (Prf?) (z)exp (p’ eka_

4 (v, Z)) ,
where p' =p/ (p— 1) is the conjugate exponent to p.

In applying Wang’s results the reader should use £k = —K, V = 0, and replace
T by T/2 since Wang’s generator is A rather than A/2.
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Corollary D.3. Let (M, g) be a complete Riemannian manifold such that Ric > kI
for some k € R. Then for every y,z € M and p € [1,00),

1/p
pr(y,x)]" c(kT)(p—1)
D.5 —= ,x)dV < ———=d* (y,
s ([, 5] reawe) o (e 0
where c(-) is defined as in Eq. (1.7), p: (x,y) is the heat kernel on M and d (y, z)
is the Riemannian distance from x to y for x,y € M.

Proof. From Lemma D.1 and Theorem D.2 with

pk 9 1 k 9
C =exp <pekT — 1d (yaz)) = exXp (p_lek;p_ld (y.2) ),

it follows that it follows that

( / [Zgﬂ pr (y.2) AV <z>) . (s 02

Using p—1 = (p' — 1)71 and then interchanging the roles of p and p’ gives Eq.
(D.5). O

For comparison sake, recall that the classical Li - Yau Harnack inequality (see Li
and Yau [42] and Davies [13, Theorem 5.3.5]) states if « > 1, s > 0, and Ric > — K
for some K > 0, then

(D.6) pe (Y, ) < t+s da/2 o ad? (y, 2) d-aKs
. X
Pits (z,2) ~ t P 2s 8(a—1) )"

for all z,y,z € M? and t > 0. However when s = 0, Eq. (D.6)) gives no information
on py (y, ) /pe (2, ) when y # z.

Remark D.4. Since our heat equation is determined by Ag/2 rather than Ay, the
reader should replace ¢ and s by ¢/2 and s/2 when applying the results in [42} [13].

APPENDIX E. CONSEQUENCES OF HAMILTON’S ESTIMATES

Let T € (0,00), M (d=dim(M)) be a complete Riemannian manifold with
Ric > — KT for some K > 0, and let V (x,r) := Vol (B (z,7)) be the volume of the
ball, B (z,r), centered at € M with radius r > 0. Suppose, for 0 < ¢ < ¢;, that
u (t,x) is a positive solution to the heat equation, %u = %Au. The Hamilton type
gradient bounds [33, [58], 40] state if

m:=sup{u(t,z):0<t<t, v € M}
then
(E.1)  ¢|Viog(u(t,z))|* < 2(1+ Kt)log(m/u(t,z)) for all (t,x) € [0,t1] x M.

The standard heat kernel bounds (see for example Theorems 5.6.4, 5.6.6, and 5.4.12
in Sallof-Coste [54] and for more detailed bounds see [42}, 13, 53], 14} [30]) which state
there exist constants, ¢ = ¢(K,d,T) and C = C (K,d,T), such that,
(E.2)

c d*(z,y)

WGXP (—C " > <p(t,2,y) < Mexp (—ch(‘:’y)> ,

for all z,y € M and t € (0,T].
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Let s € (0,T], 0 € M, t; = 5/2 and u(t,x) = psja4¢ (0,2). Combining Egs.
(E.1) and (E.2) then shows,
(E.3)
oV (0, V5T t/2)
t|Vz log ps/aye (o, o)) <2(1+Kt)log | — exp (C
¢ v (0, s/4)

Taking t = s/2 in Eq. (E.3) and then replacing s by ¢ in the resulting inequality
implies,

d*(o, y))

s/2+t

t t
(E.4) §|VL log p; (0,2))]* < 2(1 + K=)log

2 CV(O,\/t/j)

Using the volume estimate (see [9] and [54, Theorem 5.6.4]),

V(z,o0) < (%)dexp(\/ma) VoezeMand0<s<o,

t

oV (0. v272) . (CdZ(o,y))

Vix,s)
it follows that
(E.5) M < 292 exp ( (d— 1)Kt/2) < 292 exp ( d—1) KT/2) .

Combining Eqs. (E.4) and (E.5) then allows us to conclude that there exist con-
stants, ¢; and co depending on T, K, and d such that

d (o, )

(E.6) |Vzlogp:(o,2)) < (Cl + co ) for all ¢t € (0,7] and o,z € M.

Vit
For this estimate in the compact case with its relations to stochastic analysis, see
[16, 46, 61], 63, [35].

Proposition E.1. Continuing the notation and assumptions used above, there exist
constants, C1 (d, K) and Cs (d, K,t) such that,

(E.7) /M exp (A |V logpy (0,2))]) pr (0, %) dz < C (d, K, t) exp (C (d, K) \*/t)

for allo € M and t € (0,T].

Proof. Let v (r) := Vol (B (o,7)), k:=K/(d—1),y:=(d—-1)k =K (d—1),
and wg_1 be the volume of the standard d — 1 sphere. Using Bishop’s comparison
theorem (see [8, 55]) which states,

inh
(E.8) dv (r) < wa—1 (Sm ’") (“’d 1) eRd=r g
K

along with the estimates in Egs. (E.2) and (E.6)), we have

/ exp (A |V log pt (0, 2))]) p (0, 7) da
M

o C
< O4—4/2 “a r _ 2
<Ct /0 exp (/\ <\/i + cay ) Jexp | —g.7 dv (r)
(E9) <C (wd_l)d_l /2 /OO exp (AL el ))ex 721“2 e’ dr
2 =" , O\ E T P\ 72
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= —d/2 ‘ = 2 _C,
(E.10) C(d,K,T)t exp (A\/f>/0 exp<<'y+)\t>r> exp< 5" >d7’.

Equation (E.7) follows easily from Eq. (E.10) and the following two estimates

A1/, A
Cl%§§ Cl“rg

and
/000 exp ((’y + )\%2) r) exp (26;7'2) dr
< 700 exp ((7 + /\%2) 7‘) exp (—;7“2) dr
(E.11) = /27t /C exp <2tC (’y + /\C;)z) .

Remark E.2. When M = R?, using Laplace asymptotics, one may show;

dlim ¢ ViVl exp (A |V log pt (0, 2))|) pt (0, z) dax = N4ty t,A>0.
— 00 Rd

In particular, this implies that we can not take both C (d,0,t) and C (d,0) in Eq.
(E.7) to be independent of the dimension, d = dim (M) .
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