Limits and Continuity

X"L)n 5 a=a For ¢ being a number or +o0 or - o or a one
sided limit

im af(x) = a lim f(x)
X—>C X—>C

lim fO)£g(x) = lim fX)£ lim 9(x)
X—C X—>C X—>C

lim f(x)-9(x) = lim f(x) - lim 9(xX) —
X—C X—>C X—C

im % = im0/ fim 900 !

— = Whenever the right hand
x>cI®) xS X—cC side makes sensfeJ
n

lim fx)" = { lim f(X)J

X —C X—>C —

Sandwich theorem: g(x)< f(x)<h(x)onan intervalaround c
Thenif |im g(X)= lim h(x)=L,we have |im f(x)=L
X—>C X—C X—C

L'Hospital rule: If |im 9 IS 20 or 9, then [lim 9 _ lim M
X—)Cg(x $ oo 0 x—)cg(x) x_)cg(x)

Continuity of f(x)at x = ¢ amountsto beingable to calculate |im f(x)by pluggingin f(x), x=c,
X—C
thatis, f(x) is continuousatx =c if [|im f(x)= f(c)
X—C
Some continuous functions :sin X, cos X, tan X, sec X, cot X, c¢sc X (wheneverdefined),

polynomials, rational functions(wheneverdefined), In x, eX x", nrational (wheneverdefined).

If fandg arecontinuousatx,sois f +g,f-g,a-f (whenaisaconstant),f /g (wheneverdefined)
and f o g (if g is continuousat x and f is continuousat g(x)).

Some intuitive limit behavior :
c c )
+ 00400 =400, -00:+00 =-00, -00--00 =400, — = =00, +—=0 (when ¢ =0andis a number)
T o0
Some useful limits :
) X ) X ) _ ) _
lim e" =om, lim e” =0, lim In x=+oo, lim In x=-o0

X— 400 X— —© X— 400 X— 0+




Derivatives

!

(f(0+g(x) = F'(x)*g'()

(af (x)) =af '(x)

(F0)-9(0) = F'(0-9()+ F (- g'(x) Product Rule
(gt o
(F(g(x)) = F'(9(x))-g'(9) Chain Rule

(a) =0, when ais a constant
n

!

(x ) =nxn_l, n rational

!

2

(sin x) =cosx (tan x): = sec” X (secx): =secx-tanx
(cosx) =-sinx (cotx) =-csc? x (cscx) =—cscx-cotx
(arcsin x), -1 (arctan x)' =—
1-x2 1+x
-1 ' 1

arccosx - (arcsecx)
( ) 1-x2 xvx2 -1

(eX) :eX (|n x)lzl
X
(fo0") =nfe0" Lt
(e f (X)) =f'(x)-e F) — Particular Casesof the Chain Rule

'K
(In f(x)) = 00



Exponential, Logarithmic and Power Rules

y =eX is the exponential function

naturallogarithm, y = In xis theinverseof y = eX

ea+b _ el -eb In(ab)=Ina+Inb
(ea)b:eab a
a In—=Ina-Inb
e —ea_b b
5=
e
a1 haP =pha
0 e
eln:1 In1=0
y
e =y
Ine=1
IneX = x
X X
jldx:ln|x|+C [e"dx=e"+C
X
y =Inx
/ y=ex
/
lim In x=+0 (=In(+w)) lim  eX =+ (:e+°OJ
X—> +o© X— +o
lim In x=-o0 (:In(O)) im eX=0 [=e™®
X— 0+ X —o0
Power Rules Divison of fractions
n a
a0 =1 a"a™ =a™m (an)m —a™ _ = am™m E _ﬂ
. c b-c
L1 : a" (a)" ; d
a’"="— fa=an 2 =12 a"-b"=(a-b
. (2] (a-b)
R f ratic formul
_h+ 2 _
ax’ +bx+c=0 the rootsare x;, X, = b_2b 4ac
a

..
1) x’+bx+c=0

2) (a®—b?)=(a+b)a-b)
3) (axb)’ =a’+2ab+b’

if x,,X, roots,then x> +bx+c = (x—x, J(x—x,)




Integration Techniques

1) Simple Substitution: | f(g(x))-g'(x)dx

et u=g(x) x))-g'(x)dx= | f(u)du
du = g'(x)dx } [ £(g(x))g'(x)dx = | f(u)d

2) Integrals of the kind: J‘sinn xcos™ xdx

a) Whenat leastoneof normis odd: use sin’t+cos’t =1

1+ cos2t 1-cos2t

b) Whenbothnandmare evenor zero : use cos’t = or sin’t =

3) _ntegration by parts : Used (mostly) for integralsinvolving multipication of two functions
u=u(x), v=v(x)

ju-v’dx=u-v—ju’-vdx

4) Trig.Substitution : See Trig.Substitutions and Some Useful Trig. Identities page

5) Integration of Rational Functions : j%dx degree p(x) < degreeq(x), and g(x) monic.

)

a) Factorg(x)into a multiplication of factorsof the form (x—a)" and (x? + bx+c)"
w here x* + bx+ cis irreducible.
b) For each factor (x —a)", with n maximal, correspondasum:
Ay A, +L, where A, ,. . ., A are numbers.

x-a)  (x-a)* " (x-a)

c) Foreach factor(x2 +bx+ c)m,with m maximal, correspondasum:
B,x+C, B,x+C, B, x+C,

+ + ... .+ , whereB,,..,B andC,,. . ,C_are numbers.
(x? +bx+c)"  (x2+bx+c)™ (x* +bx+c) 1 1

d) M =sumof all thesums foundin b)andc).

q(x)




Trig. Substitutions and Some Useful Trig. Identities
IntegralInvolves: vaZ —x? x? —a? a +x?
9
a X 1 xt
Triangle X 2
t t t
a a
JaZ —x2
I X =asint X =asect X =atant
Substitution dx = a costdt dx = asect tantdt dx = asec? tdt
Va2 —x% = acost vxi—az :atgnt a’ +x? = asect
Use sin®t+cos’t=1 sec“t-1=tan“t 1+tan2t =sec?t
X
t= arcsinl t =arcsec— t= arctan5
a a a
sint:E tant:E sect:E
c c b b
a
t cost = b cott = b csct =2
C a a
b
sin(—t)=—sint sin(t +2nz)=sint 1+tan®t =sec’t
cos(—t) = cost cos(t +2ns ) = cost 1+cot®t = csc?t
cos(t +u)=costcosu —sintsinu sin2t = 2sintcost
sin(t+u)=sintcosu +costsinu cos2t = cost —sin?t
t(degrees) | t(radians) sint cost
0° 0 0 1 sint+cos’t=1
30° /6 12 J3/2
450 7/4 V2/2 J2/2 Logrq_ L+Cos2t
60° /3 J3/2 1/2 N
900 72'/2 1 0 Slnzt :m
120° 21/3 J3/2 -1/2
135° 37/4 J2/2 -2/2
150° 57/6 1/2 ~/3/2
180° T 0 -1




Basic Integration Formulas

r+1

J'u du— +C, ifrz-1 a, k, andb are constants
r+1
~ _(u_a)Hl ) -
2) I(lu a)du_—r+1 +C, ifrez-1
3) [=du=Inu+C

u

4) |—=du=Inju-a/+C

J- 1

(u-a)
1

5) deu—gln“(lj—al-l-c

6) [e‘du=e"+C

7) .[ek“du:%e“#c

8) Ib“du=|2b+c

9) [sinudu=-cosu+C
10) jsinkudu:—%coskmc
11) [cosudu=sinu+C

12) jcoskudu:%sinku+c

13) [sec’udu=tanu+C
_secu tanu + Injsecu + tan u|

14) [sec’udu

15) [csc’udu=—cotu+C

16) [secutanudu=secu+C

17) [cscucotudu=-cscu+C

18) |tanudu=-Injcosu|+C = Injsecu|+C
19) [cotudu=In[sinu|+C

20) [secudu=In|secu+tanu|+C

21) [cscudu=Injcscu —cotu|+C

21) j\/ldLu:sin‘lu+C:—cos‘lu+C
23) .[\/j_sm Yic, wherea>0
24) I1+u2 =tan*u+C

25) Iazdfuz —itan1§+c

26) - jg_lzsec‘lu+c

27) f du Loec ~+C, wherea>0

uvu?-a? a a



3VX - X2
1) lim -72—57%
Xc —aX
X—>4
2_
2 im 2P
X—>4
3) lim x*-sin=
XxX—0
X
4)  lim %}
Xx—0"
5 lim
X_)0+
6) lim
X—>0

Practice Exercise on Limits

1+5x-x?> forx>0

c - <
f(x) where f(x)= {x 3x+1 forx<0

1+5x-x*> forx>0

2 - <
f(x) Wheref(x):{ x*—3x+1 forx<0

1+5x-x* forx>0

2 <
7)) lim  f(x) where f(x)= {X 3x+1 forx<0

XxX—0
x? —4x+1
8 i AN A
) lim 2x*> +5x—8
X — 400
—2x* +8x
9 i —en TOA
) lim T
X — +00
10) lim X-sin1
X
X —> +0
x> —2x+5
11 i DA
) im s
X—>1
¥ —x-1
12)  lim =
Xx—>0
1-cosx
13)  lim .




Practice Exercise on Derivatives

1) [(7x3 ~3x° +4)5]
) (3+2le
3-2X

) (;jﬂ

4) _(1+seczx)3]
) 14
5) ( cos’ j
1+sinXx

6) [In (sinzx-cos2 x)],

!

e
X
8) (e K )’

9) (ex -sin 2x)'

e
10
) [xz +1)

11) (arcsin X +1)

!

!

12) [arctan(In x)]

!

allCCOSX
13)
[ V1x® j




Practice Exercise on Integration (page 1)

Simple substitution :

1) [e™dx

2) [sin(in x)édx

sin X
3) Jcosr”x dx

4) [6x(x*~3)dx

sin X
5 dx
) J.1+ COSX

X
ex2+l

6) [——dx

Integration by parts :
7) [ xsinxdx

8) J'x2 In xdx

9) [sin(inx)dx

10) [xe*dx

11) [xcosxdx

12) [x*sinxdx

13) [e*sinxdx



Practice Exercise on Integration (page 2)

Integrals of power of sinand cos :

14)  [sin® xdx
15) [cos® xdx
16) [sin®xcos’ xdx
17) [sin?® xcos® xdx

Trig.substitutions :

18)

'[ X?\/4—x*
19) [x*\16—x*dx

Sl

21) [———dx
dx

22 _—

) Ix3\/x2 -9
dx

23 _—

) Ix2\/x2 -7

Rational Functions :

) [

%) ] x+2) oy



