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SOME COUNTEREXAMPLES CONCERNING A DIFFERENTIAL
CRITERION FOR FLATNESS

WILLIAM C. BROWN AND SARAH GLAZ

ABSTRACT. Let 4 denote a commutative ring with identity. We suppose A contains
a field k of characteristic zero. Let 2}(4) and d: 4 — 2}(4) denote the A-module
of first-order k-differentials on 4 and the canonical derivation of 4 into Q4(4)
respectively. If % is an ideal of 4 which is flat as an 4-module, then xdy — ydx €
A2Q1(A) for all x,y in A. We give examples in this paper which show that the
converse of this statement is false. We also show that if % is a maximal ideal of a
Noetherian ring 4, then xdy — ydx € %>Q}(A) for all x,y in % does imply % is flat.

1. Introduction. Throughout this paper, 4 will denote a commutative ring with
identity. We shall assume that 4 contains a field k of characteristic zero. We shall
let 24(A4) denote the A-module of first-order k-differentials of A. Thus, 2}(4) =
I/1I? where I denotes the kernel of the multiplication map u: 4 ®, 4 — 4 which
is given by w(Z a; ®, a)) = = a,a]. We shall let d: 4 — Q}(4) denote the canonical
k-derivation on 4. If x and y are two elements of 4, we set A (x,y) = xd(y) —
yd(x). If A is an ideal of 4, and x, y € ¥, then clearly A,(x, y) € AR} (A). We shall
say that 9 satisfies condition (D) if Ay(x,y) € A*QL(A) for all x,y € A. It is a
well-known fact that if 9 is a flat ideal of A4; i.e. if A is a flat A-module, then A
satisfies condition (D). A proof of this remark can be found in [4].

In [1], the converse question was explored. That is, when does condition (D)
imply o is a flat ideal? In {1}, it was shown that if 4 is a regular local ring
containing a field k, then every ideal oA in 4 which satisfies condition (D) is flat. If
A is not regular, then the question of when condition (D) implies flatness is much
harder to study. The best result obtained in [1] is as follows: Suppose (4, m, k)
denotes a complete, local domain of dimension one with maximal ideal m and
residue class field k. Suppose A is a monomial ring, i.e. a ring of the form
A = k[[t*, ..., t*]] with k[[#]] being the integral closure of 4. Then any ideal ¥ in
A satisfying condition (D) is flat.

In view of the above-mentioned result and other evidence collected in [1], it
seemed reasonable that the following conjecture (made in [1]) was true: Let
(A, m, k) denote a one-dimensional local domain, essentially of finite type over k.
If A is an ideal of A4 which satisfies condition (D), then U is flat. In this paper, we
shall give an example which shows that this conjecture is false. We shall also give
an example of a complete local domain of dimension one which is not monomial
and contains nonflat ideals satisfying condition (D). We shall show that if 4 is a
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Noetherian ring which contains k and p a prime ideal of A satisfying condition
(D), then p must be a regular prime of height less than or equal to one, but p need
not be flat.

2. Some examples We first give an example which shows that the conjecture
mentioned in the introduction is false.

ExaMPLE L. Let k be an arbitrary field of characteristic zero, Let 4 denote the
local ring at the origin of the plane curve C: Y? = X (X + 1) in AZ. Thus, 4 can
be written in the form A4 = k[x, ], , Here y*>= x*x +1), and k[x,y],
denotes the finitely-generated, integral domain k[x, y] localized at the maximal
ideal (x, y). We set % = (x?, xy). We note that U is a stable ideal with transversal
x? (see [3] for definitions). If % is flat and, consequently, principal since A4 is local,
then A = (x2). But then y = Ax for some A € 4. This implies 4 is a regular local
ring which is not the case. Thus, % is not flat. We shall show that U satisfies
condition (D).

If A is any ring containing k, and % = (a, b) is any two-generated ideal of 4,
then one easily sees that % satisfies condition (D) if and only if Ay(a, b) €
A%Q1(A). Thus, in our example, we must show A (x% xy) € (x*, x¥)Q(4). Now
AAx% xy) = x’dy — x¥dx. Since x + 1 is a unit in 4, x*> = (x + 1)y Also,
y? = x? + x> implies 2ydy = (3x? + 2x)dx. Making these substitutions in x’dy —
xYdx, we get Ay (x%, xp) = [2(x + D] 'xYydx € WQL4). O

If we pass to the completion A of A in Example I and consider the ideal
9l = A A, then ¥ satisfies condition (D) but is not flat. A is a complete local ring of
dimension one. If k is algebraically closed, then A is not an integral domain (C is
not unibranched). On the other hand, if k is the rational numbers, then Aisa
domain. In attempting to get rid of this example by putting more hypotheses on A,
we are led naturally to the following problem: Let the triple (4, m, k) denote a
complete local domain A of Krull dimenson one, with maximal ideal m and residue
class field k. We assume k is an algebraically closed field of characteristic zero
which is contained in 4. Suppose ¥ is an ideal of 4 which satisfies condition (D).
Is A flat? The answer to this question is no as our next example will show.

ExampLE II. Let k be any field of characteristic zero. Let ¢ be an indeterminate
over k and consider the formal power-series ring A= k[[2])- A is a discrete,
rank-one valuation ring with valuation »: A->Z* U {0, oo} given by »(¢) = 1. Set
hy= 15— (5/16)t%, hy = (16/5)t"" + (8/5)t™ and hy = ' — (2/11)¢*> + 2. We
now consider the subring A4 of A4 which consists of all power-series (coefficients in
k) in the elements h,, h,, h; and ¢’ for i > 24. Thus,

A = k[ [y, by by, 2,65, ] ]

Since any semigroup of positive integers is finitely generated, we see that 4 has the
form A = k[[h,, hy, hs, 12, 1%, . . ., t"]] for some r sufficiently large. Thus, 4 is a
complete local domain of dimension one. The quotient field of 4 is clearly k((?)):
the quotient field of 4; A4 is the integral closure of 4 in k((f)) and k is the
residue-class field of 4. Set m = (hy, h,, hs, t#,...,1"); mis clearly the maximal
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ideal of 4 and (4, m, k) forms a triple as discussed above, provided we take k
algebraically closed.

Let »(4) = {v(x)|x € A} denote the value semigroup of 4. We claim that
23 & v(A). To see this, we proceed as follows: If 23 € »(A4), then 23 = »(g) for
some g € A. We could then write g = ajh; + ayh, + azhy + ah? + ash? +
aghhy + ashihy + aghi + aghth, + ayght + yt** with @y, a,, ..., a9 € k, and y
€ A. A simple arithmetic computation, carefully noting the »-values of these
summands, shows that this is impossible. Therefore, 23 & »(A4).

Now set A = (12, t*") c A. We note that no nonzero multiple x% of ¥ is flat.
For suppose there exists a nonzero element x of A such that x¥ is flat. Then

= (xt?, xt*") is principal. Say (xt*, xt*") = (y). The smallest value any ele-
ment in x¥ can have is »(x) + 24. Therefore, »(y) = »(x) + 24. But then xt*" = Ay
for some A in A implies 23 € »(A4). Thus x¥ is not flat for any x # 0. We shall
complete Example II by arguing that some nonzero multiple x¥ of A satisfies
condition (D).

Let 3/9¢ denote the usual first-order k-derivation on A given by (3/d1)(¢) = 1.
Set M = A3A/dt, the A-submodule ~ (of 4) generated by the image of 4 under
0/0t. An easy computation shows that (3h,/0f)h, — dh,/dt = —23¢*2. This implies
By 0 (1% 1 1) = t“(a/at)(r") — tY1(0/0t) (1) € AM.

Now let Qk(A) and Qk(A) denote the separated completions of Q}(4) and Qk(A)
respectively. Thus, Ql(4) = QA)/ N m 'Qk(A) and QL(4) =
QL(A4)/ N2, t'QL(A). It is well known (see e.g. [2, p. 9)) that Ql(4) = A4, and that
the kernel of the natural map from Qk(A) to Qk(A) is a torsion submodule of
ﬂk(A) If we let y: 21(4) — A4 be the natural 4-module homomorphism determined
by the composite map QL(4)—QL(4) - QL(A) > A, then the image of y is
precisely M. The above remarks easily imply that the kernel of ¢ is given by
kery = {y € (4A)|xy € N2, m'Qy(4) for some x € A — {0}}. Since
B, /5, (1, 1*) € UM, we conclude that there exists a v, € A*Q(4) and v, € ker ¥
such that Ay (#*, r*") = y, + v,. Since y, € ker y, there exists an x € 4 — {0}
such that xy, € ﬂ,_, m'Qi(A). Then x%, € N, m'QL(A4). Since 4 has Krull
dimension one, m’ C (x)? for some / sufficiently large. Thus, x%, € (x%)’Q}(4).
Since A (xt?, xt*) = x?A (1%, t*7) = x%y, + x%y, € (xA)’Q}(4), we conclude that
x¥ satisfies condition (D). Since x¥ is not flat, Example II is now complete. []

In light of Example II given here, it is now clear that the positive result for
monomial rings mentioned in the introduction to this paper is about as good as one
could hope to get.

3. Primes in Noetherian rings. We begin by showing that maximal ideals which
satisfy condition (D) must be flat.

THEOREM. Let A denote a Noetherian ring which contains a field k of characteristic
zero. Let m be a maximal ideal of A. If m satisfies condition (D), then m is flat.

PROOF. Let A,, denote the m-adic completion of the local ring 4,,. Since m is a
maximal ideal of 4, m is flat if and only if mA4,, is a flat 4,,-module. The complete
local ring A,, is of equal characteristic and, consequently, contains a copy L of its
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residue-class field. Since the characteristic of k is zero, we can assume L contains k.
One easily checks that m/fm satisfies condition (D) in ffm. Since L Dk, Mm
satisfies condition (D) with k replaced by L. Thus, by replacing A by /f,,,, m by
mff,,,, and k by L, we have reduced the theorem to the following claim: Let A be a
complete local ring containing a field k of characteristic zero. Suppose m is the
maximal ideal of 4, and 4 /m = k. Then, if m satisfies condition (D), m is flat.

If A is a regular local ring, then the claim follows from [1, Theorem 1.1]. So we
can assume A is not regular. In this case, we shall argue that m cannot satisfy
condition (D). This contradiction will complete the proof of the claim.

So assume A4 is not a regular local ring. We first claim that 4 can be written in
the form 4 = k[[Y,, ..., Y,]I/¥ with A c (Y}, ..., Y,)> Here K[[Y,,..., Y,]]
denotes the formal power-series ring over k in indeterminates Y, ..., Y,. To see
this, we first note that since A4 is a complete local ring of equal characteristic, 4 can
be written in the form A4 = k[[X,,..., Xy]]/I. Here X,,..., X, are inde-
terminates, and / is some ideal contained in M =(X,,..., Xy). Let I =
(fi»---,f). Iff,€ M*foralli =1,...,s, then there is nothing to prove. So, we
can assume there exists an integer g such that 1 < g <s, {f), .. LhlcM-M 2
and {f,,,,...,f,) C M2 Since, f, € M — M2 f, is part of a regular system of
parameters for R = k[[X,, ..., Xy]l. If f, € M*(R/( f)), then f, = F, + zf, for
some z € R, and F, € M 2. If this is the case, we can write I =
oS oo S Frofgrr o o ) With fi fsy oo, f, EM — M% and F, f, ., .. ., f,
€ M if f, & MX(R/(f) fD), then {f,, f,} is part of a regular system of parameters
of R. Continuing this procedure, we see that we can rewrite / as I =
(81 s8vep Fis - oo, Fypp_y) with (g, ..., gy_,} part of a regular system of
parameters of R, and (F,,..., F,,,_y} C M2 Now suppose
{81+ s8N-n &—ns+p -+ ->8n} IS a regular system of parameters of R. Then
R=k[[g,...,8n]] Thus, A = R/I = k[[gy_,s1>--->8N]I/¥ where U is the
image of (F, ..., Fyy, n) 0 kl[gy_ps1s - - gyl Setting ¥, = gy_,,,, for i =
1, ..., n gives the required result.

For future reference, let y; = Y, + A. Then 4 = K[[y,,...,y,], and m =
(V1> -+ +>Y,) is the maximal ideal of 4. Let us relabel the generators of % as
A=(h,...,h). Then {h,,...,h} C (Y, ..., Y,)> Let QL(4) denote the sep-
arated completion of Q}(4). Thus, $1(4) = k(A)/ﬂ,_,m'Qk(A) Let x: QM(4) >
Qk(A) denote the natural projection and set d= x © d. Then d is a k-derivation of
A into Qk(A) It is well known that ! (4) = 2’,'_ Ad( ;). In particular, there exists
a suljectlve A-module homorphism §: 4" — Qk(A) given by 6(a,,...,a,) =

37_,a,d(y,). The kernel of the map 6 is easily seen to be given by ker § = ST AN
where A, = ((0h,/3Y)", ..., @h;/3Y,)) fori=1,..., r. Here (3h,/3Y))" denotes
the image of 0h;/3Y; in 4.

Now let Aj(a, a’) = ad(a’) — a'd(a) for a,a’ € m. Since m satisfies condition
(D), Aj(a, a’) € m*QL(4) for all a,a’ € m. In particular, Ay, y,) €
Wi - - - » 7, Q4(A). Thus, 8j(y1,y2) = Zi;m1 yyw, for some w; € Q1(4). Write
each w; as w; = 27_,4, ,,d( y) with g;;, € A. Substituting these expressions into
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Aj(y,, y,) gives us the following equation in (L(4):

( > ,,y,y,)d(y.)+(y1 > ,»zy.y,)d(yz)

i,j=1 i,j=1
-3 S aundi) =o. (1)
t=3 i j=1
Equation (1) implies that the n-tuple
n
( =S A D A D e m 3 %m)
ij=1 i j=1 ij=1 ij=1
lies in the kernel of . In particular, there exist elements z,, . . ., Z, € 4 such that

the following equations are satisfied:

- S au - 22,(:;1,) - 3 ap- éz,( ::2) )

ih,j=1 i, j=1
Pulling these equations back to k[[Y, . . ., Y,]] gives
i oh,
=Y, - 2 aijlYin 2 % aY E(h,,..., r)
et
oh,
2 ﬂY Y — 2 z, DA € (hl’ coosh). 3)
ij=1 =] 2
In relation (3), 4,;,, 4;;; and z, are preimages in K[[Y,, ..., Y,]] of 4, 4, and Z,,

respectively. Each h; appearing in relation (3) lies in (Y,, ..., Y)%. So, we can
write b, =37 _a, Y, Y, +p for i=1,...,r. Here, ap,q,,. €k, and g €
(Yy, ..., Y,) for all p,q and i. If we substitute these expressions for the A; in
relation (3) and simplify, we readily see (3) is impossible. Hence, m cannot satisfy
condition (D), and the proof of the theorem is now complete. []

COROLLARY. Let A denote a Noetherian ring which contains a field k of character-
istic zero. Let p denote a prime ideal of A which satisfies condition (D). Then the local
ring A, is regular, and p has height less than or equal to one.

PROOF The same proof as in the theorem 1mp11es that A is a regular local ring
with pA flat over A Thus, the dimension of A is at most one. Therefore, A4, is
regular, and height ( p) <L O

In the corollary, we can conclude that p/fp is flat. Thus, p4, is also flat over 4,.
However, since p may not be maximal, we cannot conclude that p itself is flat. In
fact, p may not be flat as our concluding example shows.

ExampLE III. Let & be any field of characteristic zero, and let X, Y, Z and T be
indeterminates over k. Let % be the ideal in k[X, Y, Z, T] which is generated by
X% YL XY, TY — ZX and X(T — 1). Let A = k[X, Y, Z, T]/% and as usual let
x, y, z and ¢ denote the residues of X, Y, Z and T, respectively, in 4. One easily
checks that p = (x,y) is a prime ideal nilpotent of index two in 4. Clearly
A/p =KZ, T
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We first claim that p satisfies condition (D). To see this, let d: 4 — 2;(4) denote
the canonical derivation. Since p? = 0, p satisfies (D) if and only if xdy — ydx = 0
in ©}(4). Now §.(4) is spanned as an A-module by dx, dy, dz and dr. We,
therefore, have a surjective map 8: 4* — Q,(4) given by 8(a,, a,, a;, a)) = a;dx +
a,dy + adz + a,dt. From the relations on A, we see that the kernel K of 6
contains the four-tuples (x, 0, 0, 0), (0, y, 0, 0), (», x, 0, 0), (-2, ¢, —x, y) and (¢ —
1,0,0, x). Now (-, x,0,0) = (¢t — 1}y, x,0,0) + x(-z, ¢, —x, y) in A*. Thus,
(-, x, 0,0) € K. So, xdv — ydx = 0, and p satisfies condition (D).

We next claim that p is not a flat A-module. If p was flat over A4, then
p®,p=p*=0. In particular, x ® , x =0 in p ® , p. We can now apply the
usual Bourbaki lemma (e.g. see [5, p. 142]) and conclude that there exist
by1s byy, by, byy € A such that the following equations are satisfied:

(i) byx +byy =0, (i) byyx + by = x,

(ii) b|2x + b22y = 0, (iV) bzlx + bny = 0-
Now equations (i) and (iii) in (4) imply that x = ¢y for some ¢ € A. Pulling back
to k[X, Y, Z, T], we see this is impossible. Hence, p satisfies condition (D), but is
not flat over 4. []

4)

REFERENCES

1. S. Glaz, Differential criteria for flatness, Proc. Amer. Math. Soc. 79 (1980), 17-22.

2. J. Herzog, Eindimensionale fast-vollstandige Durchschnitte sind nicht starr, Manuscripta Math. 30
(1979), 1-19.

3. J. Lipman, Stable ideals and Arf rings, Amer. J. Math. 93 (1971), 649-68S.

4.J. D. Sally and W. V. Vasconcelos, Flat ideals. I, Comm. Algebra 3 (1975), 531-543.

5. W. W. Smith Invertible ideals and overrings, Houston J. Math. § (1979), 141-153.

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING, MICHIGAN 48824
(Current address of W. C. Brown)

Current address (Sarah Glaz): Department of Mathematics, Wesleyan University, Middletown,
Connecticut 06457



