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K-COMMUNITY GAUSSIAN MIXTURE MODELS
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ABSTRACT. We study the community detection problem on a Gaussian mixture model,
in which vertices are divided into k£ > 2 distinct communities. The major difference in our
model is that the intensities for Gaussian perturbations are different for different entries
in the observation matrix, and we do not assume that every community has the same
number of vertices. We explicitly find the threshold for the exact recovery of the maximum
likelihood estimation. Applications include the community detection on hypergraphs.

1. INTRODUCTION

Community structures are ubiquitous in graphs modeling natural and social phenomena.
In natural sciences, atoms form molecules so that atoms in the same molecule have stronger
connections compared to those in different molecules. In social sciences, individuals form
groups in such a way that individuals in the same group have more communications com-
pared to individuals in different groups. The main aim for community detection is to
determine the specific groups that specific individuals belong to based on observations of
(random) connections between individuals. Identifying different communities in the sto-
chastic block model is a central topic in many fields of science and technology; see [1] for
a summary.

In this paper we study the community detection problem for the Gaussian mixture
model, in which there are n vertices belonging to k (k > 2) different communities. We
observe a p x 1 vector for each one of the n vertices, perturbed by a p x 1 Gaussian
vector with independent (but not necessarily identically distributed), mean-0 entries. More
precisely, each entry of the p xn perturbation matrix is obtained by a multiple of a standard
Gaussian random variable, while the intensities of different entries are different. Given
such an observation, we find the maximum likelihood estimation (MLE) for the community
assignment, and study the probability that the MLE equals the true community assignment
as the number of vertices n — oo. If this probability tends to 1 as n — oo, we say exact
recovery occurs. Heuristically, it is natural to conjecture that exact recovery may occur
when the intensities of the perturbations are small but does not occur when these intensities
are large. The major theme of the paper is to investigate how small the intensities of the
perturbations are needed in order to ensure the exact recovery, and how large the intensities
are required to stop the occurrences of the exact recovery.

Clustering problems in the Gaussian mixture model has been studied extensively, see

[13, 5, 15, 7] for an incomplete list. We mention some recent related work here.
1
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The Gaussian mixture model when all the entries of the perturbation matrix are i.i.d was
studied in [4], in which a condition for the exact recovery of the semi-definite programming
is proved. When all the communities have the same size, a condition that exact recovery
does not occur was also proved in [4] when the number of communities k£ < logn. The case
of unbalanced communities was investigated in [8]. In this paper, we obtain conditions
when the exact recovery happens and does not happen for the more general Gaussian
mixture model when the entries of the perturbation matrix are not necessarily identically
distributed. Our result can be applied to the special case when intensities of the Gaussian
perturbations are all equal, and in particular, we obtain a condition that the exact recovery
of MLE does not occur when the number of communities & is €?1°2™) in the hypergraph
model, for any fixed constant Cy independent of n.

When p = n in our model, we may consider the rows and columns of the observation
matrix are indexed by the n vertices, and each entry represents an edge. In this case we
obtain the community detection problem on a graph. When p = n® with s > 2, we may
consider the rows of the observation matrix are indexed by ordered s-tuples of vertices,
and each entry of the observation matrix represents a (s + 1)-hyperedge. In this case
we obtain the community detection problem on a hypergraph. Community detections
on hypergraphs with Gaussian perturbations were studied in [10], where the vertices are
divided into two equal-sized communities, and a weight-1 (d + 1)-hyperedge exists if and
only if all the vertices are in the same group. The results proved in this paper can be
applied to the community detection problems on hypergraphs with Gaussian perturbation
to obtain necessary and sufficient conditions for the exact recovery, in which the number
of communities is arbitrary and communities are not necessarily equal-sized; moreover the
hyperedges have general weights as represented in the (unperturbed) observation matrix.
Community detection problems on random graphs were also studied in [9, 6, 14, 12, 3, 2].

The organization of the paper is as follows. In section 2, we review the definition of
the Gaussian mixture models and hypergraphs, and state the main results proved in this
paper. In section 3, we prove conditions for the exact recovery of the Gaussian mixture
model when the number of vertices in each community is unknown. In Section 4, we
apply the results proved in section 3 to the exact recovery of the community detection in
hypergraphs, and also prove conditions when exact recovery does not occur in hypergraphs
under the assumption that the number of vertices in each community is unknown. In
section 5, we prove conditions for the exact recovery of the Gaussian mixture model when
the number of vertices in each community is known and fixed. In Section 6, we prove
conditions when exact recovery does not occur in hypergraphs under the assumption that
the number of vertices in each community is known and fixed. In Section A, we prove a
lemma used to obtain the main results of the paper.

2. BACKGROUNDS AND MAIN RESULTS

In this section, we review the definition of the Gaussian mixture models and hypergraphs,
and state the main results proved in this paper.
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2.1. Gaussian mixture model. Let n > k > 2 be positive integers. Let

[n] ={1,2,...,n}

be a set of n vertices divided into k different communities. Let

[k] :={1,...,k}
be the set of communities. A mapping x : [n] — [k] which assigns a unique community
represented by an integer in [k| to each one of the n vertices in [n] is called a community
assignment mapping. Let  be the set consisting of all the possible mappings from [n] to
[k]; i.e.
Q= {z:[n] — [k}
Each mapping in 2 is a community assignment mapping.
Let p > 1 be a positive integer. Let

6:Qx[p]x[k] >R

be a function on the set Q x [p] x [k] taking real values.
For a community assignment mapping = € 2, let A, be a p x n matrix whose entries
are given by

(2.1) (Az)iy = 0(z,i,2(4)), Vi€ [pl,j € [n].

Let X be a p X n matrix with positive real entries defined by

% = (0ig)ielpljem) € RT)P"
Let P,(Q be two p x n matrices. Define the inner product of P, by
(P,Q)=>">" Pi;Qi
i€[p] j€[n]

The norm ||P|| for a matrix P is defined by

1Pl = (P, P).

Let P % (Q be a p x n matrix defined by
P Q= (PijQij)ielp) jelnl
Define a random observation matrix K, by
(2.2) K, =A,+XxW,;

where W is a random p X n matrix with i.i.d. standard Gaussian entries. Note that if
the entries of X are not all equal, the perturbation matrix > « W has independent but not
identically distributed entries.

Let y € Q be the true community assignment mapping. Given the observation K,
the goal is to determine the true community assignment mapping y. We shall apply the
maximum likelihood estimation (MLE).
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Let nq,...,ng be positive integers satisfying
k
Sm=n
i=1
and

ly~ ()] = ni, Vi € [K];

i.e. n; is the number of vertices in community i for each i € [k] under the mapping y.
Let

Qomy, ={x € Q: |$_1(z)] =ny, Vi€ [k]}

be the set of all the community assignment mappings such that there are exactly n; vertices
in the community i, for each i € [k].
For each real number ¢ € (0, 1), let

271 (8)]
> e 1270

i.e. ). consists of all the community assignment mappings such that the percentage of the

Qc:—{er: ZC,WEW}a

numbers of vertices in each community is at least c.
Assume the true community assignment mapping y € . for some ¢ € (0,1). Let ® be
an p X n matrix whose entries are given by

1 ) .
(®)ij =— Vi€ [p],j € [n];
Oij

in other words, the (i, j)-entry of ® is the reciprocal of the (i, 7)-entry of ¥. Define

(2.3) g := argmingcq [P+ (K, — A;,3)||2
%

and

(2.4) = a,lrgminmegn1 """ - |P =+ (K, — AL

Then we have the following lemma

Lemma 2.1. g is the MLE with respect to the observation K, in Q2. 7 is the MLE with
3

respect to the observation Ky in by, n, -

Proof. By definition, the MLE with respect to the observation K, in 2 (resp. Qny . ny)
should maximize the probability density of the observation K, among all x € 2 2 (resp.
x € Qp, ..m,). If the true community assignment mapping y = =, we may consider K, as
a random matrix with mean value A, and independent entries, such that variance of its
(i,j)-entry is 01'2, ;- Therefore the probability density of K, is given by

1 — Ziclpl.jeln] %

— | €
vV 27‘(‘0’1',]' ’

i€[pl.j€(n]
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where the exponent is exactly
1
52 (K, — AL

It is straightforward to check that the minimizer of || ®*(K,—A)||? is exactly the maximizer
of the probability density. Then the lemma follows. O

We shall investigate under which conditions we have § = y and § = y with high proba-
bility.

To state the main theorems proved in this paper, we first introduce a few assumptions.

For z,y € Q, let

(2.5) Lo(z,y) = [|® * (A; — Ay)|%.
For x € ), let
ni(x) = a1 (@), Vi€ [k;

then n;(z) is the number of vertices in community ¢ under the community assignment
mapping x. It is straightforward to check that

k
Z ni(z) = n.
i=1
For i,j € [k] and z, z € Q, let ¢; j(x, 2) be a nonnegative integer given by

tij(z,2) = o= (@) N 27 ().

That is, t; j(x,2) is the number of vertices in [n] which are in community ¢ under the
mapping x and in community j under the mapping z. Then

(2.6) Z tij(x, z) = ni(x); Z tij(z,z) = n;(2);
jelk] iclk]

Define a set

k
(2.7) B:= {(t171,t172, e 7tk,k) S {O, 1,2,... ,n}kQ : ZtiJ = nj} .
=1

For € > 0, define a set B. consisting of all the (t1,1,t12,...,tk %) € B satisfying all the
following conditions:

(1) Vi € [k], maxjep tji > ni — ne.

(2) For i € [K], let t,;),; = max;c tj;- Then w is a bijection from [k] to [k].
(3) w is B-preserving, i.e. for any z € , i € [p] and a € [k], we have

0(x,i,a) = 0(woz,i,w(a)).
We may assume 6 and 3 satisfy the following assumptions.
Assumption 2.2. (1) There exists By > 0, such that for all i,j € [p] x n, we have

|loij| < Br.
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(2) Assume € € (0,35), x € Q% and y € Q.. Then for all x,y € Q, and

(2.8) (tLl(.%', y), tl’g(x, y), . ,tkjk(l', y)) eB \ Be,

we have

Y (O(zi,2(5) = 6(y,i,y(7))? = T(n)

i€[pl.j€n]

We now introduce an equivalence condition on 2.

Definition 2.3. For z € Q, let C(x) consist of all the &' € Q such that x’ can be obtained
from x by a O-preserving bijection of communities. More precisely, ' € C(x) C Q if and
only if the following conditions hold

(1) fori,j € [n], (i) = x(j) if and only if 2'(i) = 2'(j); and

(2) fori € [p] and j € [n], O(x,i,z())) = 0(2',i,2'(5)).
Note that condition (1) above is equivalent of saying that there is a bijection n : [k] — [k],
such that

/
r=mnox

where o denotes the composition of two mappings.
We define an equivalence relation on 2 as follows: we say x,z € Q) are equivalent if and
only if x € C(z). Let Q be the set of all the equivalence classes in €.

Assumption 2.4. Assume € € (0, ?2,—,2
such that:
Let y1,y2 € Q2 and a,b € [k] and a # b. Let i,5 € [n] such that i € y;*(a) Nz~ (D).
3

Let yo : [n] — [k] be defined as follows

(,)_:{b if j=1i
U G tjem\ iy

), x € Qz2c and y € Q.. Assume there exists A > 0
3

When
(tra(z,y1), tiz(@,y1)s - s tep(z,91)) € Be
such that for all i € [k]
tii = ljg?ﬁtj,i(%yl);
€€ (O,g—;); and
y1 ¢ C(x);
we have
Lo (z,51) — Lo (z,y2) > A(1+o(1)).
where o(1) — 0, as n — oo.

We may assume that 6 satisfies the following assumption.
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Assumption 2.5. Let z,z € Q. If for any i € [p| and j € [n],
(2.9) 0(x,i,2(5)) = 0(z2,1,2(4));
then x € C(z).
Assumption 2.5 actually says that for two community assignment mappings x and z, if

they are not equivalent then 6 o x and 8 o z are different. In other words, it assumes that
f can distinguish different equivalence classes in 2. See Section 4.1 for examples.

Theorem 2.6. Assume y € Q. is the true community assignment mapping. Suppose that
Assumptions 2.5, 2.2 and 2.4 hold. Let e € (0, %) If

: T(n)
(2.10) nh_)ngonlogk - SB? = —00,
and for any constant § > 0 independent of n,
AN
(2.11) ILm log k +logn — (8) = —00,

then lim,,_, Pr(y € C(y)) = 1.

Theorem 2.6 gives a sufficient condition for the exact recovery of MLE in the Gaussian
mixture model. It is proved in Section 3. An application of Theorem 2.6 on the exact
recovery of community detection on hypergraphs is discussed in Section 4.3.

We also obtain a condition for the exact recovery when the sample space of the MLE is
restricted to €2y, . n,; i.e. the number of vertices in each community is known and fixed.

Assumption 2.7. Assume x,Ym,yn € 2 such that
(1) Do (ym,yn) = j, where j > 2 is a positive integer; and
(2) There exist uy,...,u; € [n], such that
(a) ym(v) = yp(v), for allv € [n]\ {u1,...,u;}; and
(b) ym(ui) # yn(ui) = x(wi) = ym(ui-1) for alli € [j].
(c) (t1,1(x,Ym), t1,2(2, Ym), - - stk (T, Ym)) € Be with € € (0, %) and w(i) = 1.
Then
(2.12) Lo(2,ym) — La(x,yn) > jA(1 +o(1))

Theorem 2.8. Suppose that Assumptions 2.2 2.7, (2.10) and (2.11) hold. Then lim,,_,o Pr(y €
Cly) =1.

Indeed, Assumption 2.4 implies Assumption 2.7; see Lemma 5.6. Theorem 2.8 is proved
in Section (5).

2.2. Hypergraphs. A special case for the Gaussian mixture model is the hypergraph
model. Let s, s1,s9 be positive integers satisfying

2 <51 <s<so.
A hypergraph H = (V| E) has vertex set V := [n] and hyper-edge set E defined as follows:

E :={(a1,...,as):a1,...,as € [n],s € {s1,s1+1,...,52}}
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Let ¢ : U2
to each s-tuple of communities (cy,...,cs) € [k]®, and s € [s1, s2].

524, [k]* — [0, 00) be a function which assigns a unique real number ¢(ci, ..., )

For a community assignment mapping x, the weighted adjacency tensor A, is defined
by

o(x(ar),...,z(as)), if (a1,...,as) € FE

0 otherwise.

(2‘13) (Ax)ah---,as = {

and

E(al,‘..,as) ‘= O0(ay,...,as)

Define a random tensor K, as in (2.2). Recall that y € €. is the true community assignment
mapping. Define § and ¢ as in (2.3) and (2.4).

Recall that y €  is the true community assignment mapping satisfying |y~1(i)| = n;,
for all i € [k]. Let a € [n]. Let 4(® € Q be defined by

y(“)(i) _ {y(z) if i €[n], andi#a

2.14
214) y@(a) ifi=a.

such that

y(a) # y“(a) € [K].
Theorem 2.9. Assume

(2.15) lim minn; = oo.
n—00 (k]

Suppose that there exists a subset H C [n| satisfying all the following conditions
(1) |H| = h = o(n);
(2) limy, o 281 — 1;

logn
(8) For each g € H,

>y > —

g
$=31 =1 (in,... 3, ,zs> (Nt~ (g1 g ets)

X(@(y(ir)s -,y D (9), -, y(is)) = Sly(in)s - y(9), - -,y (is)))?
= (I+o(1))L @(y("),y)

(4) there exists a constant B > 0 independent of n, such that

maxaer La(y'™, y)

< B2, vn.
mingey Lo(y@,y) ~ v

If there exists a constant 6 > 0 independent of n, such that

(2.16) max Loy, y) < 8(1 —8)logn
ae

Then lim,,_,~ Pr(y € C(y)) = 0.
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Theorem 2.9 is proved in Section 4. An example is given in Section 4.2.
Let a,b € [n] such that y(a) # y(b). Let y(® € Q,, . be the community assignment
mapping defined by

y() if i €[n]\{a,b}
(2.17) y (@)= yb) fi=a
y(a) ifi=0b
In other words, 3(® is obtained from y by exchanging y(a) and y(b).

We also prove a condition when the exact recovery does not occur if the sample space
of the MLE is restricted in Q,, .,

-
Theorem 2.10. Assume

(2.18) lim minn; = oo.
n—00 jc(k]

Suppose that there exist two subsets Hy, Hy C [n] satisfying all the following conditions
(1) |Hi| = |Ha| = h = o(n);

(2) limp, o0 1250 = 1;

(8) For any ui,us € Hy and v1,vy € Hy,

y(ur) = y(uz) # y(v1) = y(v2);
(4) For any u € Hy and v € Hy

, R o . . o’ . . .
5=51 J=1 (i1, 71, is) €([n]\(H1UHz2))s~1 (31 0eesB = 15Uy 4 1585 (81500585 =1,058 54150 505)

<¢(y(i1)7 AR y(”)? tee y@s)) - ¢(y(ll)a R y(u)v ce 7y(is>))2
= (1+o(1)La(y™,y)

(5) For any g € Hy U Hs, the quantity

s2 s 1
2.2 2 5

— 1~ O lin,eij—1,94i5 is)
5=81 J=1 (45,...73;,....is)€([n]\(H1UHz))*~1 Lreoli—=1,98j 415 00s

(d)(y(il)v RS y(b)a s 7y(is)) - (b(y(il)a s 7y(a)7 cr y(is)))2

s a constant and is independent of g.

If there exists a constant § > 0 independent of n, such that

2.19 L () 16(1 —8)1
(2.19) wcfpax oy, y) < 16( )logn,

lim,,_,o Pr(y € C(y)) = 0.

Theorem 2.10 is proved in Section 6.
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3. COMMUNITY DETECTION ON K-COMMUNITY GAUSSIAN MIXTURE MODELS

In this section, we consider the MLE when the number of vertices in each community is
unknown. We shall obtain a sufficient condition for the occurrence of the exact recovery.
The main goal is prove Theorem 2.6.

Recall that we defined an equivalence relation on §2 in Definition 2.3. It is straightforward
to check that

K,=K,, and A, = A/, if y' € C(y).

Therefore, the MLE based on the observation K, can only recover the community assign-
ment mapping up to equivalence.

Note that
Ax ] Az @]
(3.1) (PrAy,®xA) = > ()U{f)ﬂ
i€[p].j€n] J
- o2 .
i€[p],j€[n] &

In particular for each = € 2 we have

x,4,2(5)))?
(3.2) josa, =y G@ird)s

2
iclpleln] %ij

Recall that y € €, . 5, is the true community assignment mapping. Note that
(83) 2% (K, — AP = [+K,|? - 2@ K, & xAg)+ @ A,
For each fixed observation Ky, ||® x K,||? is fixed and independent of = € Q. Therefore
§: = argmingeq, [|2* (K, - Ad)[*
= argminreg% (—2(® * Ky, @ x Ay) + || = Ax||2)

For x € Q, define

(3.4) f(@) = —2(® K, ®x Ay) + || @ * A, |
Then
(3.5) @)= fly) = [@x ALl —[|@* Ayl

—2(0x Ay, @ % (Az — Ay)) —2(W, D x (A, — Ay))
= (1@ (Az = Ay)[* — 2(W, 0% (A, — Ay),
where we use the identity
O+ (X*xW)=W.
Then f(x) — f(y) is a Gaussian random variable with mean value

E(f(x) = f(y)) = La(,y);
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and variance
Var(f(z) — f(y)) = 4La(z,y).
Lemma 3.1. Forz,z € Q. If x € C(2), then
f(@) = f(2).
Proof. By Definition 2.3, if 2 € C(z), then for any i € [p] and j,h € [n], z(j) = x(h) if
and only if z(j) = z(h) and 0(x,1,2(j)) = 0(2,1, 2(j)), then A, = A, by (2.13). Moreover,
since for any ¢ € [p] and j € [n],
(Az)ij = (Az)ij

we have

(Aw)ij _ (Az)ij.

?

U@j O‘i’j
this implies
(3.6) PxA, =DxA,.
Then the lemma follows from (3.4). O
Define
p(g;0): = Pr(geC(y)) =Pr| f(y) < _ min f(z
C(w)EQ%ng(I)#C(y)
Then
1—p(gio) < Pr(f(z) — f(y) <0)
C(m)eﬁ%g:c(x);éC(y)
- L®($7 y)
= Preenon) (f < 5
C(ac)Eﬁ%:C(:L’)#C(y)
_ (Lg(zy)?
< e 8

C(J»‘)Eﬁ%ic(iﬂ)io(y)
Lemma 3.2. Let z,y,2',y' € Q, such that ' € C(z) and y' € C(y), then
Lo(z,y) = Lo(z',y/).
Proof. By (3.6) we obtain that when 2/ € C(z) and 3’ € C(y),
PxA, =Dx A, DxA,=PxAy.
Then the lemma follows from (2.5). 0

Lemma 3.3. For x,y € Q, Lo(x,y) > 0. Moreover

(1) If x € C(y), then Lo(z,y) = 0.
(2) If 0 satisfies Assumption 2.5 and Le(x,y) =0, then x € C(y).
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Proof. From (2.5), it is straightforward to check that Le¢(x,y) > 0 for any x,y € €.
Moreover, from (2.5) we obtain

Lo(z,y)= Y 07;(0(x,i,2(7) — 0y, i,5(;))*

i€lp).j€ln]
By the fact that o;; > 0 for all i € [p],j € [n], we obtain that L (z,y) = 0 if and only if
(3.7) 0(x,i,2(5)) = 0(y,i,9(5)),  Viepl,jen]

If € C(y), then there exists a f-preserving bijection n : [k] — [k], such that z = noy.
Then (3.7) holds by the #-preserving property of 7, then we obtain Part(1).

On the other hand, if Lg(x,y) = 0, we have (3.7) holds. Then = € C(y) follows from
Assumption 2.5. 0

Lemma 3.4. Assume that y € Q. and z € Q% Fori € [k], let

3.8 tw(i)i(T,y) = maxt;;(x,y),
(3.8) (@),i(@,y) je[k]y( y)

where w(i) € [k]. When e € (0,32%) and (t11(z,y), t12(2,y), ..., te(z,y)) € RF* satisfies

maxt;;(x,y) > n; —ne, Vi € [k]
Jelk]

w is a bijection from [k] to [k].
Proof. See Lemma 5.6 of [11]. O

Definition 3.5. Define the distance function Dgq : Q x Q — [n] as follows
Do(z,y)= > tij(z,y).
i,j€[k],i#]

for x,y € Q.

From Definition 3.5, it is straightforward to check that
DQ($7y) =n-—- Z ti,’i(l‘a y)
i€[k]

Lemma 3.6. Assume that 0,% satisfies Assumptions 2.2. Then for all the x,y € Q such
that (2.8) holds, we have

Proof. Note that

S icpljemn 7= 0@, 1,2(7) = 0(y,7,4(4)))?
L Z, = 0 x,i,x i) — 6 7i7 1 2 i,j
s = | 2 O O T S @t )~ i)

By Assumption 2.2(1), we have
2 iclpl jeln] ﬁ 6z, i,2(5)) — 0(y,1,y(4)))° 1
Yiepljem O 6,2() —0(y,i.y()* — Bi
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Then the lemma follows from Assumption 2.2(2).

Proof of Theorem 2.6. Note that

Ly (a.9)
Z e <L+ 1y
C(z)eQ\C(y)

where

—(Lg(z,))?
Il = Z (& 8

C(@)EQge:(t1,1(29) i 1 (2:9) )EIB\B,C(2)#C (1)

and

—(Lg(z,9))?
.[2 = Z e 8 .

C(:v)eﬁ%c (t1,1(2)s stk (2,9) ) EBe,C(2)#C (y)

and € € (0, g—g)
By Lemma 3.6, when Assumption 2.2 holds, we have

Il S kne 83%
When (2.10) holds, we obtain

(3.9) lim I; = 0.

n—oo

13

Now let us consider I5. Let w be the bijection from [k] to [k] as defined in (3.8). Let

y* € Q be defined by

y*(2) = wly(2)), vz € [n].

Then y* € C(y) since w is O-preserving by the definition of B.. Moreover, z and y* satisfies

(3.10) tii(z,y") > ni(y*) — ne, Vi € [k].

We consider the following community changing process to obtain x from y*.

(1) If for all (j,) € [k]?, and j # i, t;;(z,y*) = 0, then x = y*.

(2) If (1) does not hold, find the least (j,4) € [k]? in lexicographic order such that j # i
and t;;(z,y*) > 0. Choose an arbitrary vertex u € {z~'(j) N (y*)~*(i)}. Define

y1 € § as follows

y1(z)={j ?fz:u
y*(2) if z € [n] \ {u}
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Then we have

(3.11) t
(3.12) tig(wy) =tj;(z,y") +1
t

Therefore z, y; and y* satisfy

iz, y1) > my(y1) — ne;
tra(z,y1) = m(y*) — ne;
n(y1) > m(y") — ne;
for all [ € [k].
From Assumption 2.4 and Lemma 3.2 we obtain
Lo(x,y1) — Lo(z,y) = Lo(z,y1) — Lo(z,y") < —A(1+ 0(1)).
Therefore

(3.13) e

_Le(zy) _Le(=my1) _ A(l+o(1))
8 <e 3 e 8

In general, if we have constructed y; €  (r > 1) satisfying all the following conditions:

tra(, yr) = m(yr) — ne;

tri(z,yr) > mi(y*) — ne;
(3.14) ni(yr) = m(y*) — ne;
for all [ € [k]. We now construct y,4+1 € £ as follows.

(a) If for all (j,7) € [k]?, and j # i, tji(x,yr) = 0, then & = y,; then the construction
process stops at this step.

(b) If (a) does not hold, find the least (j,i) € [k]? in lexicographic order such that
j #iandtj;(z,y) > 0. Choose an arbitrary vertex u € {z7'(j) Ny, *(i)}. Define
Yr+1 € ) as follows

Yry1(2) = {j ?f o
yr(z) if z € [n] \ {u}

Then it is straightforward to check that

tra(z, yrr1) > ny(Yyra1) — ne;
(@, yr1) Z m(y”) — ne;
n(Yr1) = mi(y*) — ne;

for all | € [k].
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Then if (3.10) holds with y* replaced by y,, then (3.10) holds with y* replaced by y,41.
By Assumption 2.4 we obtain

_ Ly (zyr) _Le(xyr41) A(l+o(1))
e 8 < e 8 e 8 .

Recall that the distance Dg in Q is defined in Definition 3.5. From the constructions of
Yr4+1 We have

Dﬂ(x7yr+1) = DQ(xayT) -1

Therefore there exists h € [n], such that y, = z. By (3.13) and Assumption 2.4 we obtain

Ly (=,y) hA(1+0(1))
e~ 8 S e 8 .

Since any z in B, can be obtained from y by the community changing process described
above, we have

[ee]
_lAQ+0(1))
(3.15) Z S

The right hand side of (3.15) is the sum of geometric series with both initial term and
common ratio equal to
A(140(1))

8

(3.16) V = eloghtlogn—
When (2.11) holds, we obtain

(3.17) lim T =0
n—oo
Then the proposition follows from (3.9) and (3.17). O

4. COMMUNITY DETECTION ON K-COMMUNITY HYPERGRAPHS

In this section, we apply the results proved in section 3 to the exact recovery of the com-
munity detection in hypergraphs, and also prove conditions when exact recovery does not
occur in hypergraphs under the assumption that the number of vertices in each community
is unknown.

In the case of a hypergraph, from (3.1), when

1= <i172‘27 v 7i8—1) € [n]s_l;
0(x,i,a) = ¢(x(ir),...,z(is—1),a);

we obtain for x, z € )

(4.1) (PxA,, OxA,)

- (Az)(iy,mis) (A2 i i
-y ¥ (ir.ee) B ir.i)

$=51 (i1,...,i5)E[n]® (P

— Z Z ) ¢($(Zl)a-..,x(l(;'))(ﬁ(i(ll),...,z(zs))
5=51 (i1,...,is)E[n]* s
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In particular,

= i 3 (p(x(in), - .., x(is)))?
§=51 (i1,...,1s) €[n]* (31,50is)

Recall that y € €). is the true community assignment mapping. Then
~ . 2 .
§ = argmingeg, [ (Ky - Ay)[" = argmingeq, f(2)

where f(x) is given by (3.4).
By (3.5), we obtain that in the hypergraph case

(4.2) flz) = fy)
=[x (As — AY[* — 2(W, @ (A; — Ay))

> x(i1),...,x(ts)) — i), ..., y(is)))>
-y ¥ (P(x(ir) (); P(y(ir), - .-, y(is)))

g .
5=51 (i1,...,is)E€[n]* (#15-e-s05)

—2(W,dx (A, —Ay))

Then f(x) — f(y) is a Gaussian random variable with mean value Lg(x,y) and variance
4Lg(z,y), where Lg(z,y) is defined by (2.5).

Proof of Theorem 2.9. When 3(® € Q is defined by (2.14),

ty@ (@) ) ¥ 9) = 1;

ty(a) (@ (¥, 9) = Ny — 1

tii(y @, y) = ni; Vie K]\ {y(a)};

tii ('™, y) = 0; V(i,j) € [K* \ {(y'“(a), y(a))}, and i # j.

- —

Ny(@) (q) (y') = Ny(a) (q) T 15
y(a) (y(a)) = Ny(a) — I;
ni(y' ) = ni; Vi M\ {y“(a)y(a)}.

Moreover,

1= p(50) = Pr (Uaepu {£(6) = f») < 0})

Since any of the event {f(y(®) — f(y) < 0} implies § # ¥.
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Let H C [n] be given as in the assumptions of the proposition. Under Assumption (3)
of the proposition when a € H we have

19 % (Ao — Ay)|?
D (i) = dy(in), - -, ylis)))’

>2 @ (1)), ...
_ Z Z (d’(y (1)) ~

5=51 (i1,...,is)E€[n]® (#150s85)

= L<I> (y(a)> y)

SEEEUTH S S

~ T (i1 serij— 1,000 is)
s=s1 j=1 (i150eyigyeeris ) E([R]\H)5—1 Lyeensli—150,2541500052s

1

X(¢(y(21)7 cee ’y(a)(a)’ ce ,y(zs)) - ¢(y(ll)a ce 7y(a)7 s 7y(25)))2}
Then from (4.2) we have

FG9) = fy)
1

= 2(W,®2xA o — Ay +(1+0(1 ZZ Z 2

s=s1 j=1 (74,...:i\j7---,i5)€([n]\H)5*1 O-(i1,...,ij71,a,’ij+1,...,’L'S)
X (@(y(ir), -,y @),y (i) = Sy (@), . yla), .. 7y(is)))2} :
Then 1 — p(y;0) is at least
Pr (Uncn {F0) = F(y) < 0})
2(W, @+ (A — Ay))
Pr [ max,¢c, Y >1
( @ (A0 — A2
2(W, @ (A o) — Ay)) -
15 (Ay@ — Ay)|?
Let (X,), Z) be a partition of U2 [n]® defined by
X ={a=(a,0,...,a5) € UZ, [n]°. {a1,...,as} N H =0}
) €

v

> Pr (maxaeH

Y={a=(o1,0,...,05) €U [n]*,{i € [s] : oy € H| =1}
Z={a=(ar,as,...,a5) € Uz, [n]*,[{i € [s] 1oy € H| > 2}
For n € {X,Y, Z}, define the random tensor W,, from the entries of W' as follows

0 if (i1,...,i5) €n
(W)(iy,is)s i (inseeesis) €m
For each a € H, let

= (W, @5 (A ) — Ay))
(Wy, &« (A @ — Ay))
=(Wz,®x (A — Ay))

X
Va
Z,
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For s € {s1,s1 4+ 1,...,52}, let

S

Js = (jl,...,js) C [n]

Explicit computations show that

(4.7) (Ay@ ), — (Ay),
_ [0y W G) = ey()s - we) i a€ ()
0 otherwise.

Claim 4.1. The followings are true:
(1) Xy =0 forae H.
(2) For each a € H, the variables Y, and Z, are independent.

Proof. Tt is straightforward to check (1). (2) holds because Y N Z = 0. O
For g € H, let Y9 C Y be defined by
VIi={a=(a,0,...,05) €Y:s€{s1,s1+1,...,s2}, N €[], s.t. oy = g}.
Note that for g1, g2 € H and g1 # g2, Y9' N Y92 = (. Moreover, Y = UgegY9. Therefore

Vo= (Wys, @ (Ayw — Ay))

geEH
Note also that (Wyg, @ x (A, @) — Ay)) =0, if g # a. Hence
3 (W)a - {(Ay@ — Ay)a}t

Ou

ya:

aeye
So by (4.7) we obtain,

Z (W)a - {(Aayoia) —Ay)a}t _ i zs: Z 1

- -~ O- ) s "7 } e )
ag)a s=s1 j=1 (i1,...,ij7...,i5)€([n]\H)5*1 (117 305 —1,Q525 41, ﬂs)

{6, 5@, (i) = S, 5@, v Wity i)

Then {Vy}4en is a collection of independent centered Gaussian random variables. More-

over, the variance of ), is equal to

(43) )IDDEDS S

$=S1J=1 (i, igis)E([n)\H)5—1 (#1558 -1,958 54150 55)

(@(y(in), - 99 (9)s -, y(is)) = Sy (in), -, y(9) - -, y(is)))°
= (1+0(1))Ls(y"?,y)
by Assumption (3) of the proposition.
By Claim 4.1, we obtain
2(W, 0+ (Ayw — Ay)) A N 22,
[+ (ALY — A2 12x(Ayw —AY[P 2= (Ayw — Ay
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Moreover,
2 Z 2 —2Z
max (ya + a) 3 > max YVa 5 — Inax 4 3
acH || % (A @ — Ayl acH [[®* (Ay@ — Ay)lI*  acH [P (Ay@w) — Ay)l

Recall that
|® * (Ay<a) - Ay)H2 = L‘b(y(a)a y)

By Lemma A.1 about the tail bound result of the maximum of Gaussian random vari-
ables, if (A.1) holds with N replaced by h, the event

2V, : 4
By = > (1 —€)y[2min —————logh
' {Zneaff 1@ (A, — Ay)|? = E)\/ ah La(y@.y) }

has probability at least 1 — e™""; and the event

22, 4Var(Z,)
Fy := ¢ max <(14e€)4/2logh- - max ——F———
: {H [ (A, — A2 = )\/ G <L¢<y<a>,y>>2}

has probability 1 — h™¢.
Moreover, by Assumption (3) of the Proposition and (4.8),
VarZ, = @ (Ayw — Ay = Var(V) = o(1)La(y . y)
Define an event E by

an + 2Za maXgecH L‘1> (y(a), y)
F = { max >1—€e—(14+¢€)o(1 -
{aeH [ (Ayw — AP ( (L4 )l )\/ i Lo (s, y)

. 1
X\/8loghgélgl@(y(a)7y)}

Then F1NEy C E.
When n is large, and (2.16) holds

2W, 0% (Ayw — Ay)) y 1)

1@ (A, — Ay)?
> Pr(E) > Pr(Ey N By) > 1 — Pr(Ef) — Pr(E§) — 1,

Pr (maxae H

as n — oo. Then the proposition follows. ]

4.1. Examples of Assumption 2.5. We shall see some examples of the function 6 :
Q x [k] x [k] — R satisfying assumption 2.5. We first see an example when 6 can uniquely
determine the community assignment mapping in €.

Example 4.2. Assume p =k. For a,b € [k], x € Q

1 ifa=0b

0 otherwise.

0(x,a,b) = {

Then if for all a € [p] and j € [n], (2.9) holds, we have x(j) = a if and only if z(j) = a,
then x = z.
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We now see an example when 6 cannot uniquely determine the community assignment
mapping, but determines the community assignment mappings up to the equivalent class
as defined in Definition 2.3.

Example 4.3. Assume p =n.

0(z.i.a) = {1 if z(i) = q;

0 otherwise.

Then if for all i,j € [n], (2.9) holds, we have x(j) = (i) if and only if z(j) = z(i), then
xz € C(z).

Example 4.4. Assume p=mn, a € [k] and i € [n].
0(x,i,a) = x(i) — a;

Then if for all i,j € [n], (2.9) holds, we have x(i) — x(j) = z(i) — z(j). This implies that
x(i) = x(j) if and only if z(i) = z(j), therefore x € C(z). If both x and z are surjective
onto [k], then © = z.

4.2. Example of Theorem 2.9.

Example 4.5. Here we see an example about how to apply Theorem 2.9 to the exact
recovery of community detection on hypergraphs. Let y € €y, ., be the true community
assignment mapping. Assume that for any s € {s1,...,s2}, (i1,12,...,1s), (J1,72,---,7]s) €
[n]®, we have

O(i1si2,vis) = O(j1,92,0s)
whenever
y(ir) = y(r), Vr € [s];

i.€., O(iy,..i5) depends only on the communities of (i1, ...,is) under the mapping y. In this
[k]* — (0,00), such that

52
case we can define o : U |

(49) U(il,...,is) = E(:U(Zl)’ v 7y(i5>)7 v<i17 LI Zs) S [n]s
Then for any a € [n],
(4.10) Lo(y',y) = @+ (Ayw — Ay

(G (i), .,y (i) = Sly(in), - - y(is)))?
Z Z (E(y(il)v'” 7y(is)))2

S=81 (i1,...,05)€[n]

Moreover, for any a,b € [n] such that

we have
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We consider
(4.11) min La(y' @, y)
() (a),y(a))€[k]?,y() (a) Fy(a)
Assume that when y(a) = ro, y'9(a) = r1, Lo(y'®,y) achieves its minimum. Let H C
y~1(ro), then h = |H| < n,,. Assume
log 1y,

lim =
n—oo logn

Then we may choose h = 1:;2% such that Assumptions (1)(2) in Theorem 2.9 hold. More-

over, Assumption (4) in Theorem 2.9 holds because if for all a € H, let y'®(a) = r1, then
[k]* = R

Lq>(y(“), y) takes the same value for alla € H. There are many mappings ¢ : U5

S=581
to guarantee Assumption (3) in Theorem 2.9. For example, one may choose

25 ifby=...=bs
(4.12) ¢(b1,...,bs) = e .

0  otherwise.
forse{si,s1+1,...,52} and by,...,bs € [k]. Then from (4.10) we obtain

(4.13) Lo “@y) =2 > >

5=51 (by,...,bs)E[K]® (du,...,ds)E[K]®

(¢(d17"'7 ) (bl, 5)) a
@b, b)) Ht S

From (4.3)-(4.6) and (4.12) we obtain that the terms actually contributing to the sum must
satisfy

{(d17b1)7 R (dS’bs)} - {(T1’T1)7 (7“1,7“0)}
{(d17b1)7 R (dS’bS)} - {(T07T0)7 (7”1,7‘0)}

Then we obtain

52
L@(y(a)7 y) = Z 22S(L0,s + Ll,s)

s$=51

where

LO,s = Z

(bl,...,bS)E[k‘]S,(d1,...,ds)e[k}s,(d1,bl),...,(ds,bs)g{(’r’o,ro),(rl,ro)}

Ll,s = Z

(bl,...,bs)E[k]s,(d1,‘..,ds)e[k}s,(dl,bl),...,(ds,bs)g{(’rl,rl),(Tl,To)}

(IT-1 ta 0, (), 9)
(@(ro,...,70))?

(H§:1 ta; b, (Y'Y, y))
(E(bl, e b5>)2

Assume

lim min{n,,,n,, } = cc.
n—o0
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If in {(d1,b1),...,(ds,bs)}, there exist more than one g € [s], such that (dg,by) = (71,70),
then the sum of such terms will be of order o((ny,)*~t) (resp. o((ny,)*™1)) in Los (resp.
Ly ). Therefore we obtain

s (nr)* " (14 0(1))
(5(7’0, - ,T‘Q))2

To analyze Ly s, assume that there exists a positive constant C' > 0 independent of n, such
that

LO,S =

minb1,-..,bs€{T0,T1} E(bl, .. ,bs) }

4.14) 0<C< — , v n e N, s e {s1,s1+1,...5
( ) ma‘xbh...,bsG{To,Tl} 0’(1)17...,b8) {

Then we obtain

S s—1
L = 3 o)

=1 O(T1y 371,70, 71y - - - 7T1))2

Then Assumption (3) of Theorem 2.9 follows from the fact that |H| = 1= = o(ny, ).

logn —
In the special case when all the communities have equal size, we may obtain a sufficient

condition that the exact recovery of MLE does not occur in the hypergraph case when
the number of communites k = e° ollogn) — Gince in this case we have ng = ng = ... =
ny > elosn—ologn) then (2.15) holds. Choose h = foan s then Assumptions (1) and (2) of

Theorem 2.9 hold.

4.3. Example of Theorem 2.6.

Example 4.6. We can also apply Theorem 2.6 to the case of exact recovery of commu-
nity detection on hypergraphs. Again we consider the case when o,
(y(i1),...,y(is)). Hence we may define & as in (4.9).

To check Assumption 2.4, let Ym,Ym+1,T €  be given as in the proof of Proposition

is) depends only on

-----

2.6. For the simplicity of notation, we use y instead of y*. By (4.13) we obtain

L (93 (T, Ym+1)

ym) - L
_ Z 1
B (U(y(il)v s 7y(is)))2

(i1,...,05)E[N]®

[(<f>( (i1), -, 2(is)) = (Ym(in), - - ym (i) = (B(2(ir), .., 2(is)) = (Y1 (i), - -

> Ym+1 (%)))2]

- Z Z (@(y(ir), 1 2 { ¢(ym (1), - 7ym(i8))2 - (d)(ym—i—l(il)a e 7ym+1(is))2

§=81 (i1,...,05)E[n]*

_2¢( ( 1)7 s 7x(i8)) [¢(ym(i1)7 EER) ym(is)) - ¢(ym+1(i1)7 s 7ym+1(is))]}

For j,p,q € [k], and z,y, z € Q, define

tipa(@,y,2) = {i € [n] s 2(i) = j,y(i) = p,z(i = )} = =7 () Ny~ (p) Nz (q)].
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Then

(415)  Lo(x,ym) — Lo(@,ymi) = > > ((11178))2

a(b
=s1 (bh...,bs)e[k‘]s

S
($(dy, ..., ds))? (th,.,d,.<y,ym H brody (4> Ym1 ) -2
r=1 (l17---7l5)€[k]s

o(l1,. -5 ls)p(da, ..., ds) (H tor dyte s Y @) = [ty (0, ym+1737)> }

r=1 r=1

(dlv"'vds)e[k]s

Recall that Do(Ym, Ym+1) = 1, and there exists u € [n] such that

x(u) =Jj= ym-i—l(u) # ym(u) =i= y(u)

where i,j € [k] and i # j; while Y (v) = yms1(v) for all the v € [n] \ {u}. This implies
that if {dy,...,ds} N{i,j} = 0, then the corresponding summand in (4.15) is 0 and does
not contribute to the sum. Under the assumption that

(1) (tia(z,y), t12(x,y),. .., tkx(z,y)) € Be with w : [k] — [k] the identity map; and
(2) ng >ng > ... >nyg; and

(3) min(b1,...,bs)6[k]s |5(b1, cey bs)| > B3 > 0; and

(4) limy o0 2 = 0.

we obtain

(G(dr, . yiyeds))® = (S(dr, Gy ds)®) T torde (U ym) — 2 >

r€[s\{g} (110l yennsls ) E[K]®

1y dye 1) (D(d, iy ds) — (dry sy ds))

nk72
H tb,«,dr,lr (ya Ym, CC) + O éQ
refsl\{g} 3

The identity above can be interpreted as follows. We can classify the terms satisfying
{d1,...,ds} N {i,j} # 0 by the number

Nij={lels]:d €{i,j}},
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and obtain that the leading term of Lo(x,ym) — Lo (x, Ym+1) is given by the terms when
N; j = 1. Moreover, by Assumption (1) we have

1
Lo (2, ym) — Lo (%, ym+1) Z Z > @by, ... i,...,bs))2

§=51 g 1 (blv“wbg?'“vb )e[k]s

{(¢(b1,...,i,...,b8))2(¢(b1,...,j,...,b8))2) I »-2 >

rels]\{g} (I yeeslgyensls ) E[K]

d)(bla"'aja-"7bs)(¢(b17'-'aia"'abs)_¢(b1a"-7j7"'7b8))

( I nr)}+o(n;§2>+o<ﬁngf§2)

relsl\{g}
>y ¥ 1

- (b, i, bs))2
5=51 9=1 (b1, .. by,....bs)E[K]® @@, 8- 0 Bs)

(B(b1, .y, 00) = (D1, s 4,00 T 7o
refs)\{g}

Define

1
SS90 9 DR D e RS

5=81.9=1 (b) ... by,....bs)E[K]®

<(G(b1, iy bs)) = (Sbrs s doe b)) [T 7o

rels]\{g}
We further make the assumptions below:
s—2
. n1 —|— enny B
(4.16) HILIEO —B:%A 0.
Then

Lo(z,ym) — Lo(@,ym+1) = A(l+0(1))

Then by Assumption 2.2(1), the exact recovery occurs with probability 1 when n — oo if
(2.10), (2.11) hold, and

(4.17) o> Yo (@) = Gt ds))

5751 (i1,...,i5)E[K]® (41,.--,Js €[K]®)

X <H tir,jr(iv,y)) >T(n)
r=1

when (2.8) holds.
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There are a lot of functions ¢ : U2, [k]* — R satisfying (4.16), (4.17) and Assumption
2.5. For example, we may consider the function ¢ as defined in (4.12). Assume

1
ZZ Z (E(bl,... ..-,bs))z

5=51 9=1 (b ... by,..,bs ) E[K]*

<(¢(br, .. y10s- 1 bs)) = (S(br, o, b))® [ me,

rels)\{g}
where ro,r1 € [k] and rg # 1. As in Example 4.5, we obtain that
52
A = Z 22S(A075 + Al,s)a
s=s51
where
s—1 s—1
poy = )T ()
' (@(ro,...,70)) By
AL LY () sl
* = (E(rl,...,1“1,7“0,1"1,...,7“1))2 - B%

where the inequality follows from Assumption 2.2(2). It is straightforward to check that
when ¢ is given by (4.12), (4.16) holds if (4.14) holds.
To check (4.17), note that

> > (as(z'l,---,z's)—as(jl,...,js))zx(Htis,jsm,y))
r=1

8=51 (i1,...,35) E[K]® (J1,-.-,JsE[K]*)

DD D (@w@), . w@) = @,y 4ok, 0))

s=s1 ge[s] j€(s] ikl i#j
<t @y) [ twwiy)
r=[s]\{g}
When (2.8)holds, the following cases might occur

Y

e w is not a bijection from [k] to [k]. In this case, there exists i,j € [k], such that
w(i) = w(j), then when (2.8) holds, we obtain

)
b = tu)g 2 37
e w is a bijection from [k] to [k]. However, there exists i € [k]?, such that

tw(j),j < Ni — €n.

Let

= w ! (argmaxep u(y) ),

then i # j and
en




26 ZHONGYANG LI

When (2.8) holds and y € Q. we have

S92 S
SN Y (Gl - b i) (Hus,jsm,m)
8=51 (i1,...,0s)E[K]® (41,-.-,Js E[K]®) r=1

52 52

9s (Mi\*~L . [n; en 225sn®
= ZS2 (k) mm{k’k—l}zz(ck)s1max{ck,k_1}
s$=51 s=s1 €
Let
> 2255nS
T =
(n) 8281 (ck)s—! max {ck:, %}

Then we obtain (4.17).

5. COMMUNITY DETECTION ON GAUSSIAN MIXTURE MODELS WITH FIXED NUMBER
OF VERTICES IN EACH COMMUNITY

In this section, we consider the MLE restricted to the sample space consisting of all the
mappings satisfying the condition that the number of vertices in each community is the

same as that of the true community assignment mapping y € Q. n,. Again we shall

.
prove a sufficient condition for the occurrences of exact recovery.

Let T 6 in’,..,nk' By (33)?

g = argmingeq, 1@+ (Ky — A,)||” = argmin,eq

,,,,,

Recall that f(z) is defined as in (3.4). Recall also that f(z)— f(y) is a Gaussian random
variable with mean value Lg(x,y) and variance 4Lg(x,y).
For each x € Qp, .. n,, let

C*(x) = C(x) N Ly

i.e. C*(x) consists of all the community assignment mappings in Q,, . that are equiva-
lent to x in the sense of Definition 2.3. Let

ﬁm,m,nk = {C*(m) RS Qm,-n,nk};

i.e. {1y, . n, consists of all the equivalence classes in €2, .

k k*

Lemma 5.1. For xz,z € Qp, . p,. If x € C*(2), then

Proof. The lemma, follows from Lemma 3.1. [l

Define

p(g;0) :=Pr(j € C(y)) = Pr (f(z?) < min f(f’«“))

C*(2)€(Qny,...ny \{C*(®)})
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Then
(5.1) 1—p(g0) < > Pr(f(z) — f(y) <0)
C*(2)€(Qny,..on, \{C*(9)})
o L@(xa y)
N Z éeAl?(rO,l) <§ = >

C*(@)€(Qny e, \C*()})
< Z e
C*(@)€(Qny e \IC* (9)})
Lemma 5.2. Let y € Qy, . n. N8 be the true community assignment mapping. Let
x € Qyy...ny, Fori e [k], let w(i) € [k] be defined as in (3.8). Then
(1) when e € (0, %) and (t1,1(z,y), ..., ter(,y)) € Be, w is a bijection from [k] to [k].
(2) Assume there exist i,j € [k], such that n; # nj. If

(5.2) €< min i
i,J€[k]:niF#n; n
Then for any i € [k],
(5:3) ni =y~ ()] = [y~ (WD) = nug)-
Proof. See Lemma 6.6 of [11]. O

Definition 5.3. Let | > 2 be a positive integer. Let x,y € Qp, . n.. We say | distinct
communities (i1, . ..,4;) € [k]' is an l-cycle for (z,y), if ti, ,i.(7,y) >0 forall2 < s < I+1,
where ij41 = 11.

Lemma 5.4. Let z,y € Q. n, and x # y. Then there exists an l-cycle for (x,y) with
2<I<k.

Proof. See Lemma 3.3 of [11]. O

Lemma 5.5. For any x,y € Q... n,, La(x,y) > 0, where the equality holds if and only
if x € C*(y).

Proof. The lemma follows from Lemma 3.3. (|
Lemma 5.6. Suppose that Assumption 2./ holds. Then Assumption 2.7 holds.
Proof. Let zp = ym and zj = yj. For i € [j — 1], define z; € Q by
() = {zi_l(v) %f v e [n]\ {u;}

x(u;) if v =1y
Then for any i € [j],

Dq(zi,zi—1) = 1.
by Assumption 2.4, we obtain
(5.4) Lo(x,2i-1) — Lo(x,z) > A(1+0(1)), Vi € [j]

summing over all the i € [j], we obtain (2.12). O
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Proof of Theorem 2.8. Let
(z,y)
I .= Z 6_%8 - .
C*(2)€(Qny,....nu \{C*@)})

By (5.1), it suffices to show that lim,, o, I' = 0.

Let
. 2c . n; — N
0<e<min|—, min —_
3k ijelklni#n; | N
Note that
I <TI'y +Ty;
where
—Lg(z,y)
C*(2)€Qny .. inp  (E1,1(20)0n stk (2,y) ) €(B\Be),C* () £C* (y)
and
—Lg(z,y)
(5.5) Ty = 3 e S

Cc* (I)Eﬁnl ,,,,, nk:(t1,1(as,y),...,tk,k(I,y))EBe,C(z)¢C(y)

Under Assumption 2.2, by Lemma 3.6 we have

0<Ty < k' 71
By (2.10), we have
(5.6) lim Ty = 0.

n—oo

Now let us consider I'y. Recall that y € Q. ,, N is the true community assignment
mapping. Let w be the bijection from [k] to [k] as defined in (3.8). Let y* € Q be defined
by

y*(2) = w(y(2)), vz € [n].
Then y* € C(y). By Part (2) of Lemma 5.2, we obtain that for i € [k]
() MO = [y ™ @) = [y O]
therefore y* € €y, .. Moreover, x and y* satisfies
(5.7) tii(z,y*) > ni(y*) — ne, Vi € [k].

If x # y*, by Lemma 5.4, there exists an [-cycle (i1,...,4;) for (z,y*) with 2 <[ < k.
Then for each 2 < a < (I + 1), choose an arbitrary vertex u,, in S; (z,y*), and let
Y1 (Um) = im—1, where i;11 := i1. For any vertex z € [n] \ {ug, ..., w1}, let y1(2) = y*(2).

m—1,tm

Note that y1 € ... n,. Moreover, for 1 <m <[, we have

Cisim (T, y") + 1=t 50 (2, 91);

tim,im+1 (JZ, y*) —-1= tim7im+1 (1" yl)
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and

t(l,b(x7 y*) = ta,b($) y1)7 v((17 b) ¢ {(va /Lm)v (Zmy im-i—l)}i:l'
When (t11(z,y), ..., tkx(x,y)) € Be, From Assumption 2.4 and Lemma 5.6 we obtain

L@(.’E,yl) _Lé(xay) = ch(.il?,yl) L(I,(aj y ) _ZA(1+0(1))
Therefore
(5.8) e—w < e,%(gm)eim(l;ou))

If y1 # x, we find an ls-cycle (2 < Iy < k) for (z,y;), change community assignments
along the ls-cycle as above, and obtain another community assignment mapping yo €
Qn,,...n,, and so on. Let yo := y, and note that for each » > 1, if y, is obtained from y,_{
by changing colors along an [, cycle for (x,y,_1), we have

DQ(xuyT) = Dﬂ(x7y7’—1) - lT‘

Therefore finally we can obtain = from y by changing colors along at most L%J cycles. By
similar arguments as those used to derive (5.8), we obtain that for each r

_Le(@yr—1) _ Lg(zyr)  lrA(14o(1))
e 8 <e 8 e 8

Therefore if yp, = x for some 1 < h < L%J, we have

Ly () Lo@up_1)  (S9C1br)A0+e(1)
e 8 <e 8 e 8

By Assumption 2.4 and Lemma 5.6 we obtain
La(z,yn-1))* = IhA(1 + o(1))

Therefore

Lq,(z y) l; A(1+o(1))
H e

Note also that for any r; # ra, in the process of obtaining y,, from y,,_; and the process
of obtaining y,, from y,,_1, we change community assignments on disjoint sets of vertices.
Hence the order of these steps of changing community assignments along cycles does not
affect the final community assignment mapping we obtain. From (5.5) we have

k 00
(59) Ty < H Z (nk)mlle_(lJro(l;)Alml 1
= m;=0

Cr(
\_/ [\]

On the right hand side of (5.9), when expanding the product, each summand has the form

(140(1))A2m (1+0(1))A3m (140(1))Akm
e
9 ~ (+o(1))A2mgy
where the factor [(nk) m2e 8 represents that we changed along 2-cycles mo
(140(1))A3m
times, the factor [(nk)3m3e_ 8 3} represents that we changed along 3-cycles mg

times, and so on. Moreover, each time we changed along an [-cycle, we need to first
determine the [ different colors involved in the I-cycle, and there are at most k' different
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l-cycles; we then need to choose [ vertices to change colors, and there are at most n! choices.
It is straightforward to check that if o satisfies (2.11), then

o A
lim nke_(1+ 202
n—oo
Therefore we have
[e.e]
(1+0(1))Almy 1
nk)™le” 8 < ;
ngz:o( ) - 1— elog k+10gn—7(1+0§1))A
when n is sufficiently large and € is sufficiently small. Let
k 9]
(140(1))mjlA
U= Z (nk)™ile~ .
=2 ml:O
Since log(1 + z) < z for > 0, we have
k > | (+o(0)alm
0<log¥ = Zlog 1+ Z(nk)mle* 8
=2 my=1
k oo
(1—8)Alm
DD SN0
=2 mlzl
_ !
k (nke_(l 8§)A)
<
- (1-8)A\ !
1=21— (nk:ei 8 )
a-5a\2
<nke‘ = >
(1-8)A\ 2 (1-8)A — 0,
1-— (nkei 8 ) [1 — (nkzei 8 )]
as n — oo. Then
(5.10) 0< lim Iy < lim €°8% —1=0.
n— oo n—o0
Then the proposition follows from (5.6) and (5.10). O

6. COMMUNITY DETECTION ON HYPERGRAPHS WITH FIXED NUMBER OF VERTICES IN
EAacH COMMUNITY

In this section, we study community detection on hypergraphs under the assumption
that the number of vertices in each community is known and fixed. We shall prove a
condition when exact recovery does not occur.

Recall that y € €, ., is the true community assignment mapping.

k
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Proof of Theorem 2.10. When y(ab) € Qy,,...n,, is defined by (2.17),

(ab)

ty(‘lb) (a)}y(a) (y 7y) - 1 = ty(‘lb) (a)7y(a) (y7 y) = ty(b),y(a) (y7 y) = O

tyey o) W Y) 1=ty ) (U5 Y) = 1y

(ab)’ y) —-1= ty(a),y(b) (y, y) =0

by (ab) (), (b) WY y) — 1= tyw)ym (Y
ty(@)@ W 0) + 1=ty y@ ¥ ¥) = Ny(a)-
and
ti i (' y) = tii(y), ¥ (i,5) € ([K* \ {(y(a), y(a)), (y(a),y(b)), (y(b), y(a)), (y(b),y(b))})
Note that
1= (G 0) 2 Pr (Unpein ooy () = () <0)),

since any of the event (f(y(®) — f(y) < 0) implies § # y. By (4.2) we obtain that

f(y@)) — f(y) is a Gaussian random variable with mean value ||® * (Ayar) — A,)|? and

variance 4)|® * (A, @ — Ay)|I>. So 1 —p(g;0) is at least

Pr <Ua,be[n},y(a)7£y(b)(f(y(ab)) —fly) < 0))

2(W, @ % (A ) —Ay))
> Pr (maxa,be[n],y(a)sﬁy(b) [ * (A : —A)? >1
y a

Let Hy, Hy be given as in the assumptions of the proposition. Then

2(W, 5 (A ) — Ay)) 1)

1—p(y;0) = Pr <maXaEH1,bEH2 @ * (Ay(ab) — A2

Let (X,Y, Z) be a partition of [n]® defined by
X ={a=(a,00,...,a5) € [n]*:s€{s1,s1+1,...,8},{a1,...,as} N (HL U Hy) =0}
Y={a=(m,as,...,a5) €[n]®:s€{s1,s1+1,...,8}|res]:a € (HHUH>)| =1}
Z={a=(aj,a,...,a5) €[n]°:s€{s1,s1+1,...,8}|r€ls]:a € (H UHy)| > 2}

For n € {X,Y, Z}, define a random tensor W, from the entries of W as follows

0 if (a1,...,as) ¢n

(W ) al,...,as =
e ) W((zl,...,(zs)’ if (ala ey CLS) €n

For each u € Hy and v € Ho, let
Xuv = <W/y, D x (Ay(““) — Ay)>
Vuw = <W))7 P (Ay(uv) - Ay)>
Zuv = <WZ, d * (Ay(uv) — Ay)>

Lemma 6.1. The followings are true:

(1) Xy =0 for u € Hy and v € Hs.
(2) For each w € Hy and v € Hy, the variables Yy, and Z,, are independent.
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(8) Each Yy, can be decomposed into Y, + Y, where {Y, e, U{Ys }bvem, is a collection
of i.i.d. Gaussian random variables.

Proof. Note that for Js = (j1,J2,--.,Js) € [n]°,
(6.1) (Aywn — Ay)y,
- {(b(y(“’“)(jl),y(“”) (G2)s -,y (Gs)) = @(y(51), y(a)s - - y(s)) i {a, by N {ji,- s} # 0

0 otherwise.

It is straightforward to check (1). (2) holds because Y N Z = 0.
For g € H1 U Hy, let Y, C Y be defined by
Yy ={a=(a,az,...,a5) €Y :g€{al,...,as}}.
Note that for gi,g2 € Hi U Ha and g1 # ga2, Vg, N Vg, = 0. Moreover, Y = Uge,um, Yy
Therefore
Vab = Z <Wyga D (Ay(ab) - Ay)>
geEH1UH>

Note also that (Wy,, ® * (A @) — Ay)) =0, if g & {a,b}. Hence

oo 3 Wl A

a€YaUy

So, we can define

By (6.1) we obtain
> (W)a - {(Ay@n — Ay)a}

Oq

Y, =

a€Va
-3y > 1
5=51 T2 (1,7 oia) (N (HLUH) =1+ (L1l 1esls)
{(qb(y(il), oy a), L y(is) — d(y(in), - y(a), . ,y(is)))(W)(z-l,..‘,z'j_l,a,im,‘..ﬂ-s)}
Similarly, define

Z (W)a : {(Ay<ab> - Ay)a}

Oq

Yy: =

ac)y,

S9 s 1

> 2. X o
5=51 5=1 (iy,...7;sis) (N (HLUH))s—1  CLreoi=tbiit i)

(@), g PO, 9(0)) = Sy v G Wty iy i)
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Then Vo, = Y, + Y, and {Y,}gem,um, is a collection of independent Gaussian random
variables. Moreover, the variance of Yy is

S92 s 1

2.2 ) :

i O (i1 v 1,951 is)
s=s1 j=1 (11,.“,2]-,...,13)6([n}\(H1UH2))5*1 155 —159,05+415-+52s

(@), y(0), - y(is)) = Dy (in), - y(a), ... y(is)))

By Assumption (6) of the proposition,this is independent of g. O
By the Lemma 6.1, we obtain

<W, O x (Ay(ab) — Ay)> =Y, + Yo+ Zn

Moreover,
max Y, +Y,+ 2, > max (Y, +Y,)— max (—2Zy,)
u€H,vEH> ueH,veEH> ueH,vEHo
= maxY,+ maxY, — max (—Z)
u€eH; vEHo u€H ,vEHy

By Lemma A.1 we obtain that when ¢, h satisfy (A.1) with N replaced by h, each one
of the following two events

Y., . Var(Yy)
=< max >(1—¢)y/2logh- min ———————
1 {H [+ (A — A2~ ¢ )\/ R Talyn, ) }

Y, . Var(Y,)
Fy := ¢ max >(1—¢€)4/2logh- min ——————
: {H B+ (Ao — A2~ >\/ e <L¢<y<u~v>,y>>2}

has probability at least 1 — e, Moreover, the event

z. Var(Zyy)
P < (1 2log(2h) - T (o) 2
’ {uegﬁ}éz{z 1P % (A — Ay)[I? ~ e 6)\/ BN R, (Lé(y(w)vy))Q}

occurs with probability at least 1 — h=2¢. Then by Assumption (4) of the proposition we
have

VarZy, = [®* (A u —Ay)|]* — Var(Yy) — Var(Y,)
La(y™),y) = (1 + o(1)) La(y™, y)
= o(1)Le(y™,y).

By Assumption (5) of the proposition, for any u € Hy and v € Ha, we have

Var(Y,) = Var(Y,).
Moreover, by Assumption (4) of the proposition,

Var(Y,) + Var(Y,) = (1 + 0(1)) La(y™, ).
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Hence the probability of the event

(W, ® (Ay<ab> —Ay)) (1 —€)y2logh
F = max 5 =
aEHl,bGHQ H@ * (Ay(g,b) — Ay) || maXueHl’v€H2 L(I) (y(uy’l))’ ’y)

( min Var(Y,) + , /min Var(Y,) — (1 + o(1)) max Var(Zm,)> }

ueHy vEH> ueH1,veEH>
W, (P Xx A. a - A 2 1 - 1
S S kil Sl U — )
a€Hy,beHa H * ( ylab) — y)” \/maXUGHl,UeHQ L(D(y(u,v)’y)
is at least
PrF,NFNF) = 1-Pr((F)°U(E)U(F)°)
> 1=Pr((F1)°) = Pr((F2)°) — Pr((£3)%)

1—2e " — p2,

Y

When (2.19) holds, we have

P 2(W, @+ (A @) — Ay)) p
E mAXapelnly@A0) gy (A — AR D) 2P 2L
y(l

as n — o0o. Then the proposition follows. ]

APPENDIX A. MAXIMUM OF GAUSSIAN RANDOM VARIABLES

Lemma A.1. Let Gy,...,GN be Gaussian random variables with mean 0. Let € € (0,1).
Then

Pr ( max G; > (1+ 6)\/2 max Var(G;) 10gN> <N°°€
i=1,..,N i€[N]

and moreover, if G;’s are independent, and €, N satisfy

(A1) N(1 = €)y/2log N
' V21 (1 +2(1 — €)2log N)

Then

P G; < (1— 2 min Var(G;)log N | < —N°¢

Proof. 1t is known that for a Gaussian random variable G; and x > 0,

x

xefé G; e
(42 oy S <V<G> > ) = o
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Let Gi,...,Gn be N Gaussian random variables. Then by (A.2) we have

Pr (max Gi>(1+ 6)\/2 max Var(G;) log N)
1€[N] i€[N]

Gi

]\]e—(l—l-e)2 log N

<
~ 2(1+e)ymlogN
< N°°¢

If we further assume that G;’s are independent, then

Pr (max G;<(1- e)\/Q min Var(Gj) log N)

i€[N] JE[N]

= I e <GZ- <(1- e)\/z min Var(G;) log N)
JEIN]

1€[N]
= H 1—Pr <G1~>(1—6)\/2 min Var(GQlogN)]
, JEN]
t€[N] L
- G
< 1-Pr| ———=>(1—-¢)y/2logN
< igj[v] _ ( T O (1—¢)y/2log >]

By (A.2) we obtain

N
: (1—¢€)y2log N 1 >
P G; < (1—- 2 Var(G;)log N < 1-—
r(@ﬁ (1) 2 iy V(G o ) (- Torarat -ty WO

When (A.1) holds, we have

1 N17€'NE .
Pr (ngﬁ\)ﬁ G < (1- 6)\/2;3[1]{}] Var(Gj) log N> < (1 — ]\71—6) <e N

Then the lemma follows. ]

Acknowledgements. ZL’s research is supported by National Science Foundation grant
1608896 and Simons Foundation grant 638143.

REFERENCES

[1] E. Abbe, Community detection and stochastic block models: Recent developments, Journal of Machine
Learning Research 18 (2018), 1-86.

[2] E. Abbe and C. Sandon, Community detection in general stochastic block models:fundamental limits
and efficient recovery algorithms, 2015 IEEE 56th Annual Symposium on Foundations of Computer
Science (2015), 670-688.



36

ZHONGYANG LI

[3] Emmanuel Abbe, Afonso S. Bandeira, and Georgina Hall, Ezact recovery in the stochastic block model,

IEEE Transactions on Information Theory 62 (2016), 471-487.

] X. Chen and Y. Yang, Cutoff for exact recovery of Gaussian mizture models, (2020), arXiv:2001.01194.
] A.P. Dempster, N.M. Laird, and D.B. Rubin, Mazimum likelihood from incomplete data via the em

algorithm, JOURNAL OF THE ROYAL STATISTICAL SOCIETY, SERIES B 39 (1977), 1-38.

[6] M. E. Dyer and A. M. Frieze, The solution of some random np-hard problems in polynomial expected

time, Journal of Algorithms 10 (1989), 451-489.

[7] C. Fraley and A. Raftery, Model-based clustering, discriminant analysis, and density estimation., Jour-

nal of American Statistical Association 97 (2002), 611-631.

[8] C. Giraud and N. Verzelen, Partial recovery bounds for clustering with the relazed k means, (2019),

arXiv:1807.07547.

[9] P. W. Holland, K. B. Laskey, and S. Leinhardt, Stochastic blockmodels: First steps., Social Networks

5 (1983), 109-137.

[10] C. Kim, A. Bandeira, and M. Goemans, Community detection in hypergraphs, spiked tensor models,

and sum-of-squares, 2017 12th International Conference on Sampling Theory and Applications (2017),
124-128.

[11] Z. Li, Ezact recovery of community detection in k-partite graph models, (2020), arXiv:1910.04320.
[12] L. Massoulié, Community detection thresholds and the weak Ramanujan property, Proceedings of the

46th Annual ACM Symposium on Theory of Computing (2014), 694-703.

[13] J.B. McQueen, Some methods for classification and analysis of multivariate observations., Proc. Fifth

Berkeley Sympos. Math. Statist. and Probability (1967), 281-297.

[14] Elchanan Mossel, Joe Neeman, and Allan Sly, A proof of the blockmodel threshold conjecture, Combi-

natorica 38 (2018), 665-708.

[15] D. Pollard, Strong consistency of k-means clustering., Ann. Statist. (1981), 135-140.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CONNECTICUT, STORRS, CONNECTICUT 06269-3009,

USA

Email address: zhongyang.li@uconn.edu
URL: https://mathzhongyangli.wordpress.com


https://arxiv.org/abs/arXiv:2001.01194
https://arxiv.org/abs/arXiv:1807.07547
https://arxiv.org/abs/arXiv:1910.04320
https://mathzhongyangli.wordpress.com

	1. Introduction
	2. Backgrounds and Main Results
	2.1. Gaussian mixture model
	2.2. Hypergraphs

	3. Community Detection on K-Community Gaussian Mixture Models
	4. Community Detection on k-Community Hypergraphs
	4.1. Examples of Assumption 2.5
	4.2. Example of Theorem 2.9
	4.3. Example of Theorem 2.6

	5. Community Detection on Gaussian Mixture Models with Fixed Number of Vertices in Each Community
	6. Community Detection on Hypergraphs with Fixed Number of Vertices in Each Community
	Appendix A. Maximum of Gaussian Random Variables
	References

