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An introduction

Nor(orny Lh E(beV) -
An introduction P‘J(b‘“s (ET )

@ Central theme: to quantify the value today of a (random) amount to
be paid at a random time in the future.

P
e main application is in life insurance contracts, but could be applied in
other contexts, e.g. warranty contracts. (I N A,‘su““"

@ Generally computed in two steps: a
T" J"‘,JLJ,.
@ take the present value (PV) random variable, bTvT, and 7

EPV
P‘N @ calculate the expected value E[bTvT] for the average value - this value
is referred to as the Actuarial Present Value (APV).

@ In general, we want to understand the entire distribution of the PV
random variable bpvr:
o it could be highly skewed, in which case, there is danger to use

expectation.
e other ways of summarizing the distribution such as variances and

percentiles/quantiles may be useful.
UCONN
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An introduction \
| & {(9 -n\vh

A simple illustration ak the end c{, 3'1!;-75) mm
Consider the simple 'il?ustration of valuing a three-year term insurance

policy issued to ag where if he dies within the first year, a $1,000
benefit is payable at the end of his year of death.

If he dies within the second year, a $2,000 benefit is payable at the end of
his year of death. If he dies within the third year, a $5,000 benefit is
payable at the end of his year of death.

Assume a constant interest rate (annual effective) of 5% and the following
extract from a mortality table:

——
z G
35 0.005
36 0.006
37 0.007

38 0.008

v

Calculate the APV of the benefits. UCONN
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An introduction chapter summary

Chapter summary il r_anSe.»ciLs -

@ Life insurance

. . - / .
e benefits payable contingent upon death; payment made to a designated
beneficiary

e actuarial present values (APV)

e actuarial symbols and notation

-~
@ Insurances payable at the moment of death

e continuous X
o level benefits, varying benefits (e.g. increasing, decreasing)

@ Insurances payable at the end of year of death

o discrete © Kx
o level benefits, varying benefits (e.g. increasing, decreasing)

o Chapter 4, DHW
UCONN
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The present value random variable

vr Lr
. —
The present value random variable { |z
b T

y N
@ Denote by@the present value random variable.

@ This gives the value, at policy issue, of the benefit payment. Issue age
is usually denoted by .

@ In the case where the benefit is payable at the moment of death, Z
clearly depends on the time-until-death 7". For simplicity, we drop the
subscript x for age-at-issue.

o ltid where: -

. . . T 1 A&

by is called the benefit payment function = [—\ -
A bri it pay uncti LrT v .H—c)

& vr is the discount function

@ In the case where we have a constant (fixed) interest rate, then
= T = 1 ) _T = _6T -

vp = (1+1) eﬁ. Hl*e}‘

i UCONN
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Policy types term life

Fixed term life insurance

@ An n-year term life insurance provides payment if the insured dies
within n years from issue.

@ For a unit of benefit payment, we have
1, T<n
br =1 = and vy = v,
4 {O, T>n 4

@ The present value random variable is therefore

T T<
{v ’ _n—vTI(Tgn)

0, T>n

where I(+) is called indicator function. E[Z] is called the APV of the
insurance.

@ Actuarial notation:
n n
Ai:m = E[Z] = / Utfx(t)dt = / Utfpw,ug;+tdt.
0 0 UCONN
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Policy types term life

Rule of moments

- —

@ The j-th moment of the distribution of Z can be expressed as:

E[Z]] :/ ,Utjtpw:um—&—tdt :/ e_(jé)ttpxux'i‘tdt'
0 0

@ This is actually equal to the APV but evaluated at the force of
interest j4.

@ In general, we have the following rule of moment:
E[Z7] @ s, = E[Z]a js:-
@ For example, the variance can be expressed as
- - 2
Var[Z] = QA}::W - (Aslam) :

UCONN
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Traditional life insurance

Traditional insurances - continuous

Benefit PV r.v. APV Variance
Type br Z E[Z] Var([Z]
Term = - = 2
life (T <n) o7 I(T <n) Ai:m QA}C:W - (A;:m)

/
Whole - _ 9
/ life ! vt Ao A, - (4a)

Pure 1 . 12
endowment I(T > n) UL_I_(EZE) Azfm or "EI A-Lm - (Azﬁ)

{ . min(T, 1 1 1 )
Endowment 1 v “@ Ay A, ()

- _ N2
Deferred KT >n) o7 - I(T>n) ,A, n2|Az - (n|Az>

AN

N

ucon!
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Traditional life insurance pure endowment

Pure endowment insurance

@ For an n-year pure endowment insurance, we can also express the PV

random variable as:
Z =v"I(T, > n),

where I(E) is 1 if the event E is true, and 0 otherwise.

@ The term I(I(T, > n)) is a binary random variable with mean
E[I(T, > n)] = ,p, and Var[I(T, > n)] = ,p,(1 — ,p,). -

@ APV for pure endowment:
Am%‘ =,E, =v"p,. v
@ Variance (show also using rule of moments):
2 24 1 1
Var[Z] =0 nnpx “nlr = A:)::W\ - (Axﬁ\

UCONN
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Traditional life insurance  endowment

Endowment insurance

. /7 .
@ An n-year endowment insufance is the sum of an n-year term and and

n-year pure endowment: derm puaL enbewnent
(-..n.'-—-""‘\ ——, g
@: I+ Zy = ™) = T [(T < n) + 0" I(T, > n),

Z.

Z,
where Z; = vT' - I(T < n) is the term cor'nponent and
Zy = v"I(T; > n) is the pure endowment component.

w
@ Therefore, it is clear that: /—7 e ﬂEx‘-“"‘P"

2,

@ One can also use the variance of sums of random variables to get:

Var[Z] = Var[Z,] + Var[Z3] 4+ 2Cov([Z1, Z2] P

where one can show that Cov[Z;, Zs5] = E[Z1]E[Z3] since
e

Lecture: Weeks 6-7 (Math 3630) Insurance Benefits Fall 2019 - Valdez 10 / 37






Traditional life insurance  deferred

Deferred insurance

@ An n-year deferred insurance can be viewed as a discounted (with

life) whole life insurance:
o

@ The pure endowment insurance is used as a discounting with life
contingent payments.

UCONN
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Special cases constant force

Constant force of mortality - all throughout life

—

Assume mortality is based on a constant force, say i, and interest is also
based on a constant force of interest, say 4.

@ Find expressions for the APV for the following types of insurances:

whole life insurance;

e n-year term life insurance;
e n-year endowment insurance; and
e n-year deferred life insurance.
@ Check out the (corresponding) variances for each of these types of
insurance.

[Details in class]

UCONN
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Special cases constant force

w'hllq, - ky... + do_scn-ut
APVs under constant force of mortality — afet~ M-k

Assume constant force of mortality 4+ and constant force of interest §.

—

Type APV, ol 1 payast o1 med C conhin)
£
» Term — P e—(u+6)n] -~
H_‘-:._/—__ E—
P
Whole @ M- w7
s uw+ )

/
_ Pure B, = e (mton

, Endowment @ M] + e~ (uto)n

e—(ntd)n = while ~ ferm

) "

¢ Deferred

&
o

e

UCONN

Lecture: Weeks 6-7 (Math 3630) Insurance Benefits Fall 2019 - Valdez 13 /37



Special cases De Moivre's law

De Moivre's law  (tkdem ~ [0.?

limiky ¢S ;
T~ (o,a)-X} ‘g’('&): J::aoﬁs"-x

7
Find expressions for the APV for the same types of insurances in the case
h have: o
where you have nefeer te
@ De Moivre's law. while “k‘

Ym cwlov-"’"‘"‘
AYr z—nk"“”"‘k

o

UCONN
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Special cases whole life - illustration

lllustrative example 1

—

For a whole life insurance of( $1,000 on (x) with benefits payable at the
moment of death, you are given:

_Joo4, o<t<10”
. P 0.05, > 10
and
y ~ Jo.006, 0<t<10
Hett =Y 0.007, ¢> 10

Calculate the actuarial present value for this insurance.

UCONN
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Special cases whole life

Equivalent probability calculations

We can also compute probabilities of Z as follows. Consider the present
value random variable Z for a whole life issued to age . For 0 < o < 1,
the following is straightforward:

PriZ<a] = Prle™® < a=Pr[—6T, < log(a)]
' | - PrT: > —(1/6)log()] = ,pa,

(%)
u = (1/8)log(1/a) = log(1/a)"/.

o Consider the case Wher@and(é =0.05.)Then [Zg‘q.] =

u = log(1/0.75)1/0-05 = 5.753641.

A l{em
@ Thus, the probability @] is equivalent to the probability ~
that (z) will survive for another 5.753641 years.

where

UCONN

Lecture: Weeks 6-7 (Math 3630) Insurance Benefits Fall 2019 - Valdez 16 / 37



Insurances with varying benefits

Varying benefits

Type br 4 APV
Increasin _

Y whole life [T+1] T+ 1Jo" (14)
Whole life T (m) 3
increasing m-thly [Tm+1] /m vt | Tm+1] /m (I A)x )
Constant increasing T o
whole life r Tw (IA).T
Decreasing n—|T|, T<n (n—|THoT, T<n (DA)l
n-year term 0, T>n 0, Tsn 7

* These items will be discussed in class.
UCONN

Lecture: Weeks 6-7 (Math 3630)

Insurance Benefits

Fall 2019 - Valdez

17 / 37



»

,‘hmsrj whl l{LL

,2,3
Lt T
Z= Ltalv T-05
— L 5 61‘0‘{"‘*‘ ;“\-th:r TH= 1Y
i = (IA LThl = 1
U= | v’ £O |
A \5 \‘>(> nineas™) we‘L Lhe
—_ (ﬂﬂ‘) n'n-\"\'l‘
',...---""—; = oy
n- \vﬁr ALW"'B ‘*EJ(M D‘;m
L—;j f‘ o&T h
7=
o, 1T=>"

arv= (DA%



('Dh_))(ﬂ = d-wmq.;.,j:,:) 1 wadd l

—_— 2000
Wy 100

A . 10 7

APV = (D A )>I<3fﬂ 0] h;:ﬂ
—-‘—\’———-——.—_—_—)[nv’ ".:L&

2000, @00, 119 =

ﬁ;

o
Souv deoust ™y by o

AoV (venf)= DRz

3ga0

\DD-.M-D-% ad Slf'ra‘el He emt 4 zd".'m#

=

4 3000" P\;(i‘;]

-

—

il

!



Varying benefits varying benefits - illustration

lllustrative example 2 SE—T‘

For a whole life insurance on (50) with death benefits payable at the
moment of death, you are given:

Mortality follows De Moivre's law with w = 110.
by = 10000(1.10)¢, for t >0
e 6 =5%

@ Z denotes the present value random variable for this insurance.

Calculate E[Z] and Var[Z].

Can you find an explicit expression for the distribution function of Z, i.e.
PriZ < 2]?

UCONN
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Discrete insurances  term insurance

Insurances payable at EQY of death

@ For insurances payable at the end of the year (EQY) of death, the PV
r.v. Z clearly depends on the curtate future lifetime K.
o ltis Z =brg1VK+1-

@ To illustrate, consider an n-year term insurance which pays benefit at
the end of year of death:

1, K=0,1,....n—1
b1 = . » VK41 = UK+1,
0, otherwise

and therefore
7 oEFtL K =0,1,...,n—1
B 0, otherwise '
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Discrete insurances  term insurance

- continued

@ APV of n-year term:

n—1 n—1 yd
1 k+1 k+1
Am:W\:E[Z]:ZU+ k|qx:Z’U+ kPz * Qz+k
k=0 k=0

@ Rule of moments also apply in discrete situations. For example,

Var[Z] = 24L . — (AL.)?, e
where
n—1 .
A =E[27] =3 e P W gy
k=0
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Traditional life insurance

Traditional insurances 4 discrete

l

Benefit PV r.v. APV | Variance
Type Wby Z2 brn Ven E[Z] | Var[Z]
e IK <n) o< 0K <n) AL |24l (A1)’
S i A |24, ()
_ Endowment 1 pmin(K+1n) Ap | 2Aym — (Az:W)Q
/ Defered 1K zn) oI 20 4, | 24, - (4,)]
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Traditional life insurance recursive relationships

Recursive relationships

@ The following will be derived/discussed in class:

e whole life insurance: A, = vq, + vpy Azy1 “

R —

: oAl 1 7
o term insurance: A . = vq; + vps A“_ T

o endowment insurance: A . = vq; + vps Amﬂ:ﬁ\

(Lf_Ul’rl“r T T 'F" < "%34 -
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Traditional life insurance interest rate sensitivity

I
2 Makeham parameters: / ‘/ -
A = 0.00022, B =2.7x 1076, ¢ = 1.124
-

YA

=
—
)
=]
©
=
=
=]
™~
=
=
=

Figure: Actuarial Present Value of a discrete whole life insurance for various
interest rate assumptions
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Traditional life insurance mortality rate sensitivit
! ! £ e

3 - Makeham parameters: S - Makeham parameters:
A =0.00022, B =2.7x 1079, ¢ varying A=0.00022, B=2.7x107% ¢ varying/)
—_— —_—
x| *® _|
= =]
© © c=1.124
P S| — e=1130
. R — ¢=1136
= < — c=1.142
~ | < || — e=1148
= =]
@ jag
f=] (=]
2
T T T T T T
20 40 60 80 100 20 40 60 80 100
z x
Figure: Actuarial Present Value of a discrete whole life-igsurance for various

mortality rate assumptions with interest rate fixed 4t 5%
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Traditional life insurance illustrative example

lllustrative example 3 Va[21= 2441 - (Am)l
v /

For a whole life insurance o@onwith death benefit payable at the
end of the year of death, let Z be the present value random variable for
this insurance. -

V= %ﬂ;
You are given: Yeownd i s = 217V
— : - (> = .gou¥
e 1 =0.05; - At ~ Ao = L0082 o ;;b
- . u
o pio = 0.9972; < /(VL r vfwA,H) =0
Ag - (e -

ooukt* * V(}W

° 21441 - 21440 =0.00433. “ ]’\irlfo
Calculat 44,- = .2/

UCONN
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[} A41 — A40 = 0.00822; and”“ -
A 1 {-0)
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Traditional life insurance  other forms

Other forms of insurance
,—'—_‘—-—-—._.__‘________.

@ Varying benefit insurances 4
@ Very similar to the continuous cases “

@ You are expected to read and understand these other forms of
insurances.

@ It is also useful to understand the various (possible) recursion
relations resulting from these various forms.
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Traditional life insurance illustration of varying benefit amounts

lllustration of varying benefits

/7
For a special life insurance issued to (45), you are given:

o ndiv ol

@ Death benefits are payable at the end of the year of death. ~ disad

@ The benefit amount is $100,000 in the in the first 10 years of death,
de ing to $50,000 after that until reaching age 65.

o Anendowment benefit of $100,000 is paid if the insured reaches age
65.

There are no benefits to be paid past the age of 65. swr

Mortality follows the Standard Ultimate Life Table at ¢ = 0.05.

—_—

Calculate the actuarial present value (APV) for this insurance.
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Traditional life insurance illustrative example

d, ek

—_—

lllustrative example 4

For a whgle life insurance issued to age you are given:

@ Death benefits are payable at the moment of death. ~

@ The benefit amount is $1,000 in the first year of death, increasing by
$500 each year thereafter for the next 3 years, and then becomes level
at $5,000 thereafter.

@ Mortality follows the Standard Ultimate Life Table at i = 0.05.

@ Deaths are uniformly distributed over each year of age. U?_D .

.-v*(- o
Calculate the APV for this insurance. a‘l’l'mmn
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Insurance payable m-thly

Insurances payable m-thly

o Consider the case where we have just one-year term and the benefit is
payable at the end of the m-th of the year of death.

@ We thus have

m—1
m T m -
Agﬂ) _ Z LD/ e 1l -

@ We can show that under the UDD assumption, this leads us to:
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Insurance payable m-thly

Other types of insurances with m-thly payments

@ For other types, we can also similarly derive the following (with the

UDD assumption): .
)

. (m
e whole life insurance: Agm) = Z(Lm)Am////—? rl}A-& = éﬂf_ﬂ‘

o deferred life insurance: A A ' “'
= “/AK

2
"ﬂ"‘

o endowment insurance: Ai j) A1 v+ A /
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Relationships

Relationships - continuous and discrete ¢ S 1
™ T

@ For some forms of insurances, we can get explicit relationships under
the UDD assumption:

. -y (w)
!
o whole life insurance: A, = %Aw - (I‘ %3]
o term insurance: A} . = 514915:m

4 :
o increasing term insurance: (IA)} - 3'IA)l

xr:n]
l,l,gt-*/h \( ',L
A% ok Pl et
of S
UCONN
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Relationships illustrative example

lllustrative example 5

F““L‘:- si") ‘

For a three-year term insurance o{ 1000 you are given:

@ Death benefits are payable at the end of the quarter of death.

@ Mortality follows a select and ultimate life table with a two-year select

period: . 14 , 26

[#] by i1 Llep2 T2
50 (9706) 9687 96617 5 52
51 9680 9660 9630¢ 53
52 9653 9620 9596 54

@ Deaths are uniformly distributed over each vear of age./

Calculate the APV for this insurance.
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lllustrative examples -

—
. - Au / _L—f——L_—_ 2
llustrative example 6~ mee prn Xy 1T

Contim™

Each of 100 independent lives purchases a@ 5-year deferred
. -“;—-—'_'__-_-___-' ———— e
whole life insurance of(10) payable at the moment of death.
You are given: 7% Z4 24 -+ Zua o Normeh e couee CLT,
= (). 4 Z /
/o w=0.004 J y E[Z,4-- 42“‘]¢ qu[ c] |
e 5 = 0.006 ZVF_L" Vﬁ/[z,'}"*ZIl'l: tov ‘urpr[z‘)

o@ is the aggregate amount the insurer receives from the 100 lives.

~@ The 95th percentile of the standard Normal distribution is 1.645.

Using a Normal approximation, calculate F' such that the probability the
insurer has sufficient funds to pay all claims is 0.95.

Zobkl cloms  Fo ol fid eent?
/ UCONN
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lllustrative examples

. (P
lllustrative example 7 Ve
-1

/

Suppose interest rate ¢ and mortality is based on the following life

table: (f v & ;7 0i 1w
- - - - v 60
M /Cn ri‘lf_ le ¢o ~— :\.\: f\.{f_m
z [ 9 91 o 93 94 of 6 97 T3 99 100
£, | 80D 740 68 620560y 50fi - 440 380 320 100 0
7 F [ 3 4
. - ¢ poo ns
Calculate the following: ] VRO T AN v’ oy e 0.79
v ke L9 = 50
) e SN ET VS
94 ; o v gL o 0. RSB
~ 0 M eV Y g
(b) AL _ = VE t vtV ge V8 y (o T
90: 5] gou . 4 See v vge
_.L.—[\J E.‘L-{U‘G-;;*h o'
(c) /, assuming UDD between integral ages = “ 680 +v?;:'
1 ! '—v—'—'_'___-_-_—h
(d) A= Aasp + Aas:al ) 0.51C¢144 -
’ P ; / 3
- &,_ 1.(_! § C_D (\, . ?.J.-l?) = 6-? 7%
-(U‘).“I\-‘gﬂl-uj_“)’r s —j—'f
' UCONN
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lllustrative examples

lllustrative example 8

YLy —~

five-year term insurance policy is issued to (45) with benefit amount of
10,000 payable at the end of the year of death. dwsw*

Mortality is based on the following select and ultimate life table:

T A g1 L2 lars w43
45 5282 5105 4856 4600 48
46 4753 4524 4322 4109 49
47 4242 4111 3948 3750 50
48 3816 3628 3480 3233 51

— =57
Calculate the APV for this insurance if : = 5%.

?rac,{'*% . l000e A‘[*H] 5)
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lllustrative examples %o

, Y
T e : )
Note: This is a modified question from SOA Spring 2016 exam.

A life insurance policy is issued to (35) vxﬁt_higresent value random variable:
r

Illustrative example 9

100755, 0 < Tj5 < 25 "“Z‘#f, 159)
e s
7 = 4QUT35, 25 < Tss < 45 o adwhy 43 e

0, T > 45

You are alsogiven:
@ Mortality follows the Standard Ultimate Life Table.

@ Deaths are uniformly distributed over each year of age. uidD
e i =0.05

s
Calculate the expected value and the standard deviation of Z.

_
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Other terminologies

Other terminologies and notations used

Expression Other terms/symbols used

e ;
Z= W‘/' E‘:Z‘_\ Expected Present Value (EPV) 7/
Actuarial Present Value (APV) Net Single Premium (NSP)-

B . . .
single benefit premium -

basis) v/ assumptions v~ .
O P 4/
. . interest per year effective ¢
interest rate (i) v’ - Y
Iscount rate

i v
benefit amount (b) sum insured ()

= death benefit v
P4
Expected value of Z < E(2) 7 E]: ]

Variance of Z Var(Z) U‘“[Z]
'UCONN
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