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Chapter summary

Chapter summary
[ l\.\rU)"‘}‘ a4-

e What is a life table? 7 6

o also called a mortality table 7 v

e tabulation of basic mortality functions

e deriving probabilities/expectations from a life table ~

@ Relationships to survival functions 7

Assumptions for fractional (non-integral) ages ©
@ Select and ultimate tables /
e national life tables

e valuation or pricing tables

o Chapter 3, DHW
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The life table

What is the life table?

@ A tabular presentation of the mortality evolution of a cohort group of

lives.
o Begn\Nhh{Qnumberofﬁves(eg.10&000)—anedthe(éigofthe
life table.

o (Expected) number of lives who are age z: £, = £y - So(z) = 4o - ,py

o (Expected) number of deaths between ages = and x + 1: )} p
da;:fx—ea;_;,_l. / \_nlﬂ

o (Expected) number of deaths between ages z and = +n: X 4n
wldye =Ly —lyin. 7

@ Conditional on survival to age x, the probability of dying within n
years is: nlo )/l = (by — Logn) [y = 1= 1?’&'_\ = \=af

e Conditional on survival to age x, the probability of living to reach age
rHnis: p,=1—,4q :gﬁr_\n/@z

nde =
=
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The life table example of a life table

. s-ﬁs» (1(_‘\»'
Example of a life table o% Leg yor
A \_/ l 31 e )! . ‘]_' COM{l'h L
ey T - ly ~ dy -~ Qz < ¥ px/ ( é Ir-l)‘
o 3 —>, .0 /100,000 - 6807 0.0067997 0. 0032017 764 + il
, 1 99320 48  0.000483 0.999517 77.37 .
299272 29  0.000297 0.999703 76.41 AN
.3 99243 22 0.000224 0.999776 75.43 P

; : : : : : 0.57=080%)
03735/ 413 0004404 0005506/ 3087/ 9017 =

r',v.l) / 51 93,323 443 0.004750 0.995250 7 30.01“
xr"\‘ 52 92,8797 475 0.005113 0.994887 29.15
5{ 53 92,404 507 0.005488 0.994512 28.307
: : : : : : Ser
29 : : : : : . W
QS'& TT'K 97 5,926 1,370 0.231201 0.768799 3.15 —5 w:'?*

2f5e™ T ii ‘BT?S’ 98 4,556 1,133 0.248600 0.751400 2.95
99 3,423 913 0.266786 0.733214 2.767

= P-gd ’ ?S\ V4 o\d -
Source: U.S. Life Table for the total population, 2004, Center for Disease
Control and Prevention (CDC)
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Lecture: Weeks 4-5 (Math 3630) Life Tables and Selection Fall 2019 - Valdez 4/29




The life table

Radix of the life table

/

The radix of the life table does not have to start at age 0, e.g. start
with age xg, so that the table starts with radix ;.

—_

The limiting age of the table is usually denoted-BS/ &, in which case
the table gives entries for only a period of w — xg.

All the formulas still work, e.g. conditional on survival to age x, the
probability of surviving to reach age x + n is:

Note that among@independent lives who have reached age z, the
number of survivors L,, within n_years is a Binomial random variable
with parameters ¢, and ,p, so that

E(L,) =4y Dy
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The life table Table 3.1 . _!_-:_ &_

. ’ )
Revised example 3.1 30 loswd” Y8
— 21 s 1L 3%.10

31

: Fo.ly

Using Table 3.1, page 43 of DHW, calculate the following: [
o the probability that (30) will survive another 5 years = 5[50 ° 3o
o the probability that (39) will survive to reach age 40 = “jﬁf’;
009
@ the probability that (30) will die within 10 years /_\
o the probability that (30) dies between ages 36 and 38 o l-uf'!‘
B - Jao  THEICBL L
39— g <l > T
R34 TH4.0 ) b s »
| i e N
Qsc.‘ Ry 30 3¢
\zah&o - _T’_—
G -
» UCONN
Fall 2019 - Valdez 6 /29
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The life table

examples

-0
-]
lllustrative example 1 €’ :Sb [x dt
—_—
2453;_11'5'#': v
a1y =30t
Complete the following I%}e ta-b\m: v / v : /. 652%1
v . /.———""" /Q.!-!-= %‘:i
6
xr Ly dy px% o W=
40 (24,983 #v s (=T
41 724541 e ..
22 24175 251 O O
43 23,880 2%¥ |. .
44 23,656 159 . . Ok‘ v“"u‘
M ) WV
<— 45 23495 O (o) = T s
:T]VQS'OEL D1
UCONN

Lecture: Weeks 4-5 (Math 3630)

Life Tables and Selection

Fall 2019 - Valdez 7/29



The life table  additional useful formulas

Additional useful formulas

From a life table, the following formulas can also easily be verified (or use
your intuition):

o Uy =3 12, dstk: the number of survivors at age x should be equal to
the number of deaths in each year of age for all the following years.

o d, =0y —Llyiyn = Zz;é dy+r: the number of deaths within n years
should be equal to the number of deaths in each year of age for the
next n years.

e Finally, the probability that (z) survives the next n years but dies the
following m years after that can be derived using:

d l -/
+ + +n+
xX x
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The life table force of mortality

The force of mortality

@ It is easy to show that the force of mortality can be expressed in
terms of life table function as:

1 dt,
Nﬂc—_? /

xdw

@ Thus, in effect, we can also write

by =Ly - exp (—/ uzdz>. 4
0

o With a simple change of variable, it is easy to see also that

1d£z 1dx

o It follows immediately that:

*Y‘=s;(t)=%[i;>él d

gtz = Pt

. d o oot
dp o]

UCONN
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The life table curtate expectation of life
. . wrbkre Lk iy & dsade
Curtate expectation of life Curbbe Lk el
— \Iﬁl-p‘

@ Recall the expected value of K, is called the curtate expectation of
life. It can be expressed now as

i {ey - X5
k=1 k=1 %

@ The n-year temporary curtate expectation of life is

+k
Com = Z kPz = 32 ’ /
k=1 k=1 F
I s
which gives the average number of completed years lived over the

interval (z,x + n] for a life (x).

UCONN
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The life table examples enh "I—

. - 54
lllustrative example 2 0= e

Suppose you are given the foIIowingFrom a life table:

T £y
94 16,208 ™
_ 95 10,902¢
9% 7,2127
97  4,637¢

98 28937 '
99 1,747 C 1512413
- 100 0 mq

40374

§ P R l‘\c*iﬁ"‘ -t Q“ - oqiL
O Calculate eg5.” [
Q Calculate the \@.ﬂans;e_g_f_&s,, the curtate future lifetime of (95).
© Calculate e I P flasv: T2 A AT FUD 0029
237 _—_I_—__ 1050
” UCONN
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x K Pf[kiS"K.) K - 3
:"S -_O- 15 o| 27?5'/« Gor
: V- j:"d‘b 4 4(”9‘?‘/“"})

Z- 174y 9

. 1wy v

3 : "

ﬁ 1.5)2475

. —
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The life table examples

R dx
: — T 18,000 -113 =
lllustrative example 3 15 > o5

_.V——/’
|

_
For a life (x), you are given ¢, = 10,000 and the following extract from a

life table: l L/

2 ¢ zl%‘“ » dur /
£X G¢ k- dpag [
10,000 ¥ -0 4 S8 0
55 a1 : =
¢ g * ag1s
qzaY s 2 = .650€527)
g7e3 3
Lty 4 ﬂ-ﬂ!“ﬂ'f
o
. . N s
Calculat nd interprét this probability.
2|da+1 / - w 2Yyeers and
Ak () Wil Swrvive e
X l;\':/"‘“ Pm} ow dit H fellimbg Y
Loes |
T Wik Ko Lo apy XY S »Hy
UCONN
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The life table  typical human mortality curves

2 %x Warse Mfl"”’) e mele Ny

‘.L& 8(\
g,
2 il
—
g 2
)
—3 8 o |
g ]
~ £ )
: 120

100 —
110
120

age

Figure: Source: Life Tables, 2007 from the Social Security Administration - male
(blue), female (red)
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Fractional age assumptions

x N Q:{:L;
Fractional age assumptions )

)(*‘ I3 b4 P8 1

e When adopting a life table (which may contain only integer ages),
some assumptions are needed about the distribution between the
integers.

@ The two most common assumptions (or interpolations) used are
(where 0 1) —

. . -_—
(also callec assumpt|on): L

7

linear interpolation

g ‘€I+t = (]. - t)@m + t€x+1

@ e<ponential interpolatio(equivalent to assumption):

log y1t = (1 —t)log ly + tlog lyt1
[£4

Ln
_ UCONN
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Fractional age assumptions summary of results

Some results on the fractional age assumptions

|9 }

Linear Exponential
Function | (UDD) | (constant force) “e
— ()
= U
e t- qﬂ 1—(1—gq) -
—
G - oo = fog P 7
K+t 1t o p = —logps
Oz "
— P e
tPx Mo+t qx Me_'ut
Here we have 0 <t < 1.
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Lecture: Weeks 4-5 (Math 3630) Life Tables and Selection Fall 2019 - Valdez 15 /29



Fractional age assumptions examples

lllustrative example 4

You are given the following extract from g life table;

T £y
.55 85,916

56 84,772

57 83,507
~ 58 82,114

Estimat@nd;{%p.ﬁq@under each of the following assumptions for
non-integrai ages:

(a) UDD; and

(b) constant force.
—

Interpret these probabilities.

UCONN
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Fractional age assumptions examples

lllustrative example 5

Assufie the Uniform Distribution of Death (UDD) assumption holds

betiveen integer ages. You are given: exfug = 08
7 = 1= gfer 71295 F 05 = ﬁ .0F
0.5Pe5 = 0.95 s%es = 1= % 3“ -2
s
0.3P66 = 0.92 z.018
Caldulate the probability that (65) will survive the next two years.
~

08
Bec = - ol v e (1)

UGﬂl.\{N
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Fractional age assumptions
-

Fractional part of the year lived v ij T Kt

S

@ Denote by R, the fractional part of a year lived in the year of death.

Then we have - ~ T - K = [
#__________..] i

where T} is the time-until-death and K is the curtate future lifetime
of ().
@ We can describe the joint probability distribution of (K, R;) as

Pri(Ky =k)N (R, <) =Prlk<T, <k+s]= kpz'sqx-i-;kv

fork=0,1,... and for 0 < s < 1.

@ The UDD assumption is equivalent to the assumption that the
fractional part R, occurs uniformly during the year, i.e. R, ~ U(0,1).

o It can be demonstrated that K, and R, are independent in this case.
UCONN
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Select and ultimate tables

Select and ultimate tables 'f%ﬂ] *"m | S

@ Group of lives underwritten for insurance coverage usually has
different mortality than the general population (some test required

before insurance is offered). y

@ Mortality then becomes a function of ag@t selection (e.g. policy
issue, onset of disability) and duration ¢ since selection.

o For select tables, notation such as ¢qp) , tp[s], and £[;)4, are then
used.

@ However, impact of selection diminishes after some time - the select
period (denoted by r).

@ In effect, we have
Ua+j = Qurjr forj=>r

UCONN
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Select and ultimate tables example of a select and ultimate table

E A
+
Examplerlcﬂﬁ‘a select and ultimate table G4
c\p,;w 45’1[1"’ ——— ? ’Q Tx)
> '
. 5 e
G\ﬁ‘) 1000)1,1 (1009915141 ( 1000gz+2 KJ_  lalia @ fzﬁyl +2
> 30 0222 0.330 0422 |09,907.,9,905) 32,
> 31 0234, 0352/ ¥ [(9.903) 9,901 9897 337
& 32 0250 03777 9,899 9,896 9893 34~
> 33 0269 0407 9,804 9,892 35\
"x,l} 34 0201  0.441 9,880 9,887 0,882V 367
c&»%ﬁ/
@ From this table, try to compute probabilities such as: 2%
— = A ) EIT
(@) 2ppo; fpas doan A oo
(b) 5P "\ Aps) Ao
F
_ (¢) 1)g31); and - ,Q[,qn; P30 THED
S([S') = — % 6u1 7
s (d) 3q31+ T
,Q["ni) [3d
UCONN
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Select and ultimate tables  examples

1["" 1.00°

lllustrative example 6 S qpure = 1902
&
. . 4 . {M 0
A select and ultimate table with a three-year select perio beglns at 90
selection age z. E— £
- £
You are given the following information: /"’ G _LQQG:G
o (16 = 90,0007 N A
- L -2 &t’ﬁi‘ = Y= 50N
° g =75 = ﬁ:ﬂ k\’tf"ll T " )
N Lo 2 > rod™ lo
4 5 Amte T -
APy =5 g 1 R__f;*_?:’_. > Yo TQG‘“:‘
9

-~ 1{;}-&\13 2 = T
@: 10~ 3P+1) “1;:}: bog™ {gﬂ

Evaluate £f).=’ —
—

UCONN
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Select and ultimate tables  examples

[inear = wvDO

lllustrative example 7 "« ﬂi‘x« st 3 comskak (e
kot
Combsk %ﬂb ‘QK-H: = /qx ﬂ«m/

You are given the following extract from a select and ultimate life table:

[] U1 loy2 T +2

607 29,616~ 29,418 29,132 62 =S
61 29,131 28,920 28,615 63 L a5
62 28,601 28,378 28,053 64

Calculate 10000.7q[60]+0.8,ﬂassuming a constant force of mortality at

fracrional ages.™ &7"'&&_” lpaw (‘ 29418 zqt;if)

_ A o
lee+is (TSP logo« —x ... ¢
= looo"(‘ - LB - (-[“H' ﬂfﬁ]ﬂ)° A6e’T 258

——
. 'g
o s r‘CcT) ‘Q&M‘) —_—
~ 1[;-] ,*(‘cdﬂ = ¢-wolY
UCONN
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Select and ultimate tables ~ examples

1 % o b

lllustrative example 8 N Si: Sq +Fy,,+);
e Yod f

Ly

You are given the following extract from a select and ultimate life table:

(2] La g1 lay2 T +2
65 (80,625 79,954 78,839 67
66 79,137 78,402 77,252 68
67 77575 76,770 75578 69

-
Approximate é[65]~i using the trapezium (trapezoidal) rule with A = 0.5
and assuming UDD for fractional ages. s
& z dt = .L.— g ‘Q[c‘:')"t dt
e < -err_:.s') gers 9 _——
o
UCONN
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Select and ultimate tables ~ examples

Illustrative example 9

/
For a select-and-ultimate mortality table with a 3-year select period, you
are given: L4 = .
& /'\...__5_‘.'_L_,_,..-—-—-"'—‘-'—--\ Cl-lL

T Q] Qa1 9al+2 et T3 A~ N

60 0.09 0.11 0.13 0.15 63
--'-(i—)—>61 0.100 0.12- 0.14- 0.16 - 64 H{g;\‘

62 0.11 0.13 0.15 0.17~ 65 feid

63 0.12 0.14 0.16 0.18 66 Q- 9330

64 0.13 0.15 0.17 0.19 67

nllttu“-’ it

= F 'ﬁ:‘l]f '
(ii) Becky was a newly selected life on 01/01/2012. = !~ feo e

b Pes
(i) Becky's age on 01/01/2012 is 61~ . [- -f(-i'ﬂ(-_?”(ff’)("g
(iv) @ is the probability on 01/01/2012 that Becky Wi”_P_EE:e;é_a__b.\,/._-—
01/01/2017. G
Calculate Q. .
UCONN
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Select and ultimate tables  examples

t9u = € fn
IIIusIrative example 10 - modified SOA MLC Spring 2012

e,‘:ﬂ‘; e;o.s = csb‘s-ﬂ + F{‘_-f Ef”‘s‘
~ \) 2.4
Pso.s F voo

Suppose you are given: / (H" 22.4) T
;@ pso =098 7 AN el s sps5 St Suew
—

@ P51 = 096/

™

3.4
> 'Srs.s 5F¢;| x 22¢ oy

7
.7015L
@5 @ = 5s) -2t
8

constant between ages 50 and 51.

(] 851{5 =224
@ The force of mortality i

@ Deaths are uniformly/distributed between ages 51 and 52.

alculat N ﬂ - 9&.- 5fs‘u§/

unD:- t‘g =€ g« > Slas ¢ (Fﬂ)
cr t"’x’(&)b L/(Psta) .‘?fsss f ‘?8)

UCONN
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Select and ultimate tables  examples

lllustrative example 11 - modified SOA MLC Spring 2012

In Iect and ultimate mortality table, you are given:

/7
o lss = 82,35% fonzea 7 feeon® A
y &§lz&y 2
o 666 = 81,384 ,QGC _ £ ,Qtpfjf‘l- ) - t?( (}— ol

Les

Calculat@ _1;; ) Ls«z,m
- 31
— Jeggn = 82,
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Select and ultimate tables ~ examples

lllustrative example 12 - SOA MLC Fall 2014 MC#20

For a mortality table with a select period of two years, you are given:

z =] Qa]+1 Gut2 T+ 2
50 0.0050 0.0063 0.0080 52
(i) 51 0.0060 0.0073 0.0090 53
52 0.0070 0.0083 0.0100 54
53 0.0080 0.0093 0.0110 55

(i) The force of mortality is constant between integral ages.
Prochite on thiy

Calculate 10002.5q[50]+0‘4.
S \t.¢t 7
- oo (onean) = 220
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Mortality trends

Mortality projection factors
,_-—-—-—'—'_'_'__—___‘_‘—-———-—--.._\

/‘[&kfif’
5
Read Section 3.11

—
—
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Mortality trends  other notation

Only other symbol used in the MLC exam l
, x
Q.

b4
Expression SOA adopts the symbol
number of lives @/

SO
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