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Preliminaries

Preliminaries

An insurance policy (life insurance or life annuity) is funded by contract
premiums:

@ once (single premium) made usually at time of policy issue, or

@ a series of payments (usually contingent on survival of policyholder)
with first payment made at policy issue

@ to cover for the benefits, expenses associated with
initiating/maintaining contract, profit margins, and deviations due to
adverse experience.

/

Net premiums (or sometimes called benefit premiums)

@ considers only the benefits provided

@ nothing allocated to pay for expenses, profit or contingency margins

/ . - .
Gross premiums (or sometimes called expense-loaded premiums)

@ covers the benefits and includes expenses, profits, and contingency

margins " UCONN
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Preliminaries chapter summary

Chapter summary

Contract premiums

@ net premiums
e gross (expense-loaded) premiums 4 7
n

L

Present value of future loss random variable l—a

@ Premium principles
/
e the equivalence principle (or actuarial equivalence principle) ~
e portfolio percentile premiums -

Return of premium policies ~

Chapter 6 of Dickson, et al.
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Net random future loss

Net random future loss

@ An insurance contract is an agreement between two parties:

e the insurer agrees to pay for insurance benefits; /
@ in exchange for insurance premiums to be paid by the insured.

@ Denote by PVFBj the present value, at time of issue, of future
benefits to be paid by the insurer.

@ Denote by PVFPy the present value, at time of issue, of future
premiums to be paid by the insured.

@ The insurer’s net random future loss is defined by
o = PVFBy — PVFPy.

@ Note: this is also called the present value of future loss random
variable (in the book), and if no confusion, we may simply write this

as Lg.
UCONN
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Net random future loss  equivalence principle

The principle of equivalence

@ The net premium, generically denoted by P, may be determined
according to the principle of equivalence by setting

@ The expected value of the insurer’s net random future loss is zero.

@ This is then equivalent to setting E[PVFBO] = E[PVFPo]. In other
words, at issue, we have

GPV(Future Premiums) = APV(Future Benefits).

UCONN
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Net random future loss illustration

An illustration

Consider an n-year endowment policy which pays B dollars at the end of
the year of death or at maturity, issued to a life with exact age x. Net

premium of P is paid at the beginning of each year throughout the policy
term.

o If we denote the curtate future lifetime of (z) by K = K, then the
net random future loss can be expressed as

6L _ vain(K+1,n) o

amin(K+1,n) )

@ The expected value of the net random future loss is

E[Lg]

BE [vmmwﬂu”)} _ PE [a

= BA,7— Pa,7
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Net random future loss illustration

An illustration - continued

@ By the principle of equivalence, E[LB”] = 0, we then have

P . P
n_ (B4 min(K+1,n) £
0 < + d> v d Y

we can find expression for the variance:

@ Rewriting the net random future loss as /

vrltg) = (342 24, (4)"]

@ One can also show that this simplifies to

. 2A (A 2
Var[Lg] :@ z:n| ( :v:m) )

(1 - A:)::W\)Q
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Net random future loss  general principles

Some general principles

Note the following general principles when calculating premiums:

. - . 4 - .
/e For (discrete) premiums, the first premium is usually assumed to be
made immediately at issue.”

@ Insurance benefit may have expiration or maturity:
e in which case, it is implied that there are no premiums to be paid
/ beyond expiration or maturity.

e however, it is possible that premiums are to be paid for lesser period
than expiration or maturity. In this case, it will be explicitly stated.

~ UCONN
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Fully discrete  whole life insurance

Fully discrete annual premiums - ‘ahole life insurance

Consider the case of a fully discrete whole life insurance where benefit of
$1 is paid at the end of the year of death with level annual premiums.

The net annual premium is denoted by P, so that the net random future
loss is

Losz“—dem, for K =0,1,2,...

By the principle of equivalence, we have

p_ EPMT A

The variance of the net random future loss is

2A, — (A)? %A, — (Ay)?
Var[Lg| = gzdtix()Q ) — q _;lx)g
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Fully discrete  whole life insurance

Other expressions

You can express the net annual premiums:

@ in terms of annuity functions

1—da 1
Po=——=——-d 7
Qg Qg
@ in terms of insurance functions
P Ay dA,
(-4 d 1-A,
Lecture: Weeks 10-12 (Math 3630) Premium Calculation
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Fully discrete whole life insurance with h pay

SKIF
Whole life insurance with h premium payments O

Consider the same situation where now this time there are only h premium
payments.

@ The net random future loss in this case can be expressed as

for K=0,1,...,h—1

Lo =vET— P x RSl
for K=hh+1,...

am,

@ Applying the principle of equivalence, we have

UCONN
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Fully discrete illustrative examples

lllustrative example 1

/ / .
Consider andowment policy issued to (45). You are given: o

@ Benefit of $10,000 is paid at the end of the year of death, if death

occurs before20 years:
— etk
@ Benefit of $20,000 is paid at the end of 20 years if the insured is then
alive.

@ Level annual premiums P are paid at the beginning of each year for
years and nothing thereafter. st 1=5
@ Mortality follows the Survival Ultimate Life Table with
i = 0.05.

[ — /
Calculate@according to the e.ﬁ_h/ﬂalence principle. -

UCONN
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Fully discrete illustrative examples

Apv (EP) = ATV(FD)
dz (-v

Ly voi-d

= 95
Two actme same mortality table to price a fully discrete
two-year w insurance of 1,000 on (z). You are given:
. g 4 .

@ Kevin calculates non-level benefit premiums of 608 for the first year,

7 and 350 for the second year.

o Kira calculates level annual benefit premiums o@ /

( -

= 7
0d=005"  Keum' ~Co§ + 30 PV = 109 Ax2]
N ?,."Y’ = 1000 Ax:1Z] 7

SOA-type question

Calculate 7. Ki ﬁﬁ,aﬂt

1 —_—— P
Ve - I;08+ ggoq?x /-\/\/“s_‘]l
W(Hvr‘) . Cowh 3SUAS) A

T= osT 7~ ™ 'ﬁ[-ﬁ%g)
L4+ 95 f* .
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Fully discrete illustrative examplesgj“_‘\.
\ "“‘;{ )
Illustrative example 2 p & 6s

An insurance company issues a 15-year deferred life annuity contract to
(50) You are given: by
2 Level monthly premiums o@ are paid during the d_eﬁr_[e_d__p_eﬂ,od
2 The annuity benefit of $25,000 is to be paid at the beginning of em
year the insured is alive, starting when he reaches the age of 65.
o Mortality follows the Survival Ultimate Life Table with
i =0.05.7

o Mortality between integral ages follow the Uniform Distribution of
Death (UDD) assumption.

@ Write down an expression for the net future loss, at issue, random
variable.

r

@ Calculate the amount of P

,© If an additional benefit & $10,000-% to be paid at the moment of

death during the deferred period, how much will the increase in the
monthly premium be? UCONN
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Different possible combinations

. / rr:.ndhw_s
Different possible combinations Narng 7 bencha
v Y
Premium payment Benefit payment
annually at the end of the year of death ~
P

at the end of the %th year of death -
at the moment of death -

m-thly of the year at the end of the year of death -~
at the end of the %th year of death ~
at the moment of death -~

continuously at the end of the year of death .
= at the end of the %th year of death”
at the moment of death -

AP\([ F?o') = AF\)‘[ &8.) c:a\w-\mlvw. ?ﬂhd}L, -
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Fully continuous ~ whole life insurance

Fully continuous premiums - whole life insurance 7
Consider a fully continuous level annual premiums for a unit whole life
insurance payable immediately upon death of ().

: : P per 4
@ The insurer’s net random future loss is expr
. P,{mvn
Lo :N@_Pdﬂ' ?)Ln H Io & A rsse
. . et VS
@ By the principle of equivalence, f
A 1 §A
Qg Qz 1-A4,

@ The variance of the insurer's net random future loss can be expressed
as

VarlLo] = [14(P/9)]* 4, - (4,)7]
2"2130 B (AI)Q “A, - (
((5da:)2 - (1 - AI)Q
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Fully continuous ~ whole life insurance

~— W ‘_‘.__._‘.._’
Ax:._ G, =

A simple illustration pers X g

—
rb\‘vx‘_'-‘[ P( “'L J\ —_

A= \-8dy
Ac v
. o . — * k.
For a fully continuous whole life insurance of $1,)you are given: @,
v-————‘
o Mortality follows a constant force of = 0.04. 7~ P~ .08

@ Interest is at a constant force § = 0.08. ~

@ Ly is the loss-at-issue random variable with the benefit premium

calculated based on the equivalence principle. ~ 4 L
Hx: n 3
Calculate the annual benefit premium and Var[Ly]. o 0% . _‘L’—f-";
- »
- —_ L O ¢ 1
T _ P‘ ] P - LAt
ey (R BY) 5 85 Lo
— T 1+ :___',_,_
( [" Ax) (! - ';' J
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Fully continuous ~ SOA question

Published SOA question #14 e T =20
-1 —

s
03
p—

A o
€ life insurance of $1 on (z), you are given:_ i_

For a fully continuous w
@ The forces ofimortality and interest are constant.
o 24 =0.20 P= m=:03
° The@ premium is 0.03. 3:_-5__'2_15‘

@ L is the loss-at-issue random variable based on the benefit premium.

—_— — 31 _L_'L
Calculate Var[Ly). - (An) - 1_3_:£_3-2 = 0.10

YRy 0-3)

. UCONN
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Fully continuous ~ endowment insurance

Endowment insurance ~
pUrdiitt
Consider an n-year endowment insurance with benefit of $1: I/

@ The net random future loss is ——

- o n

s
T _
L:{U Paﬂ, T<n

-

n _
V"= Pag, T>n

-

@ Net annual premium formulas:

P ) 5A % -(A)
P = w:mzi_é‘:iﬂfm s\
az:m az:ﬁ\ 1- Aw:m (l— h")
@ The variance of the net random future loss:
Var[Lo] = [1+ (P/0)]* A = (A)’]
- - 2 - - 2
2Aw:ﬁ _ (Azﬁ) _ T __(Ax:m)
(5a$:m)2 (1-— szm)Q
UCONN
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Additional problems illustrative examples

i/ — -

) 1'_- . a“ 5""5 -
lllustrative example 3 A ~ (H,(_m) = *“"')1, = JSSL
T E O\ I-4158 -
A

For a fully continuous n-year
you are given:

dowment insurance of $1 issued to (z),

@ Z is the present valug random variable of the benefit for this

insurance. o
ny f = 0. |
e E[Z] =05198 7 /— Axm oo -
e Var[Z] =0.10 R0 *LE’,:‘;_"“)L: .0(8

(s158)
remiums are paid on this insurance, determined
according td the equivalence principle.

@ Level annual

Calculate Var[Lg|, where Lg is the net random future loss at issue.
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Additional problems illustrative examples

U e B

lllustrative example 4 0 KT kvt

3(:'30

/

For a fully discrete whole life insurance ofn (30), you are given:

—

e 7 denotes the annual premium and Ly(m) denotes the net random
future loss-at-issue random variable for this policy. .

v J,\gu'o-’n,

o Mortality follows the Survival Ultimate Life Table with
i = 0.05.

Calculate the smallest, premiun@, such that the probability is less than
C% that the loss Lo(7*) is positive.

075 = ooy < - T Gl >0
0|« .25 —
?;[L:/ZB K=?
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Solve £ T f~ a=50

L. T4 .
a= ) loe+ Tf“/“ -1 = 5o [=o§
--:';"' J=leg 105
/ d = "s:/hds’
/- 51(-8) .
- =t
e+ T/d . nek Loty Lo
‘\/__
t m* - 6.#3/30/7
. -

o _

(% . puep - FVFP T PVFE -

/ ‘/ add expenses (+ ?.-.{-q,)




Life insurance contract expenses types

Types of life insurance contract expenses

@ Investment-related expenses (e.g. analysis, cost of buying, selling,
servicing) T ( - -

@ Insurance-related expenses
. @ acquisition (agents' commission, underwriting, preparing new records)
. @ maintenance (premium collection, policyhglder correspondence)
- o general (research, actuarial, accounting, taxes)

-~ o settlement (clairrj_igvestigation, legal defense, disbursement)

UCONN
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Life insurance contract expenses first year vs. renewal

=

First year vs. renewal expenses_ D 0D

e nnn ﬂ R
S su_rfln ISM/

@ Most life insurance contracts incur large losses in the first year
because of large first year expenses:
ISt year expenses.

e agents' commission <
e preparing new policies, contracts /

e records administration ”
P

These large losses are hopefully recovered in later years.
SES are hopetully recovered In fa

@ How then do these first year expenses spread over the policy life?

Anything not first year expense is called renewal expense (used for
maintaining and continuing the policy).
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Life insurance contract expenses gross premiums

Gross premium calculations

@ Treat expenses as if they are a part of benefits. The gross random
future loss at issue is defined by exjemie) -

/ S/ 4
LY |- PVFBy + PVFE, — PVFPy,

where PVFE is the present value random variable associated with
future expenses incurred by the insurer.

@ The gross premium, generically denoted by (G, may be determined

according to the principle of equivalence by setting
ATnL ydes <
E[Lf] =0. = °

e This is equivalent to setting MO]+EMO] = E[PVFPq]. In

other words, at issue, we have

1
|

Ve
APV(FP,) = APV(FB,) + APV(FE,).
T UCONN
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Life insurance contract expenses illustration

lllustration of gross premium calculation

/
A 1,000 fully discrete whole life policy issued to (45) with level annual
premiums is priced with the following expense assumptions:

v v
% of Premium Per 1,000 Per Policy
~ First year 40% ¥ 10 yis 50 7y 25 -
- Renewal years 10%- Y " 05~ 5 257 =5

In addition, assume that mortality follows the Survival Ultimate Life Table
with interest rate 7 = 0.05.

—_—

Calculate the expense-loaded annual premium.
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Life insurance contract expenses illustration
} Fycm MLC = Exam LTAM
SOA\MLC JFall 2015 Question #7 —

P
Cathy purchases a fully discrete whole life insurance policy of 100,000 on
her 35th birthday.

You are given:

/
@ The annual gross premium, calculated using the equivalence principle,
is@ 4ol onkes + lol et

e

@ The expenses in policy year 1 are 50% of premium.and 200 per policy.

@ The expenses in policy years 2 and later are 10% of premium and 50
per policy.

@ All expenses are incurred at the beginning of the nalicy year. v~
e i =0.035 ~

Calculate dg5. = 7
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Life insurance contract expenses illustration

SOA MLC Fall 2015 Question #38

%= pvFs, + PIFE - PUPFT

For a fully discrete whole life insurance oon (x), you are given:

The first year expense is 10% of the gross annual premium.

Expenses in subsequent years are 5% of the gross annual premium.
e :=0.04 -
iy = 16507 equives P

2A, =017~

mine PrOCY b

(ﬂ?vﬂy\ -”'T L'd)

e

Calculate the variance of the loss at issue random variable.
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Portfolio percentile premiums

. . . . N
Portfolio percentile premium princ
Suppose insurer issues a por’\gfolio of (V)"identical” and “independent”

policies where the PV of Iosé—at issue for the i-th policy is Lg 1
The total portfolio (@g,g'regate) future loss is then defined by
yd

N

/ / \\ ﬁlnyﬁ
Laég}é L0,1 + L0,2 + Lo N = Z Lo,
i=1 ngj
Its expected value is therefore
/ N 7
_ . E Lo,l
E[Lagg] = Z E[LOJ] - N [ 1
i=1

and, by “independence”, the variance is

N Vel L, y

Var([L,g| ZVar Lol

UCQONN
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Portfolio percentile premiums - continued

Portfolio percentile premium principle

The portfolio percentile premium principle sets the premium(P)so that

there is a probability, say o with 0 < v < 1, of a positive gain from the
portfolio.

>
In other words, we set P so that feese ¢ o
S O\ =t-A
Prilage < 0 = . ) e Pl )
Note that loss could include expenses. of= 0.9
Consider Example 6.12 (2nd edition)
UCONN
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Portfolio percentile premiums illustrative example

lllustrative example 5

I'd 4
An insurer sells @@Mg_eie_vﬁo_le_li_fginsurance policies of $1, each

of the same age 45. You are given:
@ All policies have independent future lifetimes.

@ Mortality follows the Survival Ultimate Life Table with
i = 0.05. -

. . . _d = -85
Using the Normal approximation: Pl Lugs > < (== o
@ Calculate the annual contract premium according to the portfolio

percentile premium principle with o = 0.95. - ?rf lgs <q] = 045

@ Suppose the annual contract premium is set at 0.02 per policy.
Determine the smallest number of policies to be sold so that the
insurer has at least a 95% probability of a gain from this portfolio of
policies. h“

/7
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Portfolio percentile premiums illustrative example

\6—\:—

\=
.J‘j L]
'A

r

=
7

Relationship between premium and number of policies
— —_—

v
~—
<

0.022
|

Annual Prm
0.020

0.018
|

.016

0

F
2
<

r.-.ulk J T
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profit

Profit

Consider a fully discrete whole life insurance to (z) with benefit equal to
$B and annual premiums of $P. The net loss-at-issue can be expressed as

— K+1 -
LO = Buwv —Pa,m,

where K = K, is the curtate future lifetime of (z).

The probability that the insurer makes a profit on the policy is

Pr(Lo < 0] :PﬂBMH—P%ﬁJ
= PrlK >7—-1]=1—-Prl[K <7 —1]
= I_Pr[KS LTJ _l]zl_l_ﬂqm: LTJpx

N S L
TTTs % \BrPid)
UCONN
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r.,f.‘l- = Nj ebwe loyy

P= Known ’
; (x) _
"Fﬂb dooete while L B. 8= 106,090
il . <O
L<o< By - Taem = log§ 1717
° k:
B khoop L—-_‘i_ﬂ ) <0 L=40
+ P \;‘Kﬂ - .P_ <0
o O L
/;Vl.u:‘ﬁ < ¥4 A= WAy
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profit

- continued

Consider the case where x = 40, B = 100, 000, mortality follows the
Survival Ultimate Life Table, and ¢ = 0.05. Thus we have,
assuming equivalence principle,

100000 Ay4g 100000(0.16132) /
P = = = 1088.779
a40 14.8166
so that
1 108R8.779/(.06/1.06
= — g /(.06/ ) = 31.30934
log(1.06) 100000 + 1088.779/(.06/1.06)

The probability that the insurer makes a profit on the policy are

l71 6396609

MENES G ) 1.
T 0313166 08083

Pr[LO < 0] = 31])40 =
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return of premium

Return of premjum policies

for K =0,1,... and\§
functions are calculate
Consider the following cases:

@ Let j = 0. This implies §

premium will be

UCONN
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return of premium - continued

- continued

3
K+1|j

which is always positive\because éimj .'ém when 7 < j. No
possible premium.
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return of premium - continued

- continued

et © > j. Then we\can write the loss as

—[1/(1 + j)] and vj= is the corresponding\discount rate

associated with_interest rate j* % [(1+14)/(1+ j)] — 1.

where (A;);- is a (discrete) whole life insu
interest rate j*.

nce to (z) evaluated at
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return of premium illustrative examples

lllustrative example

For a Whole life insurance on (40), you are given:

@ Death benefit, payable at th end of the year of degth, is equal to
$10,00Q plus the return of all i [

@ Annual bepefit premium of 290.84 is payable at the beginning of each
year.

4 (IA)40 = 8.61%9
e i =4%

Calculate dqp.
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return of premium illustrative examples

SOA Question #22 Fall 2012

You ake given the following\nformation about a spedial fully discrete

@ The deathYenefit is 1000 plus a

turn of all premiums paid without
interest.

@ Level premiums,are calculated using tRe equivalence principle.
Calculate the benefit premium for this special\insurance.

For practice: try calculating the benefit premiumiif the return of all
premiums paid comes with an interest of say 0.01.
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return of premium illustrative examples

SOA Question #3 Spring 2013

For a Special fully discreté\20-year endowment ingurance on (40), you are

@ The only death benefit is\the return of annual begefit premiums
accumulyted with interest &t 5% to the end of the\year of death.

@ The endowient benefit is 106,000.

o Mortality folldyws the Survival Jltimate Life Table)

e :=0.05

Calculate the annual beyefit premium.
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return of premium illustrative examples

SOA Question #7 Fall 2017

For\a special 10-year deferred
, you are given:

ole life annuity-due of\300 per year issued

@ Annwal premiums are payable 10 years.

o If death occurs during the deferra
returned

eriod, all premiums paid are
ithout interest at the end\of the year of death.

[ d55 = 12.27%8

55j

(IA)55 101

Calculate the level net pkemium.
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substandard risks

Pricing with extra or substandard ris

still beoffered an insurance palicy but at a rate higher than that of a
standard\yisk.

@ constant a

ition to the force of mrtality: uj,; = pzqt + &,
>0

e constant multiple of mortality rates: ¢2\, = min (¢gz4¢, 1), for ¢ > 1°

Read Section 6.9.
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substandard risks illustrative example

Published SOA question #45

e ¢ =0.06
Calculate the annual benefit\that your company can offer to this individual.
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Other terminologies

Other terminologies and notations used

Expression Other terms/symbols used

net random future loss loss at issue

net premium benefit premium
gross premium expense-loaded premium
e
. f. . . - . . .
equivalence principle actuarial equivalence principle p
. /. v 7/ d expense \ac&\j = G
generic premium G P
~swbstandard may_be superscrinted with ¥ or ¢
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