Tom Roby
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@ Leverage our understanding of orthogonal projection to
develop a process (called Gram—Schmidt
orthogonalization) for creating an orthogonal basis from a
given basis for a subspace W of R”.
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1 2
W = Span 31,16
0 4

Given Xi, %», and 3 lin indep in R*, construct orthog basis for
W = Span{)?'l, )?2, )?3}

Set \71 = )?1.

S 2 o Rz
Let b = % Proj; x2 = x F Vi

o o . g o RVio R
Let v3 = X3 — Projgpantin,in) 3 = X3 — V1 — 2 V2

Why is {vi, V5, 3} a orthogonal basis for W/?
How would we make it an orthonormal basis for W/?

X =(1,1,1,1), % = (3,2,3,4), X3 = (2,0,4,2),

MATH 2210Q (Appl. Lin. Alg.) VL G-6: Gram-Schmidt (Tom Roby) 3/4



Let {X1,%,...,%,} be a basis for subspace W of R". Define
\71 :)?1.
oo o o %vio
Vo = xa — Projg xo = v T V1
- o . oo HWio  Hvo
V3 = X3 — Projgpan(n,ny X3 = X3 — F5 Vi — Z5 2.
p = Xp — Pr0jspantni.is,.... 51} Xp
L Xpr Vi, Xpe Vo Xp Vo1
= Xp — _,p Vi — _,p = V2—~'-—7_,p ‘: Vp—1-
Vi Vo - Vp—1 - Vp—1
Then {Vi, Vs, ..., V,} is an orthogonal basis for . Also,
Span{ vy, V5, ..., Vx} = Span{xi, %, ..., X} for all k € [p].
. W

NOTES: (1) Can rescale v; at any point (e.g., to avoid fractions);
(2) Usually best to normalize vectors at the very end;

(3) The output ON basis is far from unique, depends on initial
{Xi}, and the ordering.
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