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Outline & Objectives

Define the matrix [T ] of any linear transformation
T : V →W relative to ordered bases B (for V ) and C
(for W ).

Analyze diagonalization of a matrix A as the result of
computing an ideal basis for the linear transformation
~x 7→ A~x and changing coordinates relative to that basis.
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The matrix of a linear transformation

Definition (Matrix of T : V →W relative to B and C)

Let T : V →W be a lin transf, and let B = {~b1, . . . , ~bn} and
C = {~c1, . . . , ~cm} be ordered bases for V and W , (resp). Then

each T (~bi ) = a1i~c1 + · · ·+ ami ~cm (uniquely). Define the matrix of
T relative to B and C by [T ] = [aij ] (a |C| × |B| matrix).

Let D : P3 → P2 by D(f ) = f ′. Let
B = {1, 1 + t, 1 + t + t2, 1 + t + t2 + t3},

C = {1, 1 + t, 1 + t + t2}. Then [D] =

 0 1 −1 −1
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The matrix of a linear operator

Definition (Matrix of T : V → V relative to B)

Let T : V → V be a lin transf, and let B = {~b1, . . . , ~bn} be an
ordered basis for V . Call the above matrix [T ] the matrix of T
relative to B or the B-matrix of T , written [T ]B.

Let T : P3 → P3 by D(f ) = tf ′. Let E = {1, t, t2, t3}. Find [T ]E .

Theorem (Similar matrices can represent same LT in Rn)

Suppose A = PCP−1, where P = [~b1 ~b2 . . . ~bn]. Let T : ~x → A~x

and B = {~b1, ~b2, . . . , ~bn}. Then C = [T ]B is the B-matrix of T .

Proof: P = PB, the change-of-coordinates matrix from B to E .

So [T ]B =
[
[T (~b1)]B · · · [T (~bn)]B

]
=
[
[A~b1]B · · · [A~bn]B

]
= [P−1A~b1 · · · P−1A~bn] = P−1A[~b1 · · · ~bn] = P−1AP.

A =

[
13 −15
10 −12

]
=

[
3 1
2 1

] [
3 0
0 −2

] [
1 −1
−2 3

]
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