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o MAIN GOAL: Demonstrate the existence of a singular
value decomposition (SVD) for any A € R™*", and
analyze how it relates to earlier work.

@ We can only diagonalize some A € R"*" to get
A = PDP~!, and only orthogonally diagonalize
symmetric A € R"". By contrast, the SVD factors any
rectangular m x n matrix as A= UXV, with U,V
orthogonal (when A is real), and X (block) diagonal.

@ The positive (diagonal) entries of X in the SVD,
01,...,0, are the singular values; they are the square
roots of the eigenvalues of AT A, not of A itself.
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AeR™M & AX = MK = ||AX]| = [|AX] = |A| - ||X]| = |A| if ||X]] = 1.

How to maximize stretch for rectangular A? A = B 5 22}
|AX]? = (AX)T(AX) = XT AT AX. Maximize subject to ||<|| = 1!
13 12 2
ATA= 112 13 2| has \; =25, A, = 9, A3 = 0, corr to
2 -2 8
1/v2 1//18 2/3
= |1/V2|,h=|—-1/V18]|, 3= | —2/3
0 4/4/18 -1/3

1= ] o[ e 3] <[]

The singular values o1 > 0, > -+ > 0, >0 of A€ R™*" are
given by o := \/\;, where \; € Spec AT A.
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For A€ R™" say AT A has ON basis of eigenvectors
{Vi,...,.Vy}, with corr \y > Ao > -+ > ), and suppose A has
exactly r nonzero (positive) singular values. Then {Avy, ..., AV, }
is an orthogonal basis for Col A and rank A = r.

Proof: For i # j, (AV))T(AV) = v ATAV, = VI \;v; = \;- 0=0.

Now, AV, =0 <= 0= ||AV/|| = 0j. Thus, {AV4,...,.AV,} is lin

indep. It clearly spans Col A, so it's a basis. [ |

For any A € R™*" we can find U € R™*™ orthogonal, V € R"*"
orthogonal and ¥ € R™*" such that A = UX VT, where
Y — D 0r><n—r

0m7r><r OITI*I’XI‘I*I’

o1 > -+ >0, >0 are diag entries of D.

and the positive singular values

Equivalently, AV = UYX = Av; = o;u; for i € [r].
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D 0 3 2 2
A T _ _
Want: A= UXV"', where ¥~ = [0 0}. Eg, A= [2 3 2].

(1) Compute (orthog) diagonalization of AT A, giving v; and \;:

13 12 2
ATA= |12 13 2| has \; =25, )\, = 9, A3 = 0, corr to

2 -2 8
1/+/2 1//18 2/3
e L[]
0 4/\/18 -1/3
1/vV2 1/V/18  2/3 -
(2) Construct V and X: V = ll/ﬁ 1/V/18 2/3] = { 3
0 4/v/18 -1/3

(3) Construct U, starting with normalizations of Avy - - - AV,:

S I T R
= U:\% i R
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