MATH 1132

Solutions to Practice Exam 2



1(a)

If the n* partial sum of a series Z ap is s, =1+ n
n=1 3"7'
9 _
then a,, = 3nn forn>1 (a) T F
Solution: __ FALSE ...

Q s,=a1+ay+az3+...a,-1+a, =S,_1+a,

(2] Sp = Sp—1 + Gy — Qp = Sp — Sp—1

n n—1 n n—1
a=(+ (1 -0
e a ( + 372) ( + 3n—1 ) 3n 3n—1
- n 3mn—-1) n—-3n—-1) 3-2n ,2-n
0 aw=g 3 3n = 7w
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1(B)
= 1
The geometric series Z(g)" converges to g (by T F

n=4
FALSE
Solution 1:
O su=(3) + ()
o (%)Sn_ (%)5+ ..+(é)”+(%)n+1
° (;)Sn_ (%)4 (%)”*1 = s, = (g)%_(gxé)n—kl
® s~ Qx -G - r-g
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Solution 2:

If |r| < 1 then ia k= T i . If |r| > 1 the series diverges}
k=0
° g%)” o SECUEH g%)”
°%‘§+g(%)" r=1/3
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1(c)
If lim a, = 0 then the series Z a, converges. (¢) T F

n—00
n=1

Solution: _ FALSE

A counter example

— 1
—is a di t p-series (p = 1
Q ;n is a divergent p-series (p = 1)
o1
Q@ lim —=0

n—oo 1
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1(p)

00 1 k
The series Z ( k3) converges conditionally. (d) T F
k=1
Solution: _— FALSE
D oL '
(%) Z s | = Z s is a convergent p-series (p =3 > 1)
k=1 k=1

@ The given series is absolutely convergent, not conditionally
convergent.

SOLUTIONS TO PRACTICE ExaM 2 () MATH 1132 6 /39



1(E)

If Z |a,| diverges then Z a, diverges. FALSE
n=1 n=1
o i |(—1)nl| = i 1 is a divergent p-series (p = 1)
n=1 " n=1 n

1
(—1)"— is a convergent series. The answer is: FALSE
n

WK

3
Il
—

WHAT IS TRUE:

o (o9}
o If E |a,,| converges then E a;,, converges.

n=1 n=1

o If Z a, diverges then Z |a,,| diverges.

n=1 n=1

SOLUTIONS TO PRACTICE ExaM 2 () MATH 1132 7 /39



1(F)

In (2
The sequence a,, = Il ((:;) converges to 1. (f) T F
n
Solution: _ TRUE ...
In (2n) . In(2)+In(n)
o1 = —
n—oo In (n) n—00 In (n)
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1(c)

If the power series Z ar, (x —4)* has a radius of convergence
k=0

oo

equal to 2 then Z ay, diverges. (g T F
k=0

Solution: _— FALSE ...

@ The center is x = 4 so the interval of convergence is one of
the following;:

» (2,6), [2,6], [2,6), (2,6] Allinclude z =5
@ When x = 5 the series looks like Z ap (x —4)F = Z ag
k=0

k=0 —
@ When x = 5 the series converges since 5 is inside all these
intervals
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2(a)

Which of the following sequences is both bounded and monotonic?

: 9 /.. n sin (mn) . n
i) a, =n” (i) a, = iii) a, = ———= (iv) @, = ——
(i) @, = n* not bounded:  lim a, = lim n? = co

n—oo n—oo

n
(i) a, = is bounded and monotonic
n+1

@ Bounded: 0< n ntl

< =1 bounded
n+1 n+1
@ Monotonic:
T iy x+l—a 1
’f(x)—w_i_l:f(iv)_ (w+1)2 _(w+1)2>0

» fincreasing = a, = f(n) = 1 is increasing
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__sin(mn)

(ili) a, = - bounded and monotonic: Every term is 0
(iv) a, = \/nn—+1 : Monotonic but not bounded
° a, = \/g = nfl = 1+n1/n — 00 not bounded
o /()= T ) = (z+1)Y2 — (2/2)(x +1)71/2

(z + 1)1/2 r+1

b rH+1—(x/2) 14 (z/2)
F@=—er = e

>0

f(z) is increasing, hence f(n) = a, is monotonic
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k=1
4
5= G PGP G DGR
On = _n—lkl .
S ) S i (- ) =
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1/1(\/5)2—@2)2%5:l/lx—x‘ldx:}(le——x5) = —
2 J, 2 J, 22 .20
E_3/20_3 - __3/20_2
T3 20 Y713 T 20
The centroid is (— 3)
207207
)
-
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4. Consider the following series, all of which converge. For which
of these series do you get a conclusive answer when using the
Ratio Test to check for convergence? Write the letters of all
possible answers. If no series satisfies this condition, write“none”.
You do not need to show your work.

A _ B — C 3k +4)7"
2 R il D (Bk+4)
k=1 k= k=1
“Ink - e 2

D > = E (Vg

k=1 k=1
To use the Ratio Test on Z ay we compute the limit

k=1
r = lim 2541 | (Must have all positive terms)
k—oo ’ak
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4A Z 1 r=1 ratio test gives no conclusion
k=

+ k241
(k+1)3
lim 20k +1P5+(k+1)2+1 fim (k+1)3(2k° + k* + 1)
ko0 k? koo K3(2(k+ 1) + (K4 1)2+ 1)
2k5 + k2 +1
. (B+1)? 2k + k2 + 1
= lim ———~— im
(R 24+ 1/k3+1/k°
= lim [ — lim =
k=00 k—oo 2(k +1)5/k> + (k+ 1)2/k> + 1/k5
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4B Z — r=0<1 Converges by the ratio test

k!
k=1
(k+1)8
kD kEDSRD (RN 1
L Ly X AT G N A T
k!

4C Z(3k +4)™ r=0<1 Converges by the ratio test

k=1
—(k+1) k
p— Qg GEFD AT BEEAT
koo (3k+4)F koo (3k + 7)(+D)

N1
_ i BEHY) ~

1
i —0<1
koo 3k + 7)F (3k+7)  kooo 3k +7)
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Ink
4D Z - r=1 No conclusion from ratio test

L2
k=1
In(k+1)
i (EHD? Phn(k+1) - k? In(k+1)
koo Nk kS (K+1)2Ink koo (K2 +2k+1) Ink
k2
, 1 In(k+1) . In(k+1)
= lim = lim —=~
k—oo 1 +2/k+1/k? Ink koo Ink
1
g BEHD o D) el _
koo Ink z—oo  Inux eoo 1 z—oo T + 1
T
r =1 No conclusion )
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C 2
4E z:(—l)’~C o Absolutely convergent
k=1

= 2 > 2
Apply ratio test to Z |(—1)k—k| — Z =

k=1 5 k:15
2
_ oo 5D o 20581 _ 1
STTAR T TN ST
5%
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1—-2n
n+1

2
5(i) a, = ( > bounded?, increasing?, convergent?
_l—dn+4n®  1/n*+4/n+4

n = = — 4 —
TRy ont1  1+2/n+1/n? wonTee

This sequence is convergent, hence also bounded.

122"
To see if it is increasing, we consider f(z) = ( n f)
x

ro=2 (555 ) e (5) (o)

f'(x) >0 for z>1

f(z) is increasing hence f(k) = ay is also increasing

SOLUTIONS TO PRACTICE EXAM 2 () MATH 1132

20 / 39



5 (ii), (iii)
(ii) b, = 3"*t°27"
3nts 3" 3\"
3n+52—n — — 35 o 35 =
2n 2n 2
This is an unbounded, divergent geometric sequence that is

increasing (each term is 3 times the previous term)

(=5
(i) ¢, = B
57l

— (_1)”+153—n = (=1)"*15 <§>n

(_ 5)n+1
(3)"
An unbounded, divergent geometric sequence oscillating between

positive and negative values. It is not increasing.
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: ~ k
5(1V) Sn = Z m
k=2

1
Spt1 =S, + % S, is increasing

e Use Limit Comparison Test on Z k:3

k 1
o —— = Compare to the convergent p-series
w2 k2 P S ; ;2

k—o00 k k—o00 /{3 - k—o0 k:3
k3 —2

oo

k
lim S, = Z R converges by the Limit Comparison Test and
k=2 hence is also bounded.

MATH 1132 22 / 39
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The top lies 1 meter below the
surface. Let the origin (0,0) be the
top center of the plate. The radius
x is 1/2, so the lower boundary of the

lyl - plate is y = —/1/4 — 22. The

depth of the y-slice is 1 — y.

air
water

The pressure at that depth is  P(y) = 1000g(1 — y) = 9800(1 — y)
1

Since z° + 3 = (5)2 20 =2 1/4 — y? is the width of the y-slice

The area of the y-slice is A(y) ~ 24/1/4 — y?> Ay and the

hydrostatic force on the y- Shce is given by

F(y) =~ P(y)A(y) = 9800(1 — y)(21/1/4 — y2 Ay.

0

Hydrostatic force on the plate = / 9800(1 — y)\/1/4 — y2 dy.

-1/2
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o0 2
k441
TA: ZT CONVERGES OR DIVERGES?
k=1
VEE+1T VE2 Ok
: ~~ k :Ezlforlargek

VEZ+1 k241

Consider the Divergence Test: lim = lim

. K2+1 1+ 1/k2
B AT e

Diverges by the Divergence Test
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o0

1
TB: CONVERGES OR DIVERGES?
Z kink

k=2
Use Integral Test with f(x) = . f is continuous, positive
rlnz
1 —(1 1
flz) = P f(x) = % < 0. f(z) is decreasing

zlnx

1 1
Let u = Inz. / dmz/—du:ln|u|+C=ln|lnx|+C
u

> 1 "1
/ dr = lim der=limIn|lnb| —In|In2| = oo
9 xlnzx b—oo Jo xlnzx b—oo

o0

Conclusion: Ik diverges by the Integral Test
n
k=2
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7C: i ke 2K — i %
=2

k=2
The Integral Test works but the Ratio Test is simpler
k1 e
= fim Pt = i SO = o ey
o2k?
— fim (14 S)(——) =0 < 1
byo0 [RAPNTES

o0
Conclusion: Z ke 2+ converges by the Ratio Test
k=2
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0

4 4 3F
7D: Z+— TWO CHOICES:

Ak
o 443 3
_|_
Limit C ison:  ——— =~ (5)F
e Limit Comparison 7 ( 4) )
Compare to the convergent geometric series Z(Z)k
k=0
e Ratio Test:
44 34!
ks I A C R A
T L YT R
Ak
. = ALl '
Conclusion: i converges by the Ratio Test
k=0
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- 1
E: —_— INTEGRAL TEST
! ; k(ln k)3

L. . : . :
fz) = (In2)? is a positive, decreasing, continuous function
z(lnz

Consider / ; dz and take u =Inzx
z(lnz)?

1 1 —1 —1
——dr= | wdu=—+C=—=+C
/x(ln x)3 v /u3 T e i 2(Inz)? i
00 b

1 1
_— =1 ——dx = 1li —
/z z(Inz)3 du boros o z(lnz)3 T e (2(1112)2 2(lnb)2)

= 1
Conclusion: ———— converges by the Integral Test
k(ln k)3
k=2
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o k+1
E Test for absolute convergence first
k=

k+1 e 1
e Use Limit Comparison Test on Z |— Z NS
1 1 1 =1
° ~ = — = Compare to the divergent —
VIEEL VR k b ¢ ; k
1
. k . VK41 ) k2 +1
e lim = lim —— = lim ———
2

Ml ) k2 +1 i 1+ 1/k?
= lim = lim4{/———— =1
k—o0 ]{}2 k—oo 1

° i|(_1)k+l| di by Limit C ison Test
—+ 1verges by Limil omparison les
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0 (_1)k+1
Z | ——==——| diverges by Limit Comparison Test
k=1

VE2+1
0 (_1)k+1
Now apply the Alternating Series Test to Z —
= VE*+1

© The terms (—1)* alternate sign

1
VvVE2+1

1
Q@ lim ———=0
k—)oo\/k;2-|_]_ |
Q Let f(2) = —— = (22 + 1) V2
) = o= (4 1)

f’(m) = _%(xz + 1)—3/2(2x) _ _x(xQ + 1)_3/2 < 0.

1
f is decreasing = aj, = f(k) = ———= decreasing

VvVE2+1

Conclusion: This series converges by the Alternating Series Test
and thus is conditionally convergent. J
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TG: g —
eSkJ

k=1
o Ratio Test:

(k+1)*
k4 1)4 3k
r=Jim B g €ED oy, B €
k—oo Qp k—ro0 k k—o00 k4 e3k+3
=

o
k4
Conclusion: g —; converges by the Ratio Test
e
k=1
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= (1)

TH: Zﬁ

k=2
o0 [ee]
e Use Limit Comparison Test on Z | k2 — 1 Z
k=2 k=2
! L. ¢ to th t p-series Y
o —— ~ — ompare to the convergent p-series —
P12 P BOLPERE L
1
12 E*—1 1—1/k?
o lim —*° — Iim zlim—/:
k—o0 1 k—oo k2 k—o0 1

k? —1

0o 1 k
Z ( )1 converges absolutely by Limit Comparison Test

k=

[\
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8:

—(ZC — Q)k Find the Interval of convergence

1
Lok
k=

1

— 1
Step 1. Ratio Test on E W!z — 2k
k=0

1

—|$ _ 2|k+1
kot
e lim Srt1 _ lim (k+1)2
k—oo ak; k—o0 1 k
Ca
:lim—k2k |z — 2| = lim F |x—2|:|x—2|
-2
e Absolute convergence when = 5 | < 1 or when |z — 2| < 2
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Absolute convergence when
|t —2|<2= 2<2—-2<2=0<z<4

= 1
Step 2. Test Z W(m — 2)* for convergence at x = 0 and 4
k=1

=1 - 1
e Take x = 0: Z m(—2)’“ = Z(_l)kE
k=0 k=0

» Converges by the Alternating Series Test

1 1
oTake:U:4: ZW(2)I€:ZE
k=0 k=0

» Divergent p-series (p = 1)

e The interval of convergence is [0, 4)
o Center r =2

e R = 2 is the radius of convergence
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O an
9: Z— " INTERVAL OF CONVERGENCE
n
n=1

Step 1. Ratio Test on Z ]90|I’C

3k+1
| |k+1
o lim M k+1
k—oo  Qy k—o0 3 | |k
— |
k
3k+1 k

3|z| = 3|

= e = g

1
e Absolute convergence when 3|z| < 1 or when |z| < 3
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1
Absolute convergence when |z| < 3= T3<r<j3

3 3
Ste 2Tst§:3kkf convergence at il
. Te —z" for convergen r=+=
P 2 i g 3
1 =3 1 - 1
Take r = ——: (=)= —1)k=
o Take 7 = —2 —(=3) > (=1 -
k=1 k=1
» Converges by the Alternating Series Test
1 =31 |
o Take z = 3 Z ?(g)k = T Divergent p-series
k=1 k=1
. ) 11
@ The interval of convergence is [—5, 5)

1
o R= 3 is the radius of convergence
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o0 2

10. Z(—l)”;—n(az )"

n=1 has a radius of convergence R = 2.

(a) Explain carefully what the "radius of convergence” tells us
about the series.

@ The radius of convergence R = 2 gives the radius of the
interval of convergence centered at © = 1. The series
converges whenever |z — 1| < 2. It may or may not converge
when |z — 1| = 2 (at the endpoints of the interval of
convergence). The series diverges if |z — 1] > 2.

(b) Find the interval of convergence.
e Possible answers: (—1,3), (—1,3], [-1,3), [-1,3]
@ We need to test the endpoints, when z = —1 and x = 3.
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o0 2

Z(—l)”g—n(az — 1)": TESTING ENDPOINTS

n=1
Let x = —1 —-1)"—=(=2)"
© Let s > G-
— n nn2 n = 2
@ =Y
n=1 n=1
» Diverges by the divergence test since 1i_>m n? #0
Let x =3 —1)"—=(2)"
o Lt S @)
n=1
> Zl(—l)”2—n(2) 22(—1) n
» Diverges by the divergence test since li_)m (—1)"n% #0
n—od

@ Interval of convergence: (—1,3)
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1
™m—+5
to add in order to approxnnate the series with lerror| < 0.00001)7

n+1

11. How many terms of the series Z do we need

1
The approximation Z(_l)k+lm—_|_5 has an error less than the

1

absolute value of the first neglected term, namely m

1
We want an n that makes m < 0.00001 = 1%

10° — 12
Tm+12>10° =— n> — = 14284 will suffice

We need 14, 284 terms.

14,284

Z( 1k+1

k=1

g ”“m : has error < 0.00001
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